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Note: This is a module designed for masters level students doing M.Sc. in 

computer science, at the ISSC, University of Pune. Most of them do not have 

any background in quantum mechanics, and this module is basically aimed at 

giving them a chance to apply the algorithms they have learned to an interesting 

physical situation. Therefore, all physics ideas in these lectures are introduced 

in a very sketchy manner, to say the least.  
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Assignment - 1  

1. Compute the number of ways in which -identical particles can 

be distributed in boxes.  

2. For plot the number of ways in which these -red 

particles can be distributed in boxes, as a function of .  

Compare this plot, with functions of the form (choose your 

own ), .  

Try using gnuplot for this purpose.  
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3. Consider and .  

1. Enumerate all the configurations, in which you can 

distribute these 2 particles in 4 boxes.  

2. Enumerate all ways when two particles cannot be put into 

the same box.  

3. Enumerate all ways when we relax the condition above.  

4. Now, do it for 2 green and 2 red particles. with the 

following constraints:  

1. One box can hold at the most two particles.  

2. No two particles of same colour can be put in one 

box.
3
  

hint: use direct products, you also can think of 

modularizing your code, do it for red, do it for green 

and take a direct product.  

4. What is the total number of configurations, if the number of 

boxes is 16, and we have 8 Red and 8 Green particles.  

5. The generalization of this would be: boxes, Red particles 

and Green particles, such that, does not exceed 

. Given the constraint that one box can take at the most one 

red and one green particle.  

1. Choose .  

2. The number of configurations is given by 

.  

http://physics.unipune.ernet.in/~nandy/module/footnode.html#foot165


3. Plot as a function of .  

4. If you had to store these configurations, how much 

memory would be required to store all of them, for a given 

?  

5. Can you think of different ways to optimize on the 

memory required, for this storage? Hint: How about as bit-

maps of 4-byte integers?  

6. With 4-byte integers, how many boxes can you really 

represent?  

6. For the curious: You could find out efficient permutation 

algorithms, so that the generation of the configurations above is 

done in an efficient way.  

Creation and Annihilation Operators  

We wish to mathematically represent this process of putting a Red particle in 

box , or removing a green particle from Box . For this purpose we shall 

define what are called the Creation and Annihilation operators.
4
  

Definitions and Notation :  

1. The creation operator is written as (read as : c-dagger-i-

sigma). Here, the (dagger) denotes creation! is the box 

number, or the box label, and is the colour index. i.e. the 

operator creates a particle of red colour in box 1.  

http://physics.unipune.ernet.in/~nandy/module/footnode.html#foot281


2. The annihilation operator is written as , (read as: c-i-sigma) 

without the dagger, eg. the operator creates a particle of red 

colour in box 1.  

3. Let us define the commutation relations of these operators.  

     

     

   (2) 

4.  

 

5. The in Eq. (2) denotes an anticommutator. An anticommutator 

of two operators and is defined to be , 

whereas a commutator of the same operators is defined as 

. Further, is called the Kronecker delta 

function, defined as  

     

    (3) 

6.  
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7. Why do we define the commutation relations as we have in 

Eq. (2)? Let us take an anticommutator of the creation operator 

with itself.  

 
(4) 

8.  

 

9. Eq. (4) goes onto say that we cannot create two particles of the 

same colour in the same box. The anticommutation relations are 

a direct consequence of this constraint that we are going to work 

with.  

10. Other consequences of Eq. (2), we shall see later.  

These operators, operate on configurations, which we have constructed in 

Section (2). How? Let us find out.  
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Example: Operators  

Consider a single red particle to be distributed in 4 boxes. Let us first define a 

configuration with no particles, the vacuum, i.e. all the four boxes are empty: 

. The single-particle configurations are given by, consistent 

with Eq.(1),  

   
  

   
(5) 

 

 

Equation (5) illustrates the operation of the creation operators. Similarly, we 

can see how the annihilation operator acts on a given configuration. Let us take 

configuration .  

 (6) 

 

 

Note the distinction between an empty state , and the number 0.
5
 Similarly  

 
(7) 
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The last state in Eq. (7) is a two particle state, with one red particle in box 1, 

and in box 2. 

The number operator  

We also define a composite operator called the number operator, defined as: 

. This operator annihilates a particle of colour in box , and creates 

it again in the same box. This is equivalent of counting particles in a box. 

Remember we have a rule, that a box can have at the most two particles, and 

those have to be of different colour. Hence, there are four possibilities of 

occupancies in a given box summarized in the table below  

   

0 0 0 

1 0 1 

0 1 1 

1 1 2 

We illustrate the operation of the number operator by using single particle 

configurations from Eq. (5)  

 (8) 

http://physics.unipune.ernet.in/~nandy/module/node4.html#eq:singlecr
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Many particle configurations  

Now, let us try and construct many particle states, in terms of the creation and 

annihilation operators. Let us again take a concrete example:  

Consider 4 sites, and two particles. one red and one green. Let us first 

enumerate all configurations for red and green, separately. (this you have done 

in your first assignment).  

   
  

   
  

   
  

   
  

   
(9) 

 

 

Now we take a director product of to get the full set of two 

particle configurations  

   
  

   
  

   
  

   
  

   
  



   
  

   
  

   
(10) 

 

 

The commutation relations Eq. (2) add another complication, to these states, 

that of the sign.
6
  

Consider a configuration with one red particle in box 1, and one green particle 

in box 2; viz. in Eq. (10). Now, we can obtain this configuration in several 

ways, for example :  

 
(11) 

 

 

where, a green particle is first put in box 2 then a red particle is put in box 1. 

We can reverse the order in this process and say, we put a red particle in box 1 

and then put a green particle in box 2, which is written as  

 
(12) 

 

 

Note, that the final configuration in equations (11) and (12) is identical. But 

there is an important difference of a sign, due to the commutation relations, 

defined in Eq. (2). Note, the order of creation operators in equations (11) 
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and (12), it is reversed. The commutation relation for these two creation 

operators from Eq. (2) is  

     

     

   
(13) 

 

 

Which means, if we choose to assign a positive sign to the final configuration 

in Eq. (11), then the commutation relations demand that the final configuration 

in Eq. (12) be assigned a negative sign. Of course, we can choose the other way 

around. This then leads us to defining sign-conventions. 

 

Normal Ordering Convention  

We choose the following ordering convention:  

1. Creation Operators be ordered from left to right in increasing order.  

2. If two particles are to be created in the same box, then Red precedes 

Green.  

Explicit examples:  

   
  

   
(14) 
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Hubbard Model: Definition  

After having defined the creation and annihilation operators, now, we are in a 

position to define the Hubbard Model.  
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Motivation  

Consider the simplest element in the periodic table, hydrogen. We know that an 

hydrogen atom has only one electron, in the so called -orbital. This electron 

can have either a spin-up : or spin-down : . Further, this -orbital can 

take at the most two electrons, one-up and one-down. In a real hydrogen atom, 

there are other orbitals too, where the electrons can go, but let us ignore them 

for the time being.  

Suppose we have a very long array of these hydrogen atoms (a linear chain). 

Each hydrogen atom has two neighbouring hydrogen atoms.  

http://physics.unipune.ernet.in/~nandy/module/node9.html
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On this chain, due to some physical process
7
, the electrons can hop around. The 

range of this hopping is such that an electron can hop only on its nearest 

neighbouring atoms, and also this hopping is symmetric i.e. If a particle hops 

from a site then the reverse hop is also allowed.  

Such an hopping of electrons can be modeled by the following. Consider a 

chain of length , with periodic boundary conditions  

 
(15) 

 

where, denotes the spin of an electron, and it can be either or . Note that 

the summation is over both spins. Eq. (15) is also called the kinetic-energy 

function, since it pertains to hopping of particles on this chain. The last two 

terms in the equation above are boundary terms, for lattice site and lattice site 

.
8
  

For clarity, we rewrite Eq. (15) for a 4-site lattice explicitly:  

   
  

    
(16) 

 

 

Electrons are negatively charged particles, and like charges repel. We wish to 

model this repulsive interaction of the electrons. In reality, this interaction is 
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long ranged, and varies as , where is the electron charge, and 

is the distance between two electrons.  

As a crude approximation, we shall model this electron-electron repulsion as 

follows:  

1. Two electrons do not interact with each other, if they sit on nearest 

neighbour hydrogen atoms or further apart, i.e. , if .  

2. The strength of this repulsion is nonzero only if two electrons are on the 

same hydrogen atom, and is denoted by , i.e. , if .  

3. Further, we have a constraint that at the most two electrons can sit on one 

hydrogen, and that their spins then have to be opposite to each other.  

The three approximations above leads us to this form of interaction, called the 

onsite-only repulsion, and is written as  

 
(17) 

 

We rewrite the above equation for the 4-site case explicitly  

 (18) 

The Hubbard Model thus is defined as a sum of Eqs. (15) and (17)  
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(19) 

 

Numerical Implementation of the Hubbard Model  

Equation (19) describes the total energy of particles hopping around on a one-

dimensional lattice, such that they repel each other if they occupy the same 

lattice site.  

 

 

Subsections  

 Single particle case  

 Many particle case  

Single particle case  

For simplicity, let us begin with a single particle on a chain of sites with 

periodic boundary conditions. We wish to evaluate the total energy function 

defined by Eq. (19). Evidently, the term will be zero, since it is an interaction 

between two particles, and we only have a single particle. is a matrix which 

we wish to write in the basis of single-particle configurations. The rows and 

columns of this matrix are labeled by the single particle basis states.  

Example: consider 4 sites, and the single particle configurations, defined in 

Eq. (5), we shall rewrite those in terms of electrons here.
9
Namely:  
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(20) 

 

 

These single particle configurations form a basis in which we shall write the 

energy matrix defined by Eq. (19). This matrix will be labelled by the single 

particle configurations . Also note that the term is operative only 

when there are more than one electrons of opposite spin in the system. It is not 

operative in the present single particle case.  

The single-particle energy matrix reads as  

 

(21) 

Many particle case  

We illustrate the many particle case with the following example: 4-sites, one 

and one particle. The complete basis is given by Eq. (10). For this case the 

size of the energy matrix will be .  

Consider configuration of Eq. (10): . On operating 

on this configuration we note  

http://physics.unipune.ernet.in/~nandy/module/node9.html#eq:hubbard
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1. ,  

2. Move a down particle to one of its nearest neighbours (consistent with 

Eq. (2):  

 

 

Move an up particle to one of its nearest neighbours:  

 

 

 

3. and so on .  

It is important to note that we always write a configuration in the normal 

ordered form and this dictates the final form of a matrix element . See 

section 3.4 for the normal ordering convention we have used above. 

 

 

Assignment - 2  

Note:  

1. Choose your favourite diagonalization programme in all of the problems 

below. An efficient diagonalization routine is available with me (but this one is 

written in fortran), if you need that send me an email and I could send you that 

routine.  

http://physics.unipune.ernet.in/~nandy/module/node3.html#eq:comm
http://physics.unipune.ernet.in/~nandy/module/node7.html#subsec:normalO


2. Set for all the calculations.  

1. For a single red particle in 4 boxes,  

1. Write a code to setup the matrix given by Eq. (21).  

2. Diagonalize the matrix and find all eigenvalues and 

eigenvectors.  

3. Let denote the lowest eigenvector of matrix . Then it 

can be written as  

 
(22) 

4.  

 

5. where the summation runs over in Eq. (20). 's 

are defined such that, is interpreted as the probability 

of this single particle being in the configuration . 

Evidently, the particle has to be in one of the four boxes, 

or, in other words, the system has to be in one of these four 

configurations. This fact is stated as the normalisation 

condition, namely  

 
(23) 

6.  

 

http://physics.unipune.ernet.in/~nandy/module/node11.html#eq:tij
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7. What should is the value for each for the lowest 

eigenvector?  

8. Tabulate the values of 's for all eigenvectors, such that 

each eigenvector satisfies the normalisation condition 

given by Eq. (23).  

9. Are any of the eigenvalues degenerate?  

2. Repeat the exercise above for the case of 10 boxes and one 

single red particle.  

1. What is the structure of the matrix? Is it tridiagonal?  

2. If we were to generalize this problem to boxes, and one 

particle, will the number of non-zero elements per row 

change?  

3. Setup and diagonalize the -matrix to obtain all eigenvalues 

and eigenvectors for each of the following cases: (choose 

parameters : and )  

1. 4 boxes: 2 red particles  

2. 4 boxes: 1 red and 1 green particle  

3. 4 boxes: 2 red and 2 green particles  

4. 6 boxes: 3 red and 3 green particles  

Plot the eigenvalues for each of the case above. Vary the 

value of from 0.0 to 10.0 and see how this plot of 

eigenvalues changes. Summarize the changes that you see for 

each case. For each eigenvector in each case above do the 

following:  

http://physics.unipune.ernet.in/~nandy/module/node13.html#eq:norm


5. Any eigenvector can be written in the form Eq. (22). where 

the summation runs over all the basis states.  

6. Reorder 's in ascending order, according to and 

find out which configuration has the maximum weight 

in each eigenvector. Tabulate this result.  

7. For a given value of , plot for all , for the lowest 

eigenvector. See how this plot changes as a function of  

4.  

1. For 4-sites, 2-red and 1-green particles. Plot the lowest 

eigenvalue of the H-matrix, as a function of . (Vary 

from 0 to 10.0).  

2. Compute the lowest eigenvalue for : 4-sites, 3 red particles. 

Will this value depend on , plot it as a function of .  

3. Compare plots from (a) and (b). According to a certain 

theorem called the Nagaoka theorem, the eigenvalues 

should match for large- .  

5. Structure of the -matrix You shall note that the matrix is a 

sparse matrix with a very few non-zero elements per row.  

The typical storage for an matrix is of the order of . 

(typically, for a double precision matrix, this would be of the 

order of bytes, i.e. for the memory requirement 

is 200Mb and that for it is 80Gb!!)  

http://physics.unipune.ernet.in/~nandy/module/node13.html#eq:iv


When we know that most of the matrix elements of the matrix 

are zeroes, it does not make sense storing them. One of the 

trivial ways to store the matrix is: .  

Given that there are non-zero elements per row, for an 

matrix, where is some tiny fraction of , compute the 

memory requirement to store it in the abovementioned trivial 

sparse storage scheme.  

Look up numerical recipes and or google to find out other sparse 

matrix storage schemes and compare those storage schemes as a 

function of .  

Is it always beneficial to store a matrix in a sparse scheme? 

When will you choose to keep the whole matrix, and when will 

you choose to store it in your favourite sparse-storage scheme? 

How will you decide which scheme to use? (remember, it is the 

scaling with that is important.)  

6. Given a real-symmetric-sparse matrix, stored with your favourite 

sparse storage scheme, write a vector-matrix multiplication 

routine. Are there any overheads in terms of number of 

operations because you are using a sparse storage scheme?  

Dummy Codes  

Here are a few sample dummy codes and hints for the coding:  



1. Write small routines for the creation and annihilation operator 

each:  

routine create()  

On call : old-configuration, where-to-create, what-colour  

On return: new-configuration, sign-due-to-anti-commutation  

Similarly a routine annihilate ().  

This would make the coding for the hopping term trivial.  

2. Code for the sign-calculation carefully. One of the algorithms is 

as follows:  

Sign due to an operation like  

count the number of occupied boxes and their occupancies 

between :  

and .  

sign  

3. A typical matrix element calculation code will look like  

 loop over configurations (c)  

 loop over neighbour pairs (i,j)  

 perform operation .  



  in the list of configurations  

 update with the appropriate matrix element value  

 end loop over neighbour pairs (i,j)  

 end loop over configurations  

4. Try and Modularize your own codes. Separate logically 

independent parts so that you can use them elsewhere in the 

future. (Example: the permutation generator is a general code 

which can be used at several places).  

 


