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Tunneling-induced shift of the cutoff law for high-order above-threshold ionization
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We investigate the cutoff law for high-order above-threshold ionization (HATI) within a semiclassical
framework. By explicitly adopting the tunneling effect and considering the initial position shift of the tunneled
electron from the origin in the model, the cutoff energy position in HATI spectrum exhibits a well-defined
upshift from the simple-man model prediction. The comparison between numerical results from our improved
semiclassical model and the quantum-orbit theory shows a good agreement for small values of the Keldysh
parameter γ , implying the important role of the inherent quantum tunneling effect in HATI dynamics.
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I. INTRODUCTION

Atoms interacting with a strong laser field may absorb many
more photons than necessary for ionization. This phenomenon
is known as above-threshold ionization (ATI) [1]. In the
long-wavelength, high-intensity limit, the ATI photoelectron
spectrum is characterized by a few basic features, for example,
a rapid decay of the electron counts with the increase of elec-
tron energy in the low-energy part, a high-energy plateau which
is followed by a well-defined cutoff, and prominent “side
lobes” in the angular distribution of high-energy electrons (for
a review, see, e.g., Ref. [2]). Very recently, a pronounced hump
structure in the low-energy part of the ATI spectrum, which
becomes most significant at mid-infrared wavelengths, has
been revealed [3,4].

All those features can be understood with a rather simple
semiclassical description of the ATI process [5,6]: The
electrons are first released near the nucleus by tunneling or by
multiphoton ionization; the subsequent motion of the electrons
is determined by their interaction with the laser electric field
and can be treated classically; some of the electrons may
come back and recollide elastically with the parent ion. A
simple model [7] based on this scenario was used to analyze
the angular distributions of the high-energy ATI electrons
and the anomalous “side lobes” have been well reproduced.
Furthermore, the cutoff position in the high-order above-
threshold ionization (HATI) spectrum, which corresponds to
the maximal electron energy acquired in the laser field, has
been numerically derived to be 10.007Up, where Up is the
electron ponderomotive energy.

On the other side, quantum mechanical calculations have
been recently performed to investigate HATI cutoff law.
By using the quantum-orbit theory [8], Busuladžić et al.
[9] deduced an analytical formula of the cutoff law as
10.007Up + 0.538Ip for Ip � Up, where Ip is the ionization
potential. The shift of the cutoff law, 0.538Ip , is considered as a
quantum mechanical modification. Moreover, experiments on
argon ATI [10] have shown a cutoff position which deviates
from the simple-man model prediction to some extent. These
existing discrepancies of the cutoff law deserve attention and
need to be understood since the cutoff law is of fundamental
significance in understanding ATI dynamics and moreover, it
is frequently employed in the experiments to gauge the laser
intensity [4,11].

In this Brief Report, we investigate the cutoff law in the
context of a semiclassical model. By explicitly considering
the quantum tunneling effect, through which the electron is
emitted into the continuum, the cutoff law in HATI spectrum
exhibits a well-defined upshift from the simple-man model
prediction. Furthermore, the comparison with the quantum
mechanical model calculation shows a good agreement and
provides insight into the quantum facets inherent in the HATI
process.

The Brief Report is organized as follows. In Sec. II, we
provide a brief discussion of the model, placing particular
emphasis on how it differs from the simple-man model.
Subsequently, we present the numerical results for the cutoff
law, compare the semiclassical results with those from the
quantum mechanical model, and discuss the role of tunneling
effect in the shift of the cutoff law for HATI within the
semiclassical framework. Finally, in Sec. IV our conclusions
are given. Atomic units (a.u.) are used throughout unless
otherwise indicated.

II. THEORETICAL MODELS

The semiclassical model used in this work is similar to
that previously employed by Paulus et al. [7] in calculating
the angular distribution of HATI electron and in spirit in
accordance with the simple-man model treatment of HATI
process [5,6]. However, the initial condition of the ionized
electrons has been modified according to the tunneling
ionization picture, which is discussed below. In brief, an
atom interacts with a linearly polarized monochromatic laser
field along the axis ẑ, E(t) = E0ẑ sin ωt , where ω and E0

are the laser frequency and peak electric field amplitude,
respectively.

Once the electron is ionized at time t0, its evolution is solely
determined by the interaction with the laser electric field [12].
According to the equation of motion of the electron in the
presence of the laser field, d2z/dt2 = E0 sin ωt , the electron
velocity at time t (t > t0) is given by

v(t) = E0(cos ωt0 − cos ωt)/ω (1)

under the assumption that the electron is emitted with zero
velocity at time t0. The corresponding trajectory of the ionized
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electron is determined by

z(t) = z(t0) + (t − t0)E0 cos ωt0/ω

−E0(sin ωt − sin ωt0)/ω2, (2)

where z(t0) denotes the initial position of the ionized electron
at t0. Depending on the initial ionization time t0, the electron
may come back to and scatter elastically upon the parent
ion core. Thereafter, it is assumed to move away from the
ion in the presence of the laser field.

Note that in the simple-man model [5–7], there is an
assumption that the electron is released into the continuum
at the origin; that is, z(t0) = 0. In our improved model,
however, we explicitly adopt the concept that the electron
gets free via tunneling through the laser field-suppressed
barrier and, as a consequence, the electron is born at the
outer turning point of the potential barrier, viz., the “tunnel
exit” z(t0) ≈ Ip/E0 sin ωt0 [2,13], instead of at the origin.
Therefore, the electron’s initial position is several atomic units
away from the origin. When the electron comes back and
rescatters upon the ion core in the laser field, it undergoes an
additional distance from z(t0) to the origin. We demonstrate
that it is this tunneling-induced shift of the electron position
that introduces a quantum modification of the HATI cutoff law.
Note that this tunneling effect has been previously studied
in high-order harmonic generation [13] and shown to have
significant influence on the harmonic cutoff law.

Within our improved model, if the electron returns to the
origin at time t1, Eq. (2) can be reformulated as

γ 2/2 sin ωt0 + (ωt1 − ωt0) cos ωt0 = sin ωt1 − sin ωt0, (3)

where γ (=√
Ip/2Up) is the Keldysh parameter [14]. Ac-

cording to Eq. (3), the rescattering electron dynamics is not
only determined by the initial ionization phase ωt0, as com-
monly stated in previous studies [5–7], but also the Keldysh
parameter γ .

If the electron is scattered elastically upon the ion core by
an angle of θ0 with respect to its direction of motion, the kinetic
energy E of the electron recorded by the detector is then given
by [7]

E = 2Up[2(1 − cos θ0) cos ωt1(cos ωt1 − cos ωt0)

+ cos2 ωt0]. (4)

The emission angle θ at which the electron leaves the pulse is

cot θ = cot θ0 − cos ωt1/ sin θ0(cos ωt1 − cos ωt0), (5)

relative to the electron direction of motion before the elastic
scattering.

From Eqs. (3)–(5), we see that the final energy E of the
ionized electron, if scaled by Up, is a function of the ionization
phase ωt0, the Keldysh parameter γ , as well as the emission
angle θ . For each emission angle θ and a given γ , one can
find a maximal value of E over the whole range of ωt0, which
corresponds to the cutoff energy of the HATI spectrum along
the emission angle θ .

In order to evaluate the improved model and further gain
insight into the tunneling-induced effect in HATI process in
the semiclassical framework, we also calculate the cutoff law
in the context of quantum mechanical S-matrix theory under

strong-field approximation (SFA) and compare its results with
the semiclassical ones. In the S-matrix treatment, an atom is
initially in a bound state ψ0 and the HATI transition amplitude
for detecting an electron with momentum p in the final Volkov
state ψp(t) is given by [15]

Mp = −
∫ ∞

−∞
dt1

∫ t1

−∞
dt0〈ψp(t1)|V UV |ψ0(t0)〉, (6)

where V is the atomic binding potential, and U denotes the
Volkov time-evolution operator for a free electron in the laser
field. For sufficiently high intensity and low frequency of
the laser field, the temporal integrations in the amplitude (6)
can be mathematically evaluated by the saddle-point method
with high accuracy [8,13]. Then the amplitude Mp can be
intuitively understood as the coherent superposition of the
contributions of all of the rescattering orbits, which may add
constructively or destructively. This kind of S-matrix treatment
is also frequently termed as the quantum-orbit theory in many
works [2,8,13,16]. Note that in the quantum-orbit theory, the
value of the ionization time t0 is complex. The electron orbit
starts at the origin with the complex time t0; that is, z(t0) = 0.
However, since the physical time is real, the ionized electron
orbit actually starts at the real time Re[t0] with a finite distance
of z[Re[t0]] from the origin [2,8]. This is in accordance with
our improved model treatment of the electron tunneling.

III. NUMERICAL RESULTS AND DISCUSSIONS

Before presenting the cutoff law for HATI along the
laser polarization, we first plot in Fig. 1(a) the photoelec-
tron energies along the laser polarization as a function of
initial ionization phase ωt0 with γ = 0.5, calculated with
the simple-man model and the improved model, respectively.
For comparison, the dashed blue line in Fig. 1(a) shows the
cutoff energy position in HATI spectrum, calculated from the
quantum-orbit theory. Details of quantum-orbit calculation
to obtain the cutoff energy can be found in, for example,
Refs. [9,17].

As we can see, the maximal energy (i.e., the cutoff energy)
calculated with the simple-man model is 10.007Up, lower than
that from the quantum-orbit theory. While in the improved

(a)

(b)

FIG. 1. (Color online) (a) Photoelectron energies along the laser
polarization as a function of initial ionization phase ωt0 with γ =
0.5, calculated with the simple-man model and the improved model,
respectively. For comparison, the dashed blue line shows the cutoff
energy position in HATI spectrum evaluated from the quantum-orbit
theory. (b) The tunneling ionization rate vs ωt0.
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model, the maximal energy is found to be about 10.286Up,
which coincides with the result from the quantum-orbit theory.

In our calculation, we restrict the ionization phase to the in-
terval π/2 � ωt0 � π considering the periodicity of the laser
field. Furthermore, electrons emitted with 17π/20 � ωt0 � π

have been neglected in the calculation, which can be justified
by two facts. First, the ionization rate by tunneling is approxi-
mately given by R(t0) ∼ |E(t0)|−1 exp{−2(2Ip)3/2/[3|E(t0)|]}
[18], which decreases as ωt0 increases from π/2 to π [see
Fig. 1(b), in which we take Ip = 0.5 a.u., ω = 0.057 a.u.,
and E0 = 0.114 a.u. for illustration]. For 17π/20 � ωt0 � π ,
the ionization rate becomes extremely small. Second, as the
ionization phase ωt0 is in the range from 17π/20 to π , the
electric field amplitude |E(t0)| becomes very small. As a
consequence, the tunnel exit [z(t0) ≈ Ip/E0 sin ωt0] is far from
the parent ion core, even out of the laser beam, which will
obviously lead to an unphysical result.

In Fig. 1(a), for ωt0 in the range from π/2 to 23π/40, the
photoelectron energy calculated with the improved model is
less than that with the simple-man model, while for ωt0 >

23π/40, the opposite behavior occurs. This can be understood
as an effect of the tunneling-induced shift of the initial electron
position introduced in the improved model. For π/2 < ωt0 <

23π/40, the electrons are decelerated by the laser field when
they return to the parent ion core. In the improved model,
they experience a longer deceleration distance from z(t0) to
the origin, leading to a lower return energy. In addition, the
corresponding laser electric field when the electron returns to
the ion core is getting closer to its maximum, resulting in a
lower extra electron energy acquired from the laser field after
the backscattering. As a consequence, the final electron energy
in the improved model will be lower than that in the simple-
man model. In contrast, in the latter case (i.e., ωt0 > 23π/40),
the electrons are accelerated back to the parent ion and the
laser electric field becomes closer to zero point. Therefore,
the electrons in the improved model will have a higher
energy.

Moreover, Fig. 1(a) shows that the corresponding ionization
phase of ωt0 for the maximal photoelectron energy in the
improved model (∼107◦) is larger than that in the simple-man
model (∼105◦), which can also be understood by the effect of
the tunneling-induced shift of the initial electron position. In
the simulation, we find that the final energies of the electrons
with ionization phases of both 105◦ and 107◦ will increase by
the initial electron position shift, and the electron emitted at
107◦ will gain much more additional energy than that at 105◦.
This additional energy increase will overwhelm the energy
difference between 105◦ and 107◦ in the simple-man model.
As a result, the ionization phase corresponding to the maximal
final photoelectron energy will shift from 105◦ to 107◦ in the
improved model.

We now discuss the cutoff laws for HATI along the laser
polarization for different values of γ . In the context of
quantum-orbit theory, it has been analyzed that, for small
γ , the cutoff law exhibits a shift of ∼0.538Ip from the
simple-man model prediction of 10.007Up [9]. In order to
facilitate the comparison between the improved model and
the quantum-orbit theory, we present the cutoff energy shift
scaled by Ip, that is, [Ecutoff(γ ) − 10.007Up]/Ip, represented
by f (γ ) in Fig. 2, as a function of γ . It is shown that

FIG. 2. (Color online) Plot of the cutoff energy shift
along the laser polarization, represented by f (γ ) = [Ecutoff(γ ) −
10.007Up]/Ip for different values of γ , calculated with the improved
model and the quantum-orbit theory, respectively. For comparison,
the constant cutoff position from the simple-man model is also shown.

the cutoff law from the improved model exhibits a well-
defined upshift from 10.007Up, which can be understood
within the electron rescattering scenario. When the ionized
electron returns to the tunnel exit z(t0) in the laser field, it
will undergo an additional acceleration distance from z(t0)
to the origin to recollide elastically with the ion core and
hence obtain more energy from the laser field, resulting in
the apparent increase of the electron energy in the improved
model.

Moreover, Fig. 2 shows that, for small γ , the cutoff laws
from both the improved model and the quantum-orbit theory
coincide with each other and have an approximate 0.538Ip

correction to 10.007Up cutoff, in accordance with the previous
study [9]. While for larger γ , a noticeable discrepancy between
the improved model and the quantum-orbit theory begins
to appear. This may not be a surprise. As the value of
γ increases, atomic ionization increasingly approaches the
multiphoton ionization regime, which is beyond the scope of
the semiclassical treatment. One thus expects a discrepancy
between the quantum mechanical and the semiclassical results
for large γ .

In Fig. 3, we consider a more general case, that is, the cutoff
law for an arbitrary emission angle θ with γ = 0.5. For any
value of θ , there always exists a discrepancy of the cutoff law

FIG. 3. (Color online) Cutoff laws for an arbitrary emission
angle θ with γ = 0.5, calculated with the simple-man model, the
improved model, and the quantum-orbit theory. Note that the two
curves from the quantum-orbit theory and the improved model are
highly overlapping.
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between the quantum-orbit theory and the simple-man model.
The cutoff energy is always higher in the former than in the
latter. In addition, the angular distribution calculated from the
quantum-orbit theory is broader than that from the simple-man
model. For example, at E = 10Up, the distribution of θ is
about in the range from 19π/20 to 21π/20 in the quantum
model, while it is very narrow and can be taken as a point
in the simple-man model. However, again, once considering
the tunneling-induced shift of the initial position z(t0) of the
ionized electron, the improved model calculation is in good
agreement with that from the quantum-orbit theory. We have
also calculated the cutoff laws for the arbitrary emission angle
at other small values of γ and compared the results with
different models. They are very similar to the case for γ = 0.5
and not shown here.

IV. CONCLUSIONS

In summary, we have studied the cutoff laws for HATI
and compared the semiclassical results with the quantum-orbit
theory calculations. It is found that, if explicitly taking the
tunneling ionization as the initiator of the HATI process and
considering the tunneling-induced distance of the electron
from the parent ion core in the semiclassical model, the
cutoff law in HATI spectrum exhibits a well-defined upshift
from the simple-man model prediction and shows a good
agreement with quantum-orbit theory for small values of the
Keldysh parameter γ . We ascribe the upshift of cutoff law
as a tunneling-induced effect in HATI dynamics within the
semiclassical framework.

In modern physics, tunneling is considered one of the
fundamental quantum phenomena with no classical analog.
Tunneling has been introduced into strong-field physics as a
model of ionization of atoms subject to intense laser field
for almost half a century [14]. However, due to the rapid
oscillation of the laser electric field E(t), the validity of
tunneling in the strong-field ionization has been questioned
and gives rise to increasing controversies [3,19–22]. In this
work, we find that, if explicitly adopting the concept that
the electron becomes free via tunneling through the laser
field-suppressed barrier, a semiclassical calculation of the
cutoff law for HATI shows good agreement with the quantum
mechanical calculation, while a distinct discrepancy exists if
this tunneling effect is not considered. Also note that a recent
time-dependent Schrödinger equation (TDSE) calculation of
ATI [23] has revealed an upshift of the cutoff law from
10.007Up. This TDSE calculation is in qualitative agreement
with our improved model prediction. Therefore, our work
indicates that quantum tunneling leaves a distinct imprint in
the ATI spectrum in the form of a well-defined extension of
the cutoff.
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