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Quantum interference in laser-assisted photoionization and analytical methods for
the measurement of an attosecond xuv pulse
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Investigations of the quantum interference in laser-assisted photoionization by an attosecond extreme ultraviolet
(xuv) pulse shows an approximately constant value for the total photoionizations for different laser intensities.
The square of the full width at half maximum of a photoelectron energy spectrum (PES) linearly depends on the
laser intensity. By determining the laser-related phase of each streaked electron and using a transfer equation with
linear corrections, an analytically quick method is proposed for precisely reconstructing the xuv pulse intensity
(chirp) from one (two) measured PES(s) with a theoretical root-mean-square temporal (energy) difference of less
than 1 attosecond (0.1 eV).
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I. INTRODUCTION

In the last decade, measuring the duration of an attosecond
(1 as = 10−18 s) extreme ultraviolet (xuv) pulse has attracted
increasing interest [1–4]. High-order harmonic generation has
been a successful way to produce attosecond xuv pulses
[5–8]. To characterize the time evolution of a molecular
state in an ultrafast chemical reaction, shorter pulses with
higher photon energies and narrower bandwidths have been
generated [9,10]. The latest measurement of an attosecond
xuv pulse duration is 80 as [11]. The pulse duration is usually
characterized by analyzing the photoelectron spectra measured
with laser-assisted photoionization [12–14]. Two methods
currently used in characterizing the xuv intensity and phase
are the attosecond spectral phase interferometry for direct
electric-field reconstruction [15] and the frequency-resolved
optical gating for complete reconstruction of attosecond bursts
[16–18] with the principal component being a generalized
projections algorithm [19]. However, these methods require
high precision of pulse controls or at least several tens of
streaking spectra at different delays between the xuv and
laser pulses as well as, usually, thousands of iterations. How
to quickly and precisely measure the detailed time domain
for attosecond metrology and use (measuring, evaluating,
improving, timing, calibrating, pumping, and probing) without
any time-resolved measurements still remains a challenge.
With the development of state-of-the-art laser systems, both the
laser carrier envelope phase (CEP) and the pulse location can
be stabilized with high precision. This motivated us to establish
a rapid, analytical way to retrieve the intensity (chirp) of an
isolated attosecond xuv pulse by determining the related laser
phase of each streaked photoelectron from one (two) measured
photoelectron energy spectrum (PES).

In this paper, we first make careful investigations into the
quantum interference caused by laser-assisted photoionization
by an attosecond xuv pulse, and then derive a transfer equation
with the strong field approximation (SFA) [20] for pulse
reconstruction (PR). We show some interesting and useful
properties of a PES, and we show how the quantum effect
affects the result of PR. The proposed methods provide
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alternative techniques with which to tackle the problems in
real times that an attosecond measurement inevitably involves
currently such as pulse jitters in time and space, parameter
instabilities (e.g., walks over a long experimental course), and
data fluctuations.

II. STRONG FIELD APPROXIMATION AND PES
CALCULATION

For a cross correlation between an xuv pulse and a few-
cycle streaking field, the generated PES can be calculated by
applying SFA from the probability amplitude for transitioning
from the ground state |0〉 to a final momentum (p) state
|p〉, b(p) = i

∫ ∞
−∞ dt E(t) · d[p − A(t)]e−iS̃(t), where S̃(t) is

the quasiclassical action, S̃(t) = ∫ ∞
t

dt ′[p − A(t ′)]2/2 + Ipt .
E(t) [A(t)] describes the combined electric fields (vector
potential) of a linearly polarized laser and an xuv pulse with
amplitude EL(t) [EX(t)], angular frequency ωL (ωX), and
CEP � (�X = 0). t denotes time, and E(t) = EL(t)cos(ωLt +
�) + EX(t)cos(ωXt) (x direction). Ip is the atomic ionization
potential of the active gas. d(p) = 〈p|x|0〉 denotes the atomic
dipole matrix element for the bound-free transition, and dx(p)
is the component parallel to the polarization axis. In the fol-
lowing discussion, atomic units and hydrogen atoms are used
for simplicity [Ip = 13.6 eV, dx(p) = i219/4I

5/4
p p/π (2Ip +

p2)3 for s state]. Obviously, b(p) describes the quantum
interference between electron wave packets generated at
different times, and each detected photoelectron carries the
pulse and atomic information of the whole interaction time
domain.

Physically, |b(p)|2 is the photoelectron momentum spec-
trum, and its conversion to the PES is n(W ) = |b(p)|2/√2W ,
where W is the photoelectron energy. Mathematically,
b(p) can be expressed as b(p) = b1(p) + ε, where b1(p) =
1
2 i

∫ ∞
−∞ dt EX(t)dx[p − A(t)]e−iS̃1(t) is a dominant term, and

ε is the residual. S̃1(t) = ∫ ∞
t

dt ′[p − A(t ′)]2/2 + (ωX − Ip)t
is the quasiclassical action of b1(p). S̃1(t) has a stationary
point tst, where dS̃1(t)/dt |t=tst= [pst − AL(tst)]2/2 − (ωX −
Ip) ≡ 0, which gives the initial kinetic energy of the gen-
erated electron W0 = v2

i /2 = [pst − AL(tst)]2/2 ≡ ωX − Ip.
In the following calculations, F (t) = exp[−4 ln 2(t)2/τ 2

L] is
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FIG. 1. Solid line: PES [n(W )] calculated with θ = 0◦, I = 0.5 ×
1013 W/cm2, τX = 0.250 fs, and ωX = 90 eV. Dotted line: n1(W ) =
|b1(p)|2/√2W . Gray line: Laser-induced contribution to n(W ). The
inset shows S̃1(t) for W = 76 eV.

a Gaussian-like time function of the laser envelope with
a full width at half maximum (FWHM) pulse duration of
τL = 7 fs and wavelength of λL = 750 nm. Figure 1 shows
a PES (solid line) quantum mechanically calculated with
a peak laser intensity of I = 0.5 × 1013 W/cm2, � = 0◦,
and for a monochromatic xuv pulse (at zero delay) with a
photon energy of ωX = 90 eV, an intensity of IX = 5.41 ×
106 W/cm2, a pulse duration of τX = 0.250 fs (FWHM),
and an observation angle of θ = 0◦ (between the laser-
field polarization and p). The spectrum clearly shows two
measurable portions: (i) W < 10 eV, contributed mainly from
the laser field. However, the physics of the above threshold
ionization [21] is more complicated at low energy and is
not included in our investigation. The data shown here are
only the results calculated by SFA. (ii) 50 eV < W <

100 eV, the PES contributed mainly from b1(p). The inset
of Fig. 1 plots S̃1(t) (like a parabola) with W = 76 eV and
tst = 0.0101 fs.

III. QUANTUM INTERFERENCE IN LASER-ASSISTED
PHOTOIONIZATION

Because the xuv pulse is temporally cross correlated to
one-half of the laser optical cycle with continuously increasing
or decreasing AL(t), there is only one stationary point tst

for each electron momentum p. At time t = tst + 	t (	t

is a small value), S̃1(t) = S̃1(tst) + ∂2S̃1(t)/∂t2|t=tst (t − tst)2/2
is a good approximation, and the transitioning probabil-
ity amplitude is 	b1(pst,tst,	t) = 1

2 i
∫ tst+	t

tst
dt EX(t)dx[p −

A(t)]e−iS̃1(t) = 1
2 i	tEX(tst)dx[pst − A(tst)]e−iS̃1(tst). We define

b1(pst,tst) ≡ 	b1(pst,tst,	t)/	t as the classical prediction
of b(p):

b1(pst,tst) = 1
2 iEX(tst)dx[pst − A(tst)]e−iS̃1(tst). (1)

The classical prediction of the PES is nc(W ) ≡
|b1(pst,tst)|2/

√
2W . To compare nc(W ) with the PES n(W ),

n(W ) is divided by the square of the pulse area, 	T 2,
where 	T = ∫

f (t)dt and f (t) is the xuv pulse intensity
profile (amplitude 1). Figures 2(a)–2(f) show the PESs and
their classical predictions calculated with τL = 7 fs, λL =

FIG. 2. (a)–(f) Comparison of the PES [n(W )/	T 2 as solid
lines] to the classical predictions [nc(W ) as dotted lines] calculated
with different laser intensities I and τX . (g)–(j) PES analysis of
monochromatic pulses with τX = 150 as the dashed line, 250 as the
solid line, 350 as the dotted line, and different I . (g) 	E [energy shift
of nc(W ) from n(W )] vs I . (h) R vs I . R = ∫

n(W )dW/
∫

n′
c(W )dW ,

where n′
c(W ) is normalized from nc(W ). (i) Y (the total photoelectron

production) vs I . (j) 	τ 2
E [the square of PES energy width (FWHM)]

vs I .

750 nm, ωX = 90 eV, and different laser intensities (I = 0.5 ×
1013 W/cm2 to 5 × 1013 W/cm2) and xuv pulse durations
(τX = 0.100–0.400 fs).

The analysis of the PESs [Figs. 2(a)–2(f)] shows the
following: (i) 	E (the energy interval between peak positions
of n(W ) and nc(W ) [see Fig. 2(e)] is a small value. It
varies slowly as the laser intensity I grows from 0.5 ×
1013 W/cm2 to 11 × 1013 W/cm2 [Fig. 2(g)]. (ii) The ratio
R [≡ ∫

n(W )dW/
∫

n′
c(W )dW ] quickly falls to 1 as I grows,

where n′
c(W ) is normalized from nc(W ), both having the same

peak height, as shown in the inset of Fig. 2(h). This means that
the distribution of the PES measured with higher I approaches
its classical predictions. (iii) The integral of the PES, Y ≡∫

n(W )dW , decreases as I grows, but the relative decrement
is <4.7/1000 for τX = 0.250 fs and I < 11 × 1013 W/cm2

[Fig. 2(i)]. This interesting feature can be used to quickly
calibrate or determine the pulse duration of an isolated xuv
pulse from Y measured with different I , or measure the laser
intensity with an xuv pulse whose duration is known. (iv)
τ 2
E (τE is the full energy width at half maximum of the PES)

linearly depends on I [Fig. 2(j)]. This is also useful for quickly
characterizing an isolated xuv pulse.
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IV. PES TRANSFER EQUATION AND PHOTOELECTRON
LASER PHASE DETERMINATION METHOD

According to the Eq. (1), we have |b1(pst,tst)|2	t =
	b2

1(pst,tst,	t)/	t = 1
4E2

Xd2
x [pst − A(tst)]	t . From the

quantum mechanical point of view, the instantaneous transition
rate 	b2

1(pst,tst,	t)/	t is equal to nc(W )dW , the number of
photoelectrons generated at tst(≡ t) in a small time interval
	t(≡ dt) and in an energy interval dW . Because of the xuv
pulse intensity IX(t) = E2

X(t)/2, the number of xuv photons
is dNX(t) = IX(t)dt ≡ IX0f (t)dt . With these parameters,
we have nc(W )dW = IX0{|dX[pst − A(tst)]|2/2}f (t)dt . If
we consider the nc(W )dW as the number of measured
photoelectrons, the right-hand side of this equation must be
multiplied by three factors: the detection efficiency η, the
geometrical factor g, and the gas atomic density ρ. Finally,
we can establish a transfer equation including the nc(W ) and
the pulse profile f (t) as follows:

f (t) = μ
dW

dt
nc(W ), (2)

where μ = 2/gηρIX0|dX[pst − A(tst)]|2 is a constant
value ([pst − AL(tst)]2/2 ≡ ωX − Ip). dW/dt can be
calculated with the stationary point equation, W =
W0 + 2UP F 2(t)sin2(ωLt + �) + √

8UP W0F (t)sin(ωLt + �),
where W is the final energy of a photoelectron born at
t = tst and moving at θ = 0◦, and Up = I/2ω2

L is the laser
ponderomotive potential. On the other hand, this equation can
be equivalently written as follows:

F (t)sin(ωLt + �) = (
√

W − √
ωX − Ip)/

√
2UP . (3)

Equation (3) is used to determine the photoelectron laser phase
ωLt or the birth time t from the measured photoelectron energy
W and to reconstruct the xuv profile f (t) for a narrow-band
xuv pulse from nc(W ). However, we cannot measure nc(W )
due to quantum interferences between electron wave packets.
Using n(W ) (that can be measured) instead of nc(W ) results
in time and photon energy errors in the PR. On the other
hand, a small energy shift 	ω of an xuv photon will result
in an energy shift 	ω of the initial energy W0 and an energy
shift 	W of the final energy W . This leads to a temporal
uncertainty 	 of the determined photoelectron birth time t ,
where W0 is used as a constant (central pulse energy). Using
the pulse bandwidth 	ωBW instead of 	ω, the value 	 can be
calculated as follows: 	 = 	ωBW/|dW/dt |. Theoretically,
we can calculate three factors, α [root-mean-square (rms)
intensity difference], β (mean time difference), and γ (rms
time difference), to evaluate the result of a PR in comparison
to its initial profile for a monochromatic attosecond xuv pulse.
α and γ describe the shape proximity of a retrieved pulse.
Obviously, the smaller the values of α, β, and γ , the better the
pulse reconstruction will be.

V. PULSE RECONSTRUCTIONS FOR NARROW-BAND
ATTOSECOND XUV PULSES

Figure 3(a) shows PRs (dotted lines) for three indepen-
dent monochromatic xuv pulses (solid lines, τX = 0.250 fs,

FIG. 3. (a) PRs (dotted lines overlapped by solid lines) for
three independent narrow-band xuv pulses (solid lines centered
at td =−0.2 fs, 0, and +0.2 fs, respectively) with ωX = 90 eV,
τX = 0.250 fs, and I = 7 × 1013 W/cm2. The error-bar lengths (	)
are calculated with 	ωBW = 5 eV. (b) PR (dotted line) for a three-peak
xuv pulse (solid line), each peak of τX = 0.150 fs spanned by 0.300 fs,
with ωX = 90 eV, and I = 7 × 1013 W/cm2. (c) Similar to (b),
I = 12 × 1013 W/cm2. (d)–(f) Similar to (a)–(c), ωX = 283.7 eV.
(g)–(i) Similar to (a)–(c), ωX = 532.1 eV. (j) y(W ) = ∫ W

n(W ′)dW ′

(normalized), calculated for a zero delay monochromatic xuv pulse
with ωX = 90 eV, τX = 0.250 fs, and two laser intensities (IL,IH )=
(2,5) × 1013 W/cm2. (k) PR of xuv intensity profile f (t) (dotted line)
in comparison to the initial one f0(t) (solid line). (l) PR of xuv chirp
ω(t) (dotted line) in comparison to the initial one ω0(t) (solid line).
(m),(n) Similar to (k),(l), PRs with corrections [f ′(t ′), ω′(t ′)].

centered at t
(0)
d =−0.2 fs, 0, and +0.2 fs). The error-bar

lengths represent the time uncertainties 	 calculated with
	ωBW = 5 eV for the zero delay (t (0)

d = 0) xuv pulse.
The minimal value of 	, 	min = 40.32 as, occurs at
t = 0.102 437 fs. By using the first reconstructed pulse
[τ (1st)

X = 0.253 87 fs, t
(1st)
d = −0.00432 fs, (α,β,γ ) = (0.019,

−3.480 as, 4.300 as)] as the input data of the PES calcu-
lation, performing the second PR yields a pulse duration
of τ

(2nd)
X = 0.258 34 fs and t

(2nd)
d = −0.004 18 fs. The time

differences between the first and second PRs are used to
correct the first retrieved times (t), giving a final PR of
τ ′
X = 0.250 32 fs, t ′d = +0.16 as, 	t ′d ≡ t ′d − t

(0)
d = +0.16

as, and (α′,β ′,γ ′)=(0.00102, −0.113 as, 0.324 as). PRs for
pulses with t

(0)
d = −0.2 and +0.2 fs have similar results: τ ′

X =

023804-3



YUCHENG GE AND HAIPING HE PHYSICAL REVIEW A 84, 023804 (2011)

0.250 54 fs, 	t ′d = −0.15 as, (α′,β ′,γ ′)=(0.001 46, 0.0949 as,
0.633 as), and τ ′

X = 0.250 05 fs, 	t ′d = −0.10 as, (α′,β ′,γ ′) =
(0.00113, −0.0173 as, 0.425 as), respectively. Figures 3(b)
and3(c) show PRs for a three-peak (each of τX = 0.150 fs
spanned by 0.300 fs) pulse with I = (7,12) × 1013 W/cm2,
respectively. Figures 3(d)–3(f) and 3(g)–3(i) show better PRs
without corrections for ωX = 283.7 eV and 532.1 eV xuv
pulses (photon energies in the water window [5]), respectively.
Figures 3(a)–3(i) show the following: (i) The retrieved profiles
successfully maintain their original timing, shape (temporal
structures), and symmetry. (ii) Subattosecond precision of
PR is achieved for the 90 eV pulse with time corrections
(γ ′ = 0.324 as) and the 532.1 eV pulse without corrections
(γ = 0.298 as). (iii) PR with higher I and ωX yields smaller
values of (α, β, γ ).

VI. PULSE RECONSTRUCTIONS FOR CHIRPED
ATTOSECOND XUV PULSES

To retrieve both the intensity f (t) and chirp ω(t) of an
xuv pulse, we use the integral form of Eq. (2),

∫ t
f (t ′)dt ′ =∫ W

n(W ′)dW ′ ≡ y(W ), where μ = 1 and
∫

n(W ) = 1 for
simplicity [note that Y = ∫

n(W )dW is an approximate
constant at different I ]. If the laser field is strong enough,
which assures that each W is associated with only one birth
time for the two PESs nL(W ) and nH (W ) measured with
different laser intensities IL (UL

p ) and IH (UH
p ) [Fig. 3(j)],

respectively, two values of
∫ WL nL(W )dW = ∫ WH nH (W )dW

at different spectral positions WL and WH correspond to the
same birth time t [or

∫ t
f (t ′)dt ′]. From Eq. (3) [ωX = ω(t)],

we have

F (t)sin(ωLt + �) =
√

WH − √
WL√

2UH
p −

√
2UL

p

,

ω(t) =
⎛
⎝√

WH −
√

2UH
p

√
WH − √

WL√
2UH

p −
√

2UL
p

⎞
⎠

2

+ Ip. (4)

Equations (4) are used to determine the birth time t and the
chirp ω(t) of each streaked photoelectron. f (t) is calculated
with Eq. (2) by using n(W ) instead of nc(W ).

Figures 3(k) and3(l) show the PRs for a monochromatic
xuv pulse with τX = 0.250 fs, ω0(t) = 90 eV, and (IL,IH ) =
(2,5) × 1013 W/cm2. The reconstructed f (t) maintains its
original shape. Comparing f (t) (τ ′

X = 0.240 fs) and the
reconstructed ω(t) [dω(t)/dt = 11.32 eV/fs] to the initial
values [f0(t), ω0(t)], we see that the pulse reconstructions yield
small linear time-dependent temporal and energy differences.
They reflect the differences between the quantum interferences
generated by lasers with different intensities. PRs for a
linearly chirped xuv pulse, ω0(t) = 90 + 24t and ω0(t) =
283.7 + 32t , show similar results [Figs. 4(c) and4(d) , and
4(i) and4(j) , where n0(W ) is the pulse energy distribution in
the absence of a laser]. The study shows that linear corrections
to time t and energy ω(t), e.g., f (t) → f ′(t ′) = f (t), t ′ = t −
δt + c1(t − δt), ω(t) → ω′(t) = ω(t) − (δω + c2t), produce
high-precision PRs [f ′(t ′),ω′(t ′)]. There are two ways to
obtain correction factors (δt ,c1; δω,c2) with the reference
of the retrieved f (t). (i) The first is by searching for the

FIG. 4. (a) PES [n0(W )] calculated for a linearly chirped xuv
pulse [ω0(t) = 90 + 24t , τX = 0.250 fs] in the absence of laser. (b)–
(f) PR similar to Figs. 3(j)–3(n). 3(g)–3(l) PR for an xuv pulse with
ω0(t) = 283.7 + 32t , τX = 0.250 fs.

closest correction values from a database built for PRs with
different laser and xuv pulse parameters. Interpolating the
calculations shows the theoretical differences between the final
reconstructed pulse profiles and the initial profiles, γ <1 as
(time) and rms 	ω <0.1 eV (energy). This is the fastest way
to measure an xuv pulse. (ii) The second method uses the first
reconstructed f (t) (e.g., τ ′

X = 0.248 fs) as the initial pulse
profile and regulates the slope of the chirp profile ω′

0(t) for
the second PRs with the same IL and IH to fit ω(t). The time
and energy differences between the first and second results
are used to correct the first results. PRs via method (ii) are
shown in Figs. 3(m) and 3(n), 4(e) and 4(f), and 4(k) and 3(l)
with (δt ,c1; δω,c2)=(0,0.07; −0.71,13.25), (−0.03,0.02;
−0.48,32.98), and (−0.01,0.005; −0.16,35.39), respectively.
PRs with complicated (e.g., bell-like) chirps also show good
results.

VII. CONCLUSION

The quantum interferences behave as a constructive (de-
structive) mechanism at low (high) laser intensity. The linear
relation between Y (or τ 2

E) and I suggests new methods to
measure or calibrate an xuv pulse duration and the laser
intensity. The quantum interferences result in time and energy
differences in the PR. For a narrow-band attosecond xuv
pulse, the pulse profile can be reconstructed from a measured
PES by using a transfer equation. The time uncertainties are
proportional to the xuv pulse bandwidth. For a broadband xuv
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pulse, both the intensity and chirp can be retrieved from two
PESs measured with two laser intensities. Linear corrections
to the retrieved time and chirp can be automatically performed.
As the xuv photon energy increases, the methods work
better.
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