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(A) Randomness in Economic Theory 

Surprisingly, risk and uncertainty have a rather short history in economics. The formal incorporation of risk 
and uncertainty into economic theory was only accomplished in 1944, when John von Neumann and Oskar 
Morgenstern  published their Theory of Games and Economic Behavior - although the exceptional effort of 
Frank P. Ramsey (1926) must be mentioned as an antecedent. Indeed, the very idea that risk and uncertainty 
might be relevant for economic analysis was only really suggested in 1921, by Frank H. Knight in his 
formidable treatise, Risk, Uncertainty and Profit. What makes this lateness even more surprising is that not 
only could early economists count several prominent statistical theorists among their ranks (notably Francis Y. 
Edgeworth and John Maynard Keynes), but that the very concept of marginal utility, the foundation stone of 
Neoclassical economics, was introduced by Daniel Bernoulli (1738) in the context of choice under risk. 

Previous to Frank H. Knight's 1921 treatise, only a handful of economists, notably Carl Menger (1871), Irving 
Fisher (1906) and Francis Y. Edgeworth (1908), even deigned to acknowledge the potential modifications risk 
and uncertainty might make to economic theory. It was in Knight's treatise that for effectively the first time the 
case was made for the economic importance of these concepts. Indeed, he linked profits, entrepreneurship 
and the very existence of the free enterprise system to risk and uncertainty. After Knight, economists finally 
began to take it into account: John Hicks (1931), John Maynard Keynes (1936, 1937), Michal Kalecki (1937), 
Helen Makower and Jacob Marschak (1938), George J. Stigler (1939), Gerhard Tintner (1941), A.G. Hart 
(1942) and Oskar Lange (1944), appealed to risk or uncertainty to explain things like profits, investment 
decisions, demand for liquid assets, the financing, size and structure of firms, production flexibility, inventory 
holdings, etc.  

As Arrow's (1951) survey of the state of affairs illustrates, it was a growing field with severe growing pains and 
much confusion. The great barrier in a lot of this early work was in making precise what it means for 
"uncertainty" or "risk" to affect economic decisions. How do agents evaluate ventures whose payoffs are 
random? How exactly does increasing or decreasing uncertainty consequently lead to changes in behavior? 
These questions were crucial, but with several fundamental concepts left formally undefined, appeals risk and 
uncertainty were largely of a heuristic and unsystematic nature. 

The great missing ingredient was the formalization of the notion of "choice" in risky or uncertain situations. 
Already Hicks (1931), Marschak (1938) and Tintner (1941) had a sense that people should form preferences 
over distributions, but how does one separate the element of attitudes towards risk or uncertainty from pure 
preferences over outcomes? Alternative hypotheses included ordering random ventures via their means, 
variances, etc., but no precise or satisfactory means were offered up. Ocassionally, they took some quite 
bizarre turns: for instance, Arthur C. Pigou attempted to measure a "fundamental unit of uncertainty-bearing" 
by defining it as "the exposure of a £ to a given scheme of uncertainty, or ... to a succession of like schemes 
of uncertainty during a year ... by a man of representative temperament and with representative 
knowledge." (Pigou, 1912: p.772). 

Surprisingly, Daniel Bernoulli's (1738) notion of expected utility which decomposed the valuation of a risky 
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venture as the sum of utilities from outcomes weighted by the probabilities of outcomes, was generally not 
appealed to by these early economists. Part of the problem was that it did not seem sensible for rational 
agents to maximize expected utility and not something else. Specifically, Bernoulli's assumption of diminishing 
marginal utility seemed to imply that, in a gamble, a gain would increase utility less than a decline would 
reduce it. Consequently, many concluded, the willingness to take on risk must be "irrational", and thus the 
issue of choice under risk or uncertainty was viewed suspiciously, or at least considered to be outside the 
realm of an economic theory which assumed rational actors. 

The great task of John von Neumann and Oskar Morgenstern (1944) was to lay a rational foundation for 
decision-making under risk according to expected utility rules. Once this was done, the floodgates opened - 
albeit, even then, only slowly. The novelty of using the axiomatic method - combining sparse explanation with 
often obtuse axioms - ensured that most economists of the time would find their contribution inaccessible and 
bewildering. Indeed, there was substantial confusion regarding the structure and meaning of the von 
Neumann-Morgenstern expected utility hypothesis itself.  Restatements and re-axiomatizations by Jacob 
Marschak (1950), Paul Samuelson (1952) and I.N. Herstein and J. Milnor (1953) did much to improve the 
situation.  

A second revolution occurred soon afterwards. The expected utility hypothesis was given a celebrated 
subjectivist twist by Leonard J. Savage in his classic Foundations of Statistics (1954). Inspired by the work of 
Frank P. Ramsey (1926) and Bruno de Finetti (1931, 1937), Savage derived the expected utility hypothesis 
without imposing objective probabilities but rather by allowing subjective probabilities to be determined jointly. 
Savage's brilliant performance was followed up by F.J. Anscombe and R.J. Aumann (1963). In some regards, 
the Savage-Anscome-Aumann "subjective" approach to expected utility has been considered more "general" 
than the older von Neumann-Morgenstern concept.  

Another "subjectivist" revolution was initiated with the "state-preference" approach to uncertainty of Kenneth J. 
Arrow (1953) and Gerard Debreu (1959). Although not necessarily "opposed" to the expected utility 
hypothesis, the state-preference approach does not involve the assignment of mathematical probabilities, 
whether objective or subjective, although it often might be useful to do so. The structure of the state-
preference approach is more amenable to Walrasian general equilibrium theory where "payoffs" are not 
merely money amounts but actual bundles of goods. It became particularly popular after useful applications 
were pursued by Jack Hirshleifer (1965, 1966), Peter Diamond (1967) and Roy Radner (1968, 1972) and has 
since become the dominant method of incorporating uncertainty in general equilibrium contexts. 

The comparative properties of the expected utility hypothesis when payoffs are univariate (i.e. "money") were 
further examined and developed in the post-war period. The concept of "risk aversion" was analyzed by Milton 
Friedman and Leonard J. Savage  (1948) and Harry Markowitz (1952) and measurements of risk aversion 
developed by John W. Pratt (1964) and Kenneth J. Arrow (1965) and later refined by Stephen Ross (1981). 
Menachem Yaari (1968) and Richard Kihlstrom and L. Mirman (1974) pursued definitions of risk-aversion in 
multi-variate contexts. Measurements of "riskiness" were suggested by Michael Rothschild and Joseph E. 
Stiglitz (1970, 1971), Peter Diamond and J.E.  Stiglitz  (1974) and others. These have been particularly useful 
in many economic applications (for a survey, see Lippmann and McCall (1981)). 

There have also always been disputants. George L.S. Shackle (1949), Maurice Allais (1953) and Daniel 
Ellsberg (1961) were among the first to challenge the expected utility decomposition of choice under risk or 
uncertainty and to suggest substantial modifications. Influential experimental studies, such as those by Daniel 
Kahneman and Amos Tversky (e.g. 1979), have reinforced the need to rethink much of the theory. Towards 
this end, in recent years, many attempts have been made to reaxiomatize the theory of choice under 
uncertainty, with weighted expected utility (e.g. Allais, 1979; Chew and McCrimmon, 1979;  Fishburn, 1983), 
rank-dependent expected utility (Quiggin, 1982; Yaari, 1987),  non-linear expected utility (e.g.   Machina, 
1982), regret theory (Loomes and Sugden, 1982), non-additive expected utility (Shackle , 1949; Schmeidler, 
1989) and state-dependent preferences (Karni, 1985).  

(B) Risk, Uncertainty and Expected Utility 

Much has been made of Frank H. Knight's (1921: p.20, Ch.7) famous distinction between "risk" and 
"uncertainty". In Knight's interpretation, "risk" refers to situations where the decision-maker can assign 
mathematical probabilities to the randomness which he is faced with. In contrast, Knight's "uncertainty" refers 
to situations when this randomness "cannot" be expressed in terms of specific mathematical probabilities. As 
John Maynard Keynes was later to express it: 

"By `uncertain' knowledge, let me explain, I do not mean merely to distinguish what is known for 
certain from what is only probable. The game of roulette is not subject, in this sense, to 



uncertainty...The sense in which I am using the term is that in which the prospect of a European 
war is uncertain, or the price of copper and the rate of interest twenty years hence...About these 
matters there is no scientific basis on which to form any calculable probability whatever. We 
simply do not know." (J.M. Keynes, 1937) 

Nonetheless, many economists dispute this distinction, arguing that Knightian risk and uncertainty are one 
and the same thing. For instance, they argue that in Knightian uncertainty, the problem is that the agent does 
not assign probabilities, and not that she actually cannot, i.e. that uncertainty is really an epistemological and 
not an ontological problem, a problem of "knowledge" of the relevant probabilities, not of their "existence". 
Going in the other direction, some economists argue that there are actually no probabilities out there to be 
"known" because probabilities are really only "beliefs". In other words, probabilities are merely subjectively-
assigned expressions of beliefs and have no necessary connection to the true randomness of the world (if it is 
random at all!).  

Nonetheless, some economists, particularly Post Keynesians such as G.L.S. Shackle (1949, 1961, 1979) and 
Paul Davidson (1982, 1991) have argued that Knight's distinction is crucial. In particular, they argue that 
Knightian "uncertainty" may be the only relevant form of randomness for economics - especially when that is 
tied up with the issue of time and information. In contrast, situations of Knightian "risk" are only possible in 
some very contrived and controlled scenarios when the alternatives are clear and experiments can 
conceivably be repeated -- such as in established gambling halls. Knightian risk, they argue, has no 
connection to the murkier randomness of the "real world" that economic decision-makers usually face: where 
the situation is usually a unique and unprecedented one and the alternatives are not really all known or 
understood. In these situations, mathematical probability assignments usually cannot be made. Thus, 
decision rules in the face of uncertainty ought to be considered different from conventional expected utility. 

The "risk versus uncertainty" debate is long-running and far from resolved at present. As a result, we shall 
attempt to avoid considering it with any degree of depth here. What we shall refer throughout as "uncertainty" 
does not correspond to its Knightian definition. Instead, we will use the term with more fluidity in analyzing 
modern theories of choice in random situations. However, some form of the Knightian distinction may still be 
useful, in that it permits us to roughly divide theories between those which use the assignment of 
mathematical probabilities and those which do not make such assignments. In this manner, the expected 
utility theory with objective probabilities of  von Neumann and Morgenstern (1944) is clearly one of "risk", 
whereas the state-preference approach of   Arrow (1953) and  Debreu (1959). in which there are no 
assignments of probabilities whatsoever is (perhaps less obviously) one of "uncertainty". However, the 
intermediate theory of Savage (1954), which yields expected utility with subjective probabilities, is not clearly 
in one camp or another: on the one hand, the very assignment of numerical probabilities - even if subjective - 
implies that it represents choice under "risk"; on the other hand, these probabilities are merely expressions of 
what is ultimately amorphous belief and thus may seem more like "uncertainty". [A more extensive discussion 
of the various categories of "objective" and "subjective" probabilities are contained in the introduction to our 
exposition of Savage's theory].  

In the first section, we shall concentrate on the expected utility hypothesis with objective probabilities of von 
Neumann and Morgenstern (1944). We shall consider Savage's theory after that and the Arrow-Debreu 
approach later on.    As we have noted, there are other approaches to choice under uncertainty, but these 
three are the most developed and prominent ones and thus we shall concentrate on them. 

Excellent surveys of uncertainty theory include Peter C. Fishburn (1970, 1982, 1988, 1994) and Edi Karni and 
David Schmeidler (1991) at a relatively advanced level and Jack Hirshleifer and John G. Riley (1979, 1992), 
Jean-Jacques Laffont (1989) and Mark Machina (1987) at a more accessible level. The remarkable little 
classic of David M. Kreps (1988) is especially recommended for its excellent exposition and intuition.  The 
older text by R.D. Luce and H. Raiffa (1957) may also be still worth consulting.  The volume edited byPeter 
Diamond and Michel Rothschild (1978) reproduces several classical articles. Finally, the relevant entries in 
The New Palgrave, several of them conveniently collected and reprinted in a distinct volume (Eatwell, Milgate 
and Newman, 1990), are highly recommended. For surveys focused more on applications of uncertainty 
theory, see J.D. Hey (1979) and S.M. Lippmann and J.J. McCall (1981). 
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The expected utility hypothesis stems from Daniel Bernoulli's (1738) solution to the famous St. Petersburg 
Paradox posed in 1713 by his cousin Nicholas Bernoulli (it is common to note that Gabriel Cramer, another 
Swiss mathematician, also provided effectively the same solution ten years before Bernoulli). The Paradox 
challenges the old idea that people value random ventures according to its expected return. The Paradox 
posed the following situation: a fair coin will be tossed until a head appears; if the first head appears on the 
nth toss, then the payoff is 2n ducats. How much should one pay to play this game? The paradox, of course, 
is that the expected return is infinite, namely:  

E(w) = ∑ i=1∞ (1/2n)·2n = (1/2)·2 + (1/4)22 + (1/8)23 + .... = 1 + 1 + 1 + ..... = ∞ 
 

Yet while the expected payoff is infinite, one would not suppose, at least intuitively, that real-world people 
would be willing to pay an infinite amount of money to play this! 

Daniel Bernoulli's solution involved two ideas that have since revolutionized economics: firstly, that people's 
utility from wealth, u(w), is not linearly related to wealth (w) but rather increases at a decreasing rate - the 
famous idea of diminishing marginal utility, u′ (Y) > 0 and u′ ′ (Y) < 0; (ii) that a person's valuation of a risky 
venture is not the expected return of that venture, but rather the expected utility from that venture. In the St. 
Petersburg case, the value of the game to an agent (assuming initial wealth is zero) is: 

E(u) = ∑ i=1∞ (1/2n)·u(2n) = (1/2)·u(2) + (1/4)·u(22) + (1/8)·u(23) + .... < ∞ 
 

which Bernoulli conjectured is finite because of the principle of diminishing marginal utility. (Bernoulli originally 
used a logarithmic function of the type u(x) = α log x). Consequently, people would only be willing to pay a 
finite amount of money to play this, even though its expected return is infinite. In general, by Bernoulli's logic, 
the valuation of any risky venture takes the expected utility form: 

E(u | p, X) = ∑ x∈ X p(x)u(x)
 

where X is the set of possible outcomes, p(x) is the probability of a particular outcome x ∈ X and u: X → R is a 
utility function over outcomes.  

[Note: as Karl Menger (1934) later pointed out, placing an ironical twist on all this, Bernoulli's hypothesis of 
diminishing marginal utility is actually not enough to solve all St. Petersburg-type Paradoxes. To see this, note 
that we can always find a sequence of payoffs x1, x2, x3, .., which yield infinite expected value, and then 
propose, say, that u(xn) = 2n so that expected utility is also infinite. Thus, Menger proposed that utility must 
also be bounded above for paradoxes of this type to be resolved.] 

Channelled by Gossen (1854), Bernoulli's idea of diminishing marginal utility of wealth became a centerpiece 
in the Marginalist Revolution of 1871-4 in the work of Jevons (1871), Menger (1871) and Walras (1874). 
However, Bernoulli's expected utility hypothesis has a thornier history. With only a handful of exceptions (e.g. 
Marshall, 1890: pp.111-2, 693-4; Edgeworth, 1911), it was never really picked up until   John von Neumann 
and Oskar Morgenstern's (1944) Theory of Games and Economic Behavior, which we turn to next. 
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The expected utility hypothesis of John von Neumann and Oskar Morgenstern (1944), while formally identical, 
has nonetheless a somewhat different interpretation from Bernoulli's. However, the major impact of their effort 
was that they attempted to axiomatize this hypothesis in terms of agents' preferences over different ventures 
with random prospects, i.e. preferences over what can be called lotteries. 

(i) Lotteries 

Let x be an "outcome" and let X be a set of outcomes. Let p be a simple probability measure on X, thus p = (p
(x1), p(x2), ..., p(xn)) where p(xi) are probabilities of outcome xi ∈ X occurring, i.e. p(xi) ≥ 0 for all i = 1, ..., n 
and ∑ i=1

np(xi) = 1. Note that for simple probability measures, there are finite elements x ∈ X for which p(x) > 
0, i.e. p has "finite support". Define ∆ (X) as the set of simple probability measures on X. A particular lottery p 
is a point in ∆ (x).  

One of the first questions to be faced is how does an agent evaluate a compound lottery, i.e. a lottery which 
gives out tickets for another lottery as prizes rather than a certain reward? We can reduce compound lotteries 
into simple lotteries by combining the probabilities of the lotteries so that all we obtain is a single distribution 
over outcomes.  

Suppose we have a lottery r with two possible outcomes: with 50% probability, it yields a ticket for another 
lottery p, while with the remaining 50% probability, it yields a ticket for different lottery q (this is shown 
heuristically on the left side in Figure 1b). Thus, r = 0.5p + 0.5q, where p and q are the lotteries which serve 
as outcomes of the lottery we are actually playing, i.e. lottery r. We can illustrate the reduction of r into a 
compound lottery in Figure 1b.   

As shown in Figure 1a, simple lottery p has payoffs (x1, x2, x3) = (0, 2, 1) with respective probabilities (p1, p2, 
p3) = (0.5, 0.2, 0.3). Simple lottery q has payoffs (y1, y2) = (2, 3) with probabilities (q1, q2) = (0.6, 0.4). Thus, 
combining the sets of outcomes (on the right side of Figure 1b), the compound lottery r will have payoffs (z1, 
z2, z3, z4) = (0, 1, 2, 3). The probabilities of each of these outcomes of r are obtained by taking the linear 
combination of the probabilities in the original lotteries: so if outcome 2 had 0.2 probability in lottery p and 0.6 
probability in lottery q, then it will have 0.5(0.2) + 0.5(0.6) = 0.4 probability in the compound lottery r. Similarly, 
outcome 1 has 0.3 probability in p and 0 probability in q, thus that outcome will have 0.5(0.3) + 0.5(0) = 0.15 
probability in lottery r, etc. In short, the compound lottery r faces outcomes (z1, z2, z3, z4) = (0, 1, 2, 3) with 
respective probabilities (r1, r2, r3, r4) = (0.25, 0.15, 0.4, 0.2). 

The von Neumann-Morgenstern 
Expected Utility Theory 



 

Fig. 1a - Two simple lotteries 

 

Fig. 1b - Compound Lottery 

In general, a compound lottery is a set of K simple lotteries {pk}k=1
K that are connected by probabilities {α k}

k=1
K where ∑k=1

K α k = 1, so that we have lottery pk with probability α k. Thus, a compound lottery q is of the 
form q = α 1p1 + α 2p2... +α KpK. The compound lottery q can be reduced to a "simple" lottery as q(xi) = α 1p1
(xi) + α 2p2(xi) + ... + α KpK(xi) can be interpreted as the probability of xi ∈ X occurring. This is obtained from 

recognizing that ∑ k=1
Kα 

k = 1 and ∑ i=1
n pk(xi) = 1. Thus, defining q(xi) = ∑ kα kpk(xi) then ∑ i=1

nq(xi) = ∑ kα 

k (∑ i pk(xi)) = ∑ kα k = 1. Thus, q = (α 1p1, ..., α kpk) is itself a simple lottery. Note that, as a result, ∆ (X), the 
set of simple lotteries on X, is a convex set (i.e. for any p, q ∈ ∆ (X), α p + (1-α )q ∈ ∆ (X) for all α ∈ (0, 1)). 

In the von Neumann-Morgenstern hypothesis, probabilities are assumed to be "objective" or exogenously 
given by "Nature" and thus cannot be influenced by the agent. However, the problem of an agent under 
uncertainty is to choose among lotteries, and thus find the "best" lottery in ∆ (X). One of  von Neumann and 
Morgenstern's major contributions to economics more generally was to show that if an agent has preferences 
defined over lotteries, then there is a utility function U: ∆ (X) → R that assigns a utility to every lottery p ∈ ∆ 
(X) that represents these preferences. 

Of course, if lotteries are merely distributions, it might not seem to make sense that a person would "prefer" a 



particular distribution to another on its own. If we follow Bernoulli's construction, we get a sense that what 
people really get utility from is the outcome or consequence, x ∈ X. We do not eat "probabilities", after all, we 
eat apples! Yet what von Neumann and Morgenstern suggest is precisely the opposite: people have utility 
from lotteries and not apples! In other words, people's preferences are formed over lotteries and from these 
preferences over lotteries, combined with objective probabilities, we can deduce what the underlying 
preferences on outcomes might be. Thus, in von Neumann-Morgenstern's theory, unlike Bernoulli's, 
preferences over lotteries logically precede preferences over outcomes. 

How can this bizarre argument be justified? It turns out to be rather simple actually, if we think about it 
carefully. Consider a situation with two outcomes, either $10 or $0. Obviously, people prefer $10 to $0. Now, 
consider two lotteries: in lottery A, you receive $10 with 90% probability and $0 with 10% probability; in lottery 
B, you receive $10 with 40% probability and $0 with 60% probability. Obviously, the first lottery A is better 
than lottery B, thus we say that over the set of outcomes X = ($10, 0), the distribution p = (90%, 10%) is 
preferred to distribution q = (40%, 60%). What if the two lotteries are not over exactly the same outcomes? 
Well, we make them so by assigning probability 0 to those outcomes which are not listed in that lottery. For 
instance, in Figure 1, lotteries p and q have different outcomes. However, letting the full set of outcomes be 
(0, 1, 2, 3), then the distribution implied by lottery p is (0.5, 0.3, 0.2, 0) whereas the distribution implied by 
lottery q is (0, 0, 0.6, 0.4). Thus our preference between lotteries with different outcomes can be restated in 
terms of preferences between probability distributions over the same set of outcomes by adjusting the set of 
outcomes accordingly. 

But is this not arguing precisely what Bernoulli was saying, namely, that the "real" preferences are over 
outcomes and not lotteries? Yes and no. Yes, in the sense that the only reason we prefer a lottery over 
another is due to the implied underlying outcomes. No, in the sense that preferences are not defined over 
these outcomes but only defined over lotteries. In other words, von Neumann and Morgenstern's great insight 
was to avoid defining preferences over outcomes and capturing everything in terms of preferences over 
lotteries. The essence of von Neumann and Morgenstern's expected utility hypothesis, then, was to confine 
themselves to preferences over distributions and then from that, deduce the implied preferences over the 
underlying outcomes.  

We shall proceed through von Neumann-Morgenstern's (1944) axiomatization via the following manner: (i) we 
first define and axiomatize a preference relation ≥ h over simple lotteries, ∆ (X); (ii) we then use this 
preference relation to construct a utility function on simple lotteries, U: ∆ (X) → R; (iii) we then prove that this 
utility function U has an "expected utility" structure, i.e. there is an underlying utility on outcomes u: X → R that 
yields U(p) = ∑ p(x)u(x). Later on we shall extend this theorem to more general lotteries. 

We should note here that up to step (iii), we can treat ∆ (X) is merely a convex subset of a linear space, and 
thus omit all discussion of "lotteries" or underlying outcome spaces X, etc. The first two parts of the von 
Neumann-Morgenstern theorem, thus, apply quite generally. Nonetheless, for the sake of intuition, we shall 
not change the notation and leave ∆ (X) as is. 

(ii) Axioms of Preference 

Let ≥ h be a binary relation over ∆ (X), i.e. ≥ h ⊂ ∆ (X) × ∆ (X). Hence, we can write (p, q) ∈ ≥ h, or p ≥ h q to 
indicate that lottery p is "preferred to or equivalent to" lottery q. Naturally, ¬ (p ≥ hq) = p <h q, i.e. if p is not 
preferred to or equivalent to q, then we say q is strictly preferred to p. Of course, p ≥ h q and q ≥ h p implies p 
~h q, i.e. p is equivalent to q. We now state the four axioms for these preferences:  

(A.1) ≥ h is complete, i.e. either p ≥ h q or q ≥ h q for all p, q ∈ ∆ (X).
 

(A.2) ≥ h is transitive, i.e. if p ≥ h q and q ≥ h r then p ≥ h r for all p, q, r ∈ ∆ (X)
 

(A.3) Archimedean Axiom: if p, q, r ∈ ∆ (X) such that p >h q >h r, then there is an α , β ∈ (0, 1) 
such that α p + (1-α )r >h q and q >h β p + (1-β )r.  

(A.4) Independence Axiom: for all p, q, r ∈ ∆ (X) and any α ∈ [0, 1], then p ≥ h q if and only if α p 
+ (1-α )r ≥ h α q + (1-α )r. 



The first two axioms (A.1) and (A.2) should be familiar from conventional theory. Together, (A.1) and (A.2) are 
sometimes referred to as the "weak order" axioms. The Archimedean Axiom (A.3) works like a continuity 
axiom on preferences. It effectively states that given any three lotteries strictly preferred to each other, p >h q 
>h r, we can combine the most and least preferred lottery (p and r) via an α ∈ (0, 1) such that the compound 
of p and r is strictly preferred to the middling lottery q and we can combine p and r via a β ∈ (0, 1) so that the 
middling lottery q is strictly preferred to the compound of p and r. Notice that one really needs ∆ (X) to be a 
linear, convex structure to have (A.3).  

The Independence Axiom (A.4), as we shall see later, is a little bit more troublesome. It effectively claims that 
the preference between p and q is unaffected if they are both combined in the same way with a third lottery r. 
One can envisage this as a choice between a pair of two-stage lotteries. In this case, α p + (1-α )r is a two 
stage lottery which yields either lottery p with probability α and lottery r with probability (1-α ) in the first stage. 
Using the same interpretation for α q + (1-α )r, then since both mixtures lead to r with the same probability (1-
α ) in the first stage and since one is equally well-off if this case occurs, then preferences between the two-
stage lotteries ought to depend entirely on one's preferences between the alternative lotteries in the second-
stage, p and q. 

We should perhaps note, at this point, that these axioms, as stated, are derived from N.E. Jensen (1967) and 
are not exactly the original  von Neumann-Morgenstern (1944) axioms (in particular, they did not have an 
explicit independence axiom). There are, of course, alternative sets of axioms which we can use for the main 
theorem. One famous axiomatization was provided by I.N. Herstein and J. Milnor (1953) which is a bit more 
general. See Fishburn (1970, 1982) for more details.  

(iii) The von Neumann-Morgenstern Utility Function 

We now want to proceed to the next step and derive the von Neumann-Morgenstern utility function, U: ∆ (X) 
→ R to represent preferences over lotteries, where by representation we mean that for any p, q ∈ ∆ (X), p ≥ h 
q if and only if U(p) ≥ U(q). Thus if lottery p is preferred or equivalent to q, then the utility from lottery p is 
greater than utility from lottery q and vice-versa. Let us then turn to the main existence theorem: 

Theorem: (von Neumann and Morgenstern) Let ∆ (X) be a convex subset of a linear space. 
Let ≥ h be a binary relation on ∆ (X). Then ≥ h satisfies (A.1), (A.2), (A.3) and (A.4) if and only if 
there is a real-valued function U:∆ (X) → R such that: 

(a) U represents ≥ h (i.e. ∀ p, q ∈ ∆ (X), p ≥ h q ⇔ U(p) ≥ U(q))
 

(b) U is affine (i.e. ∀ p, q ∈ ∆ (X), U(α p + (1-α )q) = α U(p) + (1-α )U(q) for any α ∈ 
(0, 1)) 

Moreover, if V:∆ (X) → R also represents preferences, then there is an b, c ∈ R (where b > 0) 
such that V = bU + c, i.e. U is unique up to a positive linear transformation. 

Proof: This is quite a long proof. We have an "iff" statement, so we must prove it both ways (i.e. that the 
axioms on preferences imply utility representation and affinity and that representation and affinity of utility 
implies the axioms). Let us start with the former.  

Part I: (Axioms ⇒ Representation and Affinity)  

We proceed in three steps: firstly, we prove two lemmas on preferences; secondly, we prove that the theorem 
holds on a closed preference interval; finally, we extend this result to the entire ∆ (X). So let us begin with the 
two lemmas: 

Lemma: (L.1 - Mixture Monotonicity): For any p, q ∈ ∆ (X), and α , β ∈ (0, 1) where p >h q and 
α ≤ β , then β p + (1-β )q >h α p + (1-α )q. 

Proof: (i) Suppose α = 0. Note that p = β p + (1-β )p and q = β q + (1-β )q obviously. Now, by (A.4), p >h q ⇒ β 
p + (1-β )p >h β p + (1-β )q as we have β p on both sides. But, by (A.4) again, β p + (1-β )q >h β q + (1-β )q as 



we now have (1-β )q in common on both sides. But note that this implies β p + (1-β )q >h q = α p + (1-α )q 
when α = 0, and we are done. (ii) Suppose α > 0. Now, recall from (i) that β p + (1-β )q >h q. Thus, defining r = 
β p + (1-β )q, then r >h q. Now, define γ = α /β . Then γ r + (1-γ )r >h q. But, as r >h q, then by (A.4), γ r + (1-γ )r 
>h γ r + (1-γ )q where γ r is in common on both sides. Or, by definition of r, γ r + (1-γ )r >h γ (β p + (1-β )q)) + 
(1-γ )q. Then, rearranging, γ r + (1-γ )r >h γ β p + (1- β γ )q. But, by definition of γ , γ β = α , thus γ r + (1-γ )r >h 
α p + (1- α )q. But as r = γ r + (1-γ )r = β p + (1-β )q by definition, then β p + (1-β )q >h α p + (1- α )q. Q.E.D. 

This makes intuitive sense: if lottery p is preferred to lottery q, then if we construct two compound lotteries 
with different weights, then we prefer the compound lottery in which lottery p is given the relatively greater 
weight.  

Lemma: (L.2 - Unique Solvability): If p, q, r ∈ ∆ (X) and p ≥ h q ≥ h r and p >h r, then there is a 
unique α * ∈ [0, 1] such that q ~h α *p + (1-α *)r. 

Proof: (i) If p ~h q, then α * = 1 and we are done. (ii) if r ~h q, then α * = 0, and we are done. (iii) if p >h q >h r, 
then define the set Q≥ = {α ∈ (0, 1)  q ≥ h α p + (1-α )r}. This set is non-empty because α = 0 is an element 
of it and it is bounded above by α ≤ 1. Thus, there is a supremum (least upper bound) of Q≥ . Let α * = sup 
Q≥ . Then we can consider two violating cases. Case 1: p >h q >h α *p + (1-α *)r. Then, by (A.3), there is a β 
∈ [0, 1] such that q >h β (α *p + (1-α *)r) + (1-β )p. Or, rearranging, q >h [1 - β (1-α *)]p + β (1-α *)r. But, as β 
(1-α *) < (1-α *), then (1-β (1-α *)) > α *. But then α * is not a supremum of Q≥ . A contradiction. Case 2: α *p 
+ (1-α *)r >h q. We can proceed the same way, i.e. by (A.3) we can find some γ ∈ [0, 1] such that [1 - γ (1-α *)]
p + γ (1-α *)r >h q, which implies that α * is not a supremum - thus a contradiction. Consequently, it must be 
that neither Case 1 or Case 2 can apply, thus α *p + (1-α *)r ~h q. Finally, by mixture monotonicity (L.1), α * is 
unique. Q.E.D. 

This also makes intuitive sense. Given a lottery q, we can construct a compound lottery which yields the same 
utility as q by appropriately combining any lottery p which is preferred to q with any lottery r to which q is 
preferred. 

Now, let us return to the main proof. Consider first the following case: suppose that, for any p, q ∈ ∆ (X), we 
have p ~h q (all lotteries are equivalent) In this case, U is constant, i.e. U(p) = c for all p ∈ ∆ (X), which is of 
course real-valued and affine. Thus, this trivial case is easily disposed with. But consider now the following. 
Suppose s, r ∈ ∆ (X) where s >h r. Define RS = {p ∈ ∆ (X)  s ≥ h p ≥ h r}, which is a closed and convex 
subset of ∆ (X) (by (A.4)). For each p ∈ RS, define ƒ (p) as a number such that p ~h ƒ (p)s + (1-ƒ (p))r. By 
unique solvability (L.2), such a ƒ (p) exists and is unique. We now make two claims:  

Proposition (Representation): ƒ (.) represents preferences on RS, i.e. for all p, q ∈ RS, ƒ (p) ≥ ƒ 
(q) if and only if ƒ (p)s + (1-ƒ (p))r ≥ h ƒ (q)s + (1-ƒ (q))r.  

To prove this, consider that by mixture monotonicity (L.1), s >h r and ƒ (p) ≥ ƒ (q) implies that ƒ (p)s + (1-ƒ (p))
r >h ƒ (q)s + (1-ƒ (q))r. But, by the definition of ƒ (p) and ƒ (q), (i.e. p ~h ƒ (p)s + (1-ƒ (p))r and q ~h ƒ (q)s + (1-
ƒ (q))r), we can note immediately by transitivity (A.2) that this implies that p >h q. The same argument works in 
reverse. Thus, ƒ (p) ≥ ƒ (q) ⇔ p >h q, i.e. ƒ (.) represents preferences ≥ h on RS, and we are done. Q.E.D. 

Proposition (Affinity): ƒ (.) is affine for all p, q ∈ RS, i.e. ƒ (α p + (1-α )q) = α ƒ (p) + (1-α )ƒ (q).  

To prove this, consider any p, q ∈ RS and define p′ = α p + (1-α )q. As RS is convex, then p′ ∈ RS for any α 
∈ (0, 1). Thus, by unique solvability (L.2) there is a real number ƒ (p′ ) such that p′ ~h ƒ (p′ )s + (1-ƒ (p′ ))r. But 
as p′ = α p + (1-α )q and p ~h ƒ (p)s + (1-ƒ (p))r by (L.2), then p′ ~h α [ƒ (p)s + (1-ƒ (p))r] + (1-α )q by the 
independence axiom (A.4). Doing the same for q ~h ƒ (q)s + ((1-ƒ (q))r, then we obtain p′ ~h α [ƒ (p)s + (1-ƒ 
(p))r] + (1-α )[ƒ (q)s + ((1-ƒ (q))r]. Rearranging a bit, we obtain that p′ ~h [α ƒ (p) + (1-α )ƒ (q)]s + [α (1-ƒ (p)) + 
(1-α )(1-ƒ (q))]r, thus p′ is equivalent to another convex combination of s and r. But, by unique solvability (L.2), 



there is only one α * such that p′ ~h α *s + (1-α *)r. Thus, it must be that α * = ƒ (p′ ) = [α ƒ (p) + (1-α )ƒ (q)], 
or, by the definition of p′ , ƒ (α p + (1-α )q) = α ƒ (p) + (1-α )ƒ (q). This is the definition of affinity. Q.E.D. 

Let us now enter on our third stage and extend the representation and affinity results from RS to the entire 
set. To do so, we first need to prove the following claim: 

Proposition: (Order-Preservation): If ƒ represents ≥ h and is affine, then g = a + bƒ where b > 0 
also (i) represents ≥ h and (ii) is affine.  

The proof is simple. (i) For any p, q ∈ ∆ (X), then p ≥ h q ⇒ ƒ (p) ≥ ƒ (q) by representation of ƒ . Thus, if b > 0, 
then this implies a + bƒ (p) ≥ a + bƒ (q), thus g(p) ≥ g(q) by definition. (ii) As ƒ is affine, then ƒ (α p + (1-α )q) = 
α ƒ (p) + (1-α )ƒ (q). Now by definition, g(α p + (1-α )q) = a + bƒ (α p + (1-α )q)) = a + b[α ƒ (p) + (1-α )ƒ (q)] = 
α a + (1-α )a + bα ƒ (p) + b(1-α )ƒ (q) = α [a + bƒ (p)] + (1-α )[a + bƒ (q)] = α g(p) + (1-α )g(q). Q.E.D.. 

Let us return to the extension of RS. By the definition of ƒ , s ~h ƒ (s)s + (1-ƒ (s))r and r ~h ƒ (r)s + (1-ƒ (r))r, 
thus ƒ (s) = 1 and ƒ (r) = 0. Now, Define RS1 = {p ∈ ∆ (X)  s1 ≥ h p ≥ h r1} where s1 >h s and r >h r1, so 
obviously RS ⊂ RS1. Now, let us define ƒ 1 over RS1 a manner analogous to before, so that for any p ∈ RS1, 
then p ~h ƒ 1(p)s1 + (1-ƒ 1(p))r1 and ƒ 1 is affine. Let us now find a1 and a b1 > 0 and thus a function g1 = a1 
+ b1ƒ 1 such that g1(s) = a1 + b1ƒ 1 (s) = 1 and g1(r) = a1 + b1ƒ 1(r) = 0. If we think of ∆ (X) as the real line and 
preferences increasing along it, then ƒ 1 and the adjustment to g1 can be represented as in Figure 2. 

Now, define RS2 = {p ∈ ∆ (X) | s2 ≥ h p ≥ h r2} where s2 >h s and r >h r2, so we again obtain RS ⊂ RS2. 
Defining ƒ 2 the same way as before on RS2, we can thus find now find a2 and b2 > 0 such that g2(s) = a2 + 
b2ƒ 2(s) = 1 and g2(r) = a2 + b2ƒ 2(r) = 0. Thus, g1(r) = g2(r) = 0 and g1(s) = g2(s) = 1. This is illustrated 
heuristically in Figure 2. 

 

  

Figure 2 - Illustration of von Neumann-Morgenstern Proof 



As Figure 2 implies, we now show that for any p ∈ RS1 ∩ RS2 ⇒ g1(p) = g2(p). As p is in the intersection, 
then either p is inside, above or below RS. In other words, one of the following three cases will be true: 

(i) s ≥ h p ≥ h r: ⇒ by unique solvability (L.2), ∃ α such that p ~h α s + (1-α )r
 

(ii) p >h s >h r: ⇒ by unique solvability (L.2), ∃ α such that s ~h α p + (1-α )r
 

(iii) s >h r >h p: ⇒ by unique solvability (L.2), ∃ α such that r ~h α s + (1-α )p
 

Consider now the consequences of the different cases: Case (i) implies that g1(p) = α g1(s) + (1-α )g1(r) = α 
by construction of g1. But it is also true that g2(p) = α g2(s) + (1-α )g2(r) = α again by construction, thus g1(p) 
= g2(p) = α . Case (ii) implies that 1 = g1(s) = α g1(p) + (1-α )g1(r) = α g1(p), so g1(p) = 1/α . But similarly, 1 = 
g2(s) = α g2(p) + (1-α )g2(r) = α g2(p), so g2(p) = 1/α . Thus, once again g1(p) = g2(p) = 1/α . Finally, Case (iii) 
implies that 0 = g1(r) = α g1(s) + (1-α )g1(p) = α + (1-α )g1(p), so g1(p) = α /(α -1). Similarly, 0 = g2(r) = α g2
(s) + (1-α )g2(p) = α + (1-α )g2(p), so g2(p) = α /(α -1). Thus, again g1(p) = g2(p) = α /(α -1). 

Thus, for every p ∈ RS1 ∩ RS2, g1(p) = g2(p). Consider now an increasing sequence RS ⊂ RS1 ⊂ RS2 ⊂ 
RS3 ⊂ ...⊂ ∆ (X). At each step, we can define gi that represents preferences over RSi, but gi(p) = gi-1(p) = gi-2
(p) = ... for all p ∈ RSi-1. Thus, let us define this common value gi(p) = gi-1(p) = U(p). We can thereby 
construct a U that represents preferences over the entire set ∆ (X). Thus the first important part of the proof, 
the derivation of a utility function U:∆ (X) → R from axioms (A.1)-(A.4) is finished.  

Q.E.D. for Part I. 

  

Part II: (Representation and Affinity ⇒ Axioms).  

We now turn to the converse. This is rather more simple. If U: ∆ (X) → R is affine and represents preferences, 
then we want so show that the axioms (A.1)-(A.4) hold. Completeness is clear enough: as U is defined over ∆ 
(X), then for any pair p, q ∈ ∆ (X) then either U(p) ≥ U(q) or U(p) ≤ U(q) or both. By representation, this implies 
(A.1). Similarly, for any triple, p, q, r ∈ ∆ (X), by representation, U(p) ≥ U(q) and U(q) ≥ U(r) implies p ≥ h q and 
q ≥ h r. It then follows from the properties of the real number line that U(p) ≥ U(r), thus p ≥ h r, so transitivity 
(A.2) is done. The Archimedean axiom (A.3) is just as simple. By representation, U(p) ≥ U(q) ≥ U(r) implies p ≥ 
h q ≥ h r. We know by the properties of the real line (called the Archimedian axiom in fact), there is an α ∈ (0, 
1) such that α U(p) + (1-α )U(r) ≥ U(q). As, by affinity, α U(p) + (1-α )U(q) = U(α p + (1-α )q), then U(α p + (1-
α )r) ≥ U(q) so, by representation, α p + (1-α )r ≥ h q. The same reasoning applies when choosing a β so β U
(p) + (1-β )U(r) ≤ U(q), etc., thus we are done. Finally, for the independence axiom (A.4), note that if U(p) ≥ U
(q), then p ≥ h q. Notice also that this implies that for α ∈ (0, 1), that α U(p) ≥ α U(q). Thus, adding (1-α )U(r) 
from both sides α U(p) + (1-α )U(r) ≥ α U(q) + (1-α )U(r). By affinity, as U(α p + (1-α )r) = α U(p) + (1-α )U(r) 
and U(α q + (1-α )r) = α U(q) + (1-α )U(r), thus U(α p + (1-α )r) ≥ U(α q + (1-α )r) so, by representation α p + 
(1-α )r ≥ h α q + (1-α )r. The reverse also applies by the same reasoning. Thus, the Archimedean axiom is 
finished.  

Q.E.D. for Part II 

  

Part III: (Uniqueness)  

We now wish to turn to the "moreover" remark and prove that if both U: ∆ (X) → R and V: ∆ (X) → R represent 
preferences, then there is a c and b > 0 such that V = bU + c. Let us get rid of the trivial case first: if for all p, q 
∈ ∆ (X), p ~h q, then U(p) = k and V(p) = k′ , thus V(p) = U(p) - (k-k′ ), so c = (k - k′ ) and b = 1. Now, suppose 



there is s, p, r ∈ ∆ (X) such that s >h p >h r. Then define the following: HU(p) = [U(p) - U(r)]/[U(s) - U(r)] and 
HV(p) = [V(p) - V(r)]/[V(s) - V(r)]. By unique solvability (L.2), there is an α ∈ (0, 1) such that p ~h α s + (1-α )r. 
Thus HU(p) = [U(α s + (1-α )r) - U(r)]/[U(s) - U(r)] or, by affinity: 

HU(p) = [α U(s) + (1-α )U(r) - U(r)]/[U(s) - U(r)] = α 
 

Similarly, as HV(p) = [V(α s + (1-α )r) - V(r)]/[V(s) - V(r)], then HV(p) = α . This implies, then, that HU(p) = HV
(p). Thus,  

[U(p) - U(r)]/[U(s) - U(r)] = [V(p) - V(r)]/[V(s) - V(r)] 

cross-multiplying: 

[U(p) - U(r)][V(s) - V(r)] = [U(s) - U(r)][V(p) - V(r)] 

or: 

U(p)[V(s) - V(r)] - U(r)[V(s) - V(r)] = [U(s) - U(r)]V(p) - [U(s) - U(r)]V(r) 

or simply: 

V(p) = U(p)[V(s) - V(r)]/[U(s) - U(r)] - U(r)[V(s) - V(r)]/ [U(s) - U(r)] + V(r) 

thus letting b = [V(s) - V(r)]/[U(s) - U(r)] and c = - U(r)[V(s) - V(r)]/ [U(s) - U(r)] + V(r), then: 

V(p) = bU(p) + c 

which is the form we wanted.  

Q.E.D. for Part III 

And finally, having proved (I) axioms ⇒ utility representation and affinity; (II) utility representation and affinity 
⇒ axioms and (III) uniqueness of the utility function up to a positive linear transformation, we have now at 
long last finished the proof of the von Neumann-Morgenstern theorem. 

Grand Q.E.D. for von Neumann-Morgenstern Theorem.♣  

  

(iv) The Expected Utility Representation 

We have now obtained the utility function U:∆ (X) → R on the basis of the four axioms set forth earlier. 
However, we have not finished in proving the expected utility hypothesis, namely, that a utility function U:∆ (X) 
→ R has a representation: 

U(p) = ∑ x∈ Supp(p) p(x)u(x)
 

where u: X → R is a elementary utility function on the underlying outcomes X. Note that as ∆ (X) is the set of 
simple probability distributions on X, then if p ∈ ∆ (X), then p has a finite support denoted Supp(p) ⊂ X. ∆ (X), 
of course, is a convex set. Finally, we should note that by convexity, for any p, q ∈ ∆ (X), α p + (1-α )q ∈ ∆ (X) 
for any α ∈ (0, 1) and that, if p and q are simple probability distributions, then (α p + (1-α )q)(x) = α p(x) + (1-
α )q(x) for any x ∈ X. 

We now state the expected utility representation as a corollary to the earlier von Neuman-Morgenstern 
theorem: 



Corollary: (Expected Utility Representation) Let ∆ (X) be the set of all simple probability 
distributions on X. Let ≥ h be a binary relation on ∆ (X). Then ≥ h satisfies (A.1)-(A.4) if and only 
if there is a function u: X → R such that for every p, q ∈ ∆ (X): 

p ≥ h q if and only if ∑ x∈ Supp(p) p(x)u(x) ≥ ∑ x∈ Supp(q) q(x)u(x). 
 

Moreover, v: X → R represents ≥ h in the above sense if and only if there exist c and b > 0 such 
that v = bu + c. 

Proof: From the von Neumann-Morgenstern theorem, there is a U: ∆ (X) → R which represents preferences ≥ 
h on ∆ (X) and is affine. Now, define the function δ x: X → {0, 1} as δ x(y) = 1 if y = x and δ x(y) = 0 otherwise. 
This implies that for every x ∈ X, δ x is a degenerate distribution, thus δ x ∈ ∆ (X). Let U(δ x) = u(x). Now 
consider a distribution p = [p(x), p(y)]. Obviously, we can write this out as a convex combination of degenerate 
distributions δ x and δ y, i.e. p = p(x)δ x + p(y)δ y. Thus, U(p) = U(p(x)δ x + p(y)δ y) = p(x)U(δ x) + p(y)U(δ y) = p
(x)u(x) + p(y)u(y) by affinity and our definition of u(x) and u(y). Thus, more generally, any distribution p with 
finite support can be written out as a convex combination of degenerate distributions, p = ∑ x∈ Supp(p) p(x)δ x, 
and thus we obtain U(p) = U(∑ x∈ Supp(p)p(x)δ (x)) = ∑ x∈ Supp(p) p(x)u(x) which is the expected utility 
representation of U(p). Thus as p ≥ h q iff U(p) ≥ U(q) by the von Neumann-Morgenstern theorem, then 
equivalently, p ≥ h q iff ∑ x∈ Supp(p) p(x)u(x) ≥ ∑ x∈ Supp(q) q(x)u(x). The moreover remark is simpler and thus 
we leave it as an exercise.♣  

So far, we developed the von Neumann-Morgenstern expected utility hypothesis within the context of simple 
probabilities, i.e. probability distributions which take positive values only for a finite number of outcomes. 
However, we would like to extend the hypothesis to continuous spaces (i.e. infinite support) and more 
complicated measures. Specifically, we would like it that for any probability measure p over X: 

U(p) = ∫ X u(x)dp(x)
 

as the general analogue of the expected utility decomposition for non-simple probability measures. However, 
things are not that simple: specifically, the Archimedean axiom is a source of failure in obtaining such a 
representation. As a result, it is necessary to strengthen and/or supplement it. For details, consult Fishburn 
(1970: Ch. 10). 
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(i) Cardinality 

Since the Paretian revolution (or at least since its 1930s "resurrection"), conventional, non-stochastic utility 
functions u: X → R are generally assumed to be ordinal, i.e. they are order-preserving indexes of preferences. 
By this we mean that the numerical magnitudes we give to u are irrelevant, as long as they preserve 
preference orderings. However, when facing the von Neumann-Morgenstern expected utility decomposition U
(p) = ∑ x p(x)u(x), it is common to fall into the misleading conclusion that utility is cardinal, i.e. that utility here 
is a measure of preferences.  

Of course, the elementary utility function u: X → R within U(p) is cardinal. Why this is so is clear enough: if 
expected utility is obtained by adding up probabilities multiplied by elementary utilities, then the precise 
measure of the elementary utilities matters very much indeed. More explicitly, if u represents preferences over 
outcomes, then it is unique up to any linear transformation, i.e. if v represents preferences over outcomes, 
then there is a b> 0 and a such that v = bu + c. This can be regarded as the "definition" of cardinality. 
Consequently, many early commentators - such as Paul Samuelson (1950) and William J. Baumol (1951) - 
condemned the expected utility construction because, with its cardinality, it seemed to revert the clock to pre-
Paretian times. For the subsequent debate and search for clarification which ensued, see Milton Friedman 
and Leonard J. Savage (1948, 1952), Herman Wold (1952), Armen Alchian (1953), R.H. Strotz (1953), Daniel 
Ellsberg (1954), Nicholas Georgescu-Roegen (1954) and, finally, Baumol (1958). 

The idea that early disputants did not realize and is of extreme importance to remember is that even though 
the elementary utility function u is a cardinal utility measure on outcomes, the utility function over lotteries U is 
not a cardinal utility function. This is because, and here is the important point, the elementary utilities on 
outcomes are not primitives in this model; rather, as we insisted earlier, the preferences on lotteries are the 
primitives. The utility function over lotteries U thus logically precedes the elementary utility function: the latter 
is derived from the former.  

Consequently, the utility function U:∆ (X) → R itself is an ordinal utility function since any increasing 
transformation of U will preserve the ordering on the lotteries. In other words, if U represents preferences on 
lotteries, then so does V = ƒ (U) where ƒ is an increasing monotonic transformation of U, e.g. if U(p) is a 
representation of the preference ordering on lotteries ∆ (X), then V(p) = [U(p)]2 = [∑ xp(x)u(x)]2 is also a 
representation of the preference ordering on lotteries. However, there is one sense in which U still carries an 
element of cardinality. Namely, given U(p) = ∑ x p(x)u(x), then v: X → R will generate an ordinally equivalent 
V(p) = ∑ x p(x)v(x) if and only if v = bu + c for b > 0 - and thus V = bU + c. Thus, in von Neumann-Morgenstern 
theory, we have a "cardinal utility which is ordinal", to use Baumol's (1958) felicitous phrase.  

(ii) The Independence Axiom 

The Early Debates 



A second more serious issue confronted the early commentators - namely, the absence of the Independence 
Axiom (A.4) in the original v von Neumann-Morgenstern  (1944) construction. This was first proposed by 
Jacob Marschak (1950) and, independently, Paul A. Samuelson (1952). It is now understood, following 
Edmond Malinvaud's (1952) demonstration, that the independence axiom was implied by the original axioms 
of von Neumann and Morgenstern (1944).  

Almost from the outset, then, the Independence Axiom promised trouble. To understand why, it is best to 
come clear as to its meaning and significance. For instance, it was said that the Independence Axiom ruled 
out "complementarity", which some economists considered an unreasonable restriction. However, it is 
important to understand what that means. Consider the following example. Suppose there are two travel 
agencies, p and q competing for your attention. If you go to travel travel agency p, you get a free ticket to 
Paris with 100% probability; if you go to agency q you get a free ticket to London with 100% probability. Thus, 
considering the set of outcomes to be X = (ticket to Paris, ticket to London), then p = (1, 0) and q = (0, 1). 
Suppose you prefer to go to Paris than London, then you will choose p over q, i.e. p >h q. 

To understand what the independence axiom does not say, consider the following situation. Suppose now 
that both travel agencies also give out a book of free vouchers for London theatres with 20% probability and 
give out their old prizes with 80% probability, so now p = (0.8, 0, 0.2) and q = (0, 0.8, 0.2). Now, it may seem 
like the independence axiom says that in this case one still prefers p to q which seems to go against common 
sense as the a ticket to London and vouchers for London theatres are natural complements - and thus the 
introduction of these tickets ought to change one's preference of agency p over agency q.  

However, this reasoning is wrong - the independence axiom does not claim this at all. This is because the 
offer of London theatre vouchers is not in addition to the regular plane tickets but rather it is offered instead of 
the regular tickets. Ticket to Paris, ticket to London and theatre vouchers are mutually exclusive outcomes, 
i.e. X = (ticket to Paris, ticket to London, theater vouchers). If one prefers Paris to London, one will still go to 
travel agency p rather than q, regardless of whether or not there is a possibility of getting a vouchers for 
London theatres in both places instead of the plane ticket one was hoping for. Thus, the independence axiom 
does not rule out complementarity of outcomes, but rather rules out complementarity of lotteries.  

Yet there are cases when the independence axiom can be counterintuitive. Suppose we have our travel 
agencies again and suppose now that a new random factor comes in and there is now a 20% probability that 
instead of the original prize, you will get a free viewing of a new movie that is set in Paris. Thus, now our 
outcome space is X = (ticket to Paris, ticket to London, movie about Paris) and p = (0.8, 0, 0.2) and q = (0, 
0.8, 0.2).  

Now, the independence axiom says that you will still prefer going to travel agency p and try to get the Paris 
tickets rather than switching to agency q for the London tickets. However, it may be argued that there might 
be a reversal of choice in the real world. If you choose agency p and win the movie prize, you may sit through 
it cursing your bad luck for missing out on your possible trip and not enjoy it at all. Watching a movie about 
Paris when you had the possibility of actually going there (agency p) may be worse than watching the movie 
when the possibility was not there (agency q). In this case, one might prefer going to agency q rather than p. 
Thus, the sudden emergence of the possibility of the movie has led to a reversal on your choice of agencies. 
This sort of situation is what the independence axiom rules out. 

How necessary is the independence axiom? To understand its importance, it is useful to attempt a 
diagrammatic representation of the von Neumann-Morgenstern theory. A diagram due to Jacob Marschak 
(1950) is depicted in Figure 3 where X = {x1, x2, x3} and thus ∆ (X) = (p1, p2, p3) is the set of all probability 
measures on X. This set is depicted in Figure 3 as the area in the triangle. The corners represent the certainty 
cases, i.e. p1 = 1, p2 = 1 and p3 = 1. A particular lottery, p = (p1, p2, p3) is represented as a point in the 
triangle in Figure 3 Note that as ∑ i=1

n pi = 1, then p2 = 1 - (p1 + p3). The case p2 = 1 will represent the origin. 
Thus, a point on the horizontal axis will represent a case when p1 > 0, p2 > 0 and p3 = 0 while a point on the 
vertical axis will represent a case where p1 = 0, p2 > 0 and p3 > 0 and, finally, a point on the hypotenuse will 
represent the case where p1 > 0, p2 = 0 and p3 > 0. A point anywhere within the triangle represents the case 
where p1 > 0, p2 > 0, p3 > 0. 

  



 

Figure 3 - Marschak Triangle 

Now, suppose we begin in Figure 3 at point p = (p1, p2, p3). Obviously, as p2 = 1 - p1 - p3, then horizontal 
movements from p to the right represent increases in p1 at the expense of p2 (while p3 remains constant), 
while vertical movements from p upwards represent increases in p3 at the expense of p2 (while p1 remains 
constant). Changes in all probabilities are represented by diagonal movements. For example, suppose that 
we attempt to increase p3 to p3′ ; in this case, either p1 or p2 or both must decline. As we see in Figure 3, p1 
goes to p1′ while p2 changes by the residual amount from 1- p1 - p3 to 1 - p1′ - p3′ . Suppose, on the other 
hand, that beginning from p we seek to increase p2. In this the movement will be something like p to p′ ′ , i.e. 
p1 declines to p1′ ′ and p3 falls to p3′ ′ so the residual p2′ ′ = 1-p1′ ′ -p2′ ′ is higher.  

Compound lotteries are easily represented. Consider two simple lotteries in Figure 3, p = (p1, p2, p3) and p′ = 
(p1′ , p2′ , p3′ ). Note that we can take a convex combination of p and p′ with α ∈ [0, 1] yielding α p + (1-α )p′ 
as depicted in Figure 3 by the lottery on the line connecting p and p′ . We thus have point α p + (1-α )p′ = (α 
p1 + (1-α )p1′ , α p2 + (1-α )p2′ , α p3 + (1-α )p3′ ) as our compound lottery. In Figure 3, α p1 + (1-α )p1′ = p1α 
and α p3+(1-α )p3′ = p3α , thus the new simple lottery representing our compound lottery will be (pα 1, (1-p1α 
-p3α ), p3α ). 

Now, let us turn to preferences. The straight lines U, Uα and U′ are indifference curves. The arrow indicates 
the direction of increasing preference, so U′ > Uα > U, which implies, of course, that p′ >h α p + (1-α )p′ >h p 
~ p′ ′ are the preferences between four lotteries in Figure 3. Obviously, given the direction of increasing 
preference, the extreme lottery where p3 = 1 (i.e. x3 with certainty) is the most desirable lottery, thus by 
implication x3 >h x2 >h x1. The reason indifference curves are straight lines comes from the linearity of the 
von Neumann-Morgenstern utility function which, in this case, can be written as: 

U = p1u(x1) + (1-p1-p3)(x2) + p3u(x3)
 

thus differentiating with respect to p1 and p3 and setting to zero:
 



dU = - [u(x2) - u(x1)]dp1 + [u(x3) - u(x2)]dp3 = 0 

thus, solving: 

dp3/dp1|U = [u(x2) - u(x1)]/[u(x3) - u(x2)] > 0
 

which is the slope of the indifference curves in Figure 3. The positivity comes from the assumption that x3 >h 
x2 >h x1, or u(x3) > u(x2) > u(x1), thus the indifference curve in the Marschak triangle is upward sloping. Note 
that as neither p1 nor p3 are in this term, then the slopes are unaffected by changes in p, and thus the 
indifference curves are parallel straight lines increasing in value to the northwest. 

We can detect a few more things in this diagram regarding the von Neumann-Morgenstern axioms. In 
particular, notice the depiction of unique solvability. Consider three distributions, p, p′ and q in Figure 3. Notice 
that as U′ > Uα > U, then p′ >h q > p. Then, unique solvability claims that there is an α ∈ [0, 1] such that q ~ α 
p + (1-α )p′ . This is exactly what is depicted in Figure 3 via point pα as U(pα ) = Uα = U(q). Thus, for any 
point in the area between U and U′ , we can make a convex combination of p and p′ such that the convex 
combination is equivalent in utility to that point. Also recall that the independence axiom claims that for any β 
∈ [0, 1], p′ >h p if and only if β p′ + (1-β )q >h β p + (1-β )q. This is depicted in Figure 3 where β p′ + (1-β )q is 

given by point pq′ on the line segment connecting p′ and q and β p + (1-β )q is given by point pq on the line 
segment connecting p and q. Obviously, pq′ >h pq if and only if p′ >h p. 

However, Figure 3 does not really illustrate the centrality of the Independence Axiom. To see it more clearly, 
examine Figure 4. It is easy to demonstrate that the independence axiom requires that the indifference curves 
be linear and parallel. Consider allocations p′ and q′ in Figure 4 where p′ ~h q′ as both p′ and q′ lie on the 
same indifference curve U′ . Now, by the independence axiom, it must be that β p′ + (1-β )q′ ~h β q′ + (1-β )q′ 
= q′ , so any convex combination between two equivalent points must be on the same indifference curve. This 
is exactly what we obtain with linear indifference curve U′ in Figure 4 where r′ = β p′ + (1-β )q′ . However, 
notice that if we have instead a non-linear indifference curve U′ ′ that passes through both p′ and q′ , then it 
would not necessarily be the case that β p′ + (1-β )q′ ~h q′ . As we see in Figure 4, when r′ = β p′ + (1-β )q′ , 
then r′ >h q′ as r′ lies above U′ ′ . Thus, non-linear indifference curves violate the independence axiom.  

  



 

Figure 4 - The Independence Axiom 

The independence axiom also imposes another restriction: namely, that the indifference curves are parallel to 
each other. To see this, examine Figure 4 again and consider two non-parallel but linear indifference curves U 
and Uα . Now, obviously, q ≥ h p (or, more precisely, q ~h p) as they lie on the same indifference curve U. 
However note that when taking the same convex combination with r so that qα = α q + (1-α )r and pα = α p + 
(1-α )r, then note that qα <h pα as pα lies above the indifference curve Uα . This is a violation of the 
independence axiom as q ≥ h p does not imply qα = α q + (1-α )r ≥ h α p + (1-α )r = pα . To restore the 
independence axiom, we would need the indifference curve passing through qα to be parallel to the previous 
curve U so that pα ~h qα . This is what we see when we impose parallel Uα ′ instead of the non-parallel Uα . 

Finally, we should note the impact of the risk-aversion on this diagram. (we discuss risk-aversion and 
measures of risk in detail elsewhere) Suppose that x3 > x2 > x1. Then, for any p, we can define a particular 
amount of expected return E = p1x1 + p2x2 + p3x3 = p1x1 + (1-p1-p3)x2 + p3x3. Thus a mean-preserving 
change in spread would maintain the same E, i.e. 

0 = x1dp1 + x2dp2 + x3dp3 = x1dp1 - x2(dp1 + dp3) + x3dp3

 

as dp2 = -dp1 - dp3. Thus, rearranging:
 

(x1 - x2)dp1 + (x3 - x2)dp3 = 0
 

thus:  

dp3/dp1|E = (x2 -x1)/(x3-x2) > 0
 

because of the proposed x3 > x2 > x1. Thus, we can define an expected return "curve" E in the Marschak 
triangle with slope (x2-x1)/(x3-x2). However, recall that the slope of the indifference curve is dp3/dp1|U = [u(x2) 
- u(x1)]/[u(x3) - u(x2)]. Because risk-aversion implies a concave utility function, then this means that: 



dp3/dp1|U = [u(x2) - u(x1)]/[u(x3) - u(x2)] > (x2 -x1)/(x3-x2) = dp3/dp1|E 

i.e. the slope of the indifference curves are steeper than the expected return curve E. Risk-neutrality would 
imply they are equal while risk-loving implies that indifference curve are flatter than E. Obviously, the greater 
the degree of risk-aversion, the steeper the indifference curves become. Note that a stochastically dominant 
shift in distribution from some initial p will be a movement to any distribution to the northwest of it. The 
reasoning for this, of course, is that northwesterly movements lead to increases in p3 or p2 at the expense of 
p1, and as x3 >h x2 >h x1, then such a shift constitutes a stochastically dominant shift.  

In sum, of all the von Neumann-Morgenstern axioms, it is appears that the independence axiom is the great 
workhorse that pushes the results through so smoothly. As we shall see in the next section, it is also the one 
that is most liable to fail empirically. As we shall see even later, some have also claimed that there is also 
sufficient evidence of violations of the transitivity axiom. There has also been attempted assassinations on 
other axioms, e.g. on the Archimedean axiom by Georgescu-Roegen (1958), but there is very little empirical 
evidence for this. 

(iii) Allais's Paradox and the "Fanning Out" Hypothesis 

An early challenge to the Independence Axiom was set forth by Maurice Allais (1953) in the now-famous 
"Allais Paradox". To understand it, it is best to proceed via an example. Consider the quartet of distributions 
(p1, p2, q1, q2) depicted in Figure 5 which, when connected, form a parallelogram. These points represent the 
following sets of lotteries. Let outcomes be x1 = $0, x2 = $100 and x3 = $500. Let us start first with the pair of 
lotteries p1 and p2: 

p1: $100 with certainty 
 

p2: $0 with 1% chance, $100 with 89% chance, $500 with 10% chance,
 

so p1 = (0, 1, 0) (and thus is at the origin) and p2 = (0.01, 0.89, 0.10) (and thus is in the interior of the 
triangle). As it happens, agents usually choose p1 in this case, so p1 >h p2 or, as shown in Figure 5, there is 
an indifference curve Up such that p1 lies above it and p2 lies below it. In contrast, consider now the following 
pairs of lotteries: 

q1: $0 with 89% chance and $100 with 11% chance
 

q2: $0 with 90% chance and $500 with 10% chance
 

so q1 = (0.89, 0.11, 0) (and thus is on the horizontal axis) and q2 = (0.90, 0, 0.10) (and thus is on the 
hypotenuse). Now, if indifference curves are parallel to each other, then it should be that q1 >h q2. We can 
see this diagrammatically in Figure 5 by comparing Up which divides p1 from p2 and Uq which divides q1 from 
q2. Obviously, as q1 lies above Uq and q2 below it, then q1 >h q2.  

Recall that it was the independence axiom that guaranteed this. To see this clearly for this example, we shall 
show that if the independence axiom is fulfilled, then it is indeed true that p1 >h p2 ⇒ q1 >h q2, i.e. there is a 
Uq that divides it in the manner of Figure 5. As p1 >h p2 then by the von Neumann-Morgenstern expected 
utility representation, there is some elementary utility function u such that:  

u($100) > 0.1u($500) + 0.89u($100) + 0.01u($0) 

But as we can decompose u($100) = 0.1u($100) + 0.89u($100) + 0.01u($100), then subtracting 0.89u($100) 
from both sides, this implies: 

0.1u($100) + 0.01u($100) > 0.1u($500) + 0.01u($0) 

But now adding 0.89u($0) to both sides: 



0.1u($100) + 0.01u($100) + 0.89u($0) > 0.1u($500) + 0.01u($0) + 0.89u(0) 

where, as we added the same amount to both sides, then the independence axiom claims that the inequality 
does not change sign. But combining the similar terms together, this means: 

0.11u($100) + 0.89u($0) > 0.1u($500) + 0.90u(0) 

which implies that q1 >h q2, which is what we sought.
 

 

Figure 5 - Allais's Paradoxes and the "Fanning Out" Hypothesis 

However, as Maurice Allais (1953) insisted (and later experimental evidence has apparently confirmed), when 
confronted with these set of lotteries, people tend to choose p1 over p2 in the first case and then choose q2 
over q1 in the second case -- thereby contradicting what we have just claimed. Anecdotal evidence has it that 
even Leonard Savage, when confronted by Allais's example, made this contradictory choice. Thus, they must 
be violating the independence axiom of expected utility. This is the "Allais Paradox".  

It has been hypothesized that these contradictory choices imply what is called a "fanning out" of indifference 
curves. Specifically, assume the indifference curves are linear but not parallel so they "fan out" as in the 
sequence of dashed indifference curves U′ , U′ ′ , Up, U′ ′ ′ etc. in Figure 5. Notice that even if we let Up 
dominate the relationship between p1 and p2 (so predicting that p1 >h p2), it is the flatter U′ (and not the 
parallel Uq) that governs the relationship between q1 and q2 - and thus, as q1 lies below U′ and q2 above it, 
then q2 >h q1. If we can somehow allow the fanning of indifference curves in this manner, then Allais's 
Paradox would no longer be that paradoxical. 

However, what guarantees this "fanning out"? Maurice Allais's (1953, 1979) suggestion, further developed by 
Ole Hagen (1972, 1979), was that the expected utility decomposition was incorrect. The utility of a particular 
lottery p is not U(p) = E(u; p) = ∑ x∈ X p(x)u(x). Rather, Allais proposed that U(p) =ƒ [E(u; p), var(u; p)], so that 
the utility of a lottery is not only a function of the expected utility E(u; p) but also incorporates the variance of 
the elementary utilities var(u; p). (Hagen incorporates the third moment as well). 



Allais's "fanning out" hypothesis would also yield what Kahneman and Tversky (1979) have called the 
"common consequence" effect. The common consequence effect can be understood by appealing to the 
independence axiom which, recall, claims that if p >h q, then for any β ∈ [0, 1] and r ∈ ∆ (X), then β p + (1-β )r 
>h β q + (1-β )r. In short, the possibility of a new lottery r should not affect preferences between the old 
lotteries p and q. However, the common consequence effect argues that the inclusion of r will affect one's 
preferences between p and q. Intuitively, p and q now become "consolation prizes" if r does not happen. The 
short way of describing the common consequence effect, then, is that if the prize in r is great, then the agent 
becomes "more" risk-averse and thus modifies his preferences between p and q so that he takes less risky 
choices. The idea is that if r offers indeed a great prize, then if one does not get it, then one will be very 
disappointed ("cursing one's bad luck") - and the greater the prize r offered, the greater the disappointment in 
the case one does not get it. Intuitively, the common consequence effect argues that getting $50 as a 
consolation prize in a multi-million dollar lottery one has lost is probably less exhilarating than finding $50 on 
the street. Consequently, in order to compensate for the potential disappointment, an agent will be less willing 
to take on risks as an alternative - as that would only worsen the burden. In contrast, if r is not that good, then 
one might be more willing to take on risks. 

We can see this in the context of the example for Allais's Paradox. Decomposing our expected utilities: 

E(u; p1) = 0.1u($100) + 0.89u($100) + 0.01u($100)
 

E(u; p2) = 0.1u($500) + 0.89u($100) + 0.01u($0)
 

E(u; q1) = 0.1u($100) + 0.01u($100) + 0.89u($0)
 

E(u;q2) = 0.1u($500) + 0.01u($0) + 0.89u(0)
 

Notice that the "common part" between p1 and p2 is 0.89u($100) whereas the common part between q1 and 
q2 is 0.89u($0), thus the common prize for the p1/p2 trade-off is rather high while the common prize for the 
q1/q2 trade-off is rather low. Notice, also, by omitting the "common parts" that p1 is less risky than p2 and, 
similarly, q1 is less risky than q2. Thus, the common consequence effect would imply that in the case of the 
high-prize pair (p1/p2) the agent should be rather risk-averse and thus prefer the low-risk p1 to the high-risk 
p2, while in the low-prize case (q1/q2), the agent will not be very risk-averse at all and thus might take the 
riskier q2 rather than q1. Thus, p1 >h p2 and q1 <h q2, as Allais suggests, can be explained by this common 
consequence effect. 

Another of Allais's (1953) paradoxical examples exhibits what is called a "common ratio" effect. This is also 
depicted in Figure 5 when we take the quartet of lotteries (s1, s2, q1, q2). Notice that the line s1s2 is parallel to 
q1q2, i.e. they have a "common ratio". Now, by effectively the same argument as before, we can see that by 
the parallel linear indifference curves Us, Uq that s1 >h s2 and q1 >h q2. However, by the "fanning out" 
indifference curves, we see that s1 >h s2 but q1 <h q2. The structure of a common ratio situation would be 
akin to the following: 

s1: p chance of $X and (1-p) chance $0
 

s2: p′ chance of $Y and (1-p′ ) chance of $0.
 

q1: kp chance of $X and (1-kp) chance of $0
 

q2: kp′ chance of $Y and (1-kp′ ) chance of $0.
 

where p > p′ , $Y > $X > 0 and k ∈ (0, 1). Although we only have two choices within each lottery, in terms of 
Figure 5, we can pretend we have outcomes (x1, x2, x3) = ($Y, $X, $0) and for each lottery set the probability 
of the unavailable outcome to zero. As we see, in each case, we hug the axes and the hypotenuse in Figure 
5. Notice also that the p/p′ = kp/kp′ ("common ratio") thus the line connecting s1 and s2 is parallel to q1 and 
q2. Now, the independence axiom argues that if s1 >h s2 then it should be that q1 >h q2. To see why, note 



that: 

E(u; s1) = pu($X) + (1-p)($0)
 

E(u; s2) = p′ u($Y) + (1-p′ )u($0)
 

E(u; q1) = kpu($X) + (1-kp)($0)
 

E(u;q2) = kp′ u($Y) + (1-kp′ )u($0)
 

Now, the independence axiom claims that if s1 > s2, then a convex combination of these lotteries with the 
same third lottery r implies ks1 + (1-k)r > ks2 + (1-k)r where k ∈ (0, 1). However, let r be a degenerate lottery 
which yields $0. In this case expected utility of the compound lottery ks1 + (1-k)r is: 

E(ks1 + (1-k)r) = k[pu($X) + (1-p)u($0)] + (1-k)u($0)
 

= kpu($X) + (1-kp)u($0) 

while the expected utility of the compound lottery ks2 + (1-k)r is:
 

E(ks2 + (1-k)r) = k[p′ u($Y) + (1-p′ )u($0)] + (1-k)u($0)
 

= kp′ u($Y) + (1-kp′ )u($0) 

Thus, notice that actually ks1 + (1-k)r = q1 and ks2 + (1-k)r = q2. So, the independence axiom claims that if s1 
>h s2, then it must be that q1 >h q2. This is shown in Figure 5 by the dividing parallel indifference curves Us 
and Uq. However, as experimental evidence has shown (e.g. Kahnemann and Tversky, 1979), these are not 
the usual choices people make. Rather, people usually exhibit s1 >h s2 but then q1 <h q2. As we can see in 
Figure 5, the "fanning out" hypothesis would explain such contradictory choices. 
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The responses to the paradoxes laid out by Maurice Allais (1953) and reinforced by experimental evidence 
have been of several types. The first argument, pursued by Jacob Marschak (1951) and Leonard J. Savage 
(1954: p.28-30, 101-3) is that expected utility theory is meant to be a normative proposition, i.e. what rational 
people people should do under uncertainty rather than what they actually do. This might seem like a weak 
defense, but as Marschak and Savage argue, the situations proposed in the experiments tend to be rather 
complicated and unfamiliar so that the subjects made choices in a contrived, uncomfortable scenario which 
they really did not understand. They argued that if the conductors of the experiment had pointed out the 
contradictions to their subjects, none of them would have stood by their contradictory choices and would have 
rectified their responses along the lines of the expected utility hypothesis. However, experimental evidence 
that accounts for this criticism still casts doubt on the Marschak-Savage argument. (see the collection in Allais 
and Hagen (1979) for more on this; also Stigum and Wenstop (1982)). 

The second response has been to attempt to incorporate Allais's "fanning out" hypothesis in to a new theory 
of choice under uncertainty, thus getting rid of the "paradoxical" nature of the common consequence and 
common ratio effects. As already shown, the Allais-Hagen incorporation of second and higher moments of 
lotteries into the utility function would yield this, but their approach was rather "Bernoulli"-like. In other words, 
Allais (1953, 1979) and Hagen (1972) worked directly with different combinations of the elementary utility 
functions on outcomes, rather than modifying the underlying axioms of the von Neumann-Morgenstern utility 
function on lotteries. As a result, Allais-Hagen did not really make it clear that their "fanning out" hypothesis 
was a result of "rational" behavior. 

The first steps in this direction were taken the late 1970s and early 1980s. New axioms were introduced such 
that the Allais hypothesis would emerge as a result. The literature on alternative expected utility has exploded 
considerably in the 1980s and 1990s. Here we shall only give a heuristic review of two alternative 
propositions: the Chew-MacCrimmon (1979) "Weighted Expected Utility" and Machina (1982) "Non-Linear 
Expected Utility". Another notable alternative which deserves special mention but which we do not cover is 
John Quiggin's (1982, 1993) "Rank-Dependent Expected Utility" (also cf. Chew, Karni and Safra, 1987; Yaari, 
1987).  

A different experimental paradox - what are known as "preference reversals" - has led to the development of 
"regret theory", which is discussed later.  Other alternative expected utility theories (e.g. non-additive 
expected utility, state-dependent expected utility) are usually discussed within the context of Savage's 
subjective approach and thus shall be postponed until then.  A comprehensive and detailed survey of the 
literature on alternative expected utility theory is Fishburn (1988); a simpler one is Machina (1987). See also 
the Stigum and Wenstpّ (1983) collection. 

(i) Weighted Expected Utility 

One of the first axiomatizations of choice theory under uncertainty which incorporates the fanning out 
hypothesis was the "weighted expected utility" introduced by Soo-Hong Chew and K.R. MacCrimmon (1979) 

Alternative Expected Utility 



and further developed by Chew (1983) and Fishburn (1983). Without detailing the axioms, the basic result is 
that Chew-MacCrimmon end up with the following representation of preferences over lotteries: 

U(p) = ∑ u(xi)pi/ ∑ v(xi)pi

 

where, note, u and v are two different elementary utility functions. [other functional forms of weighted 
expected utility have been suggested by Kamarkar (1978), Kahneman and Tversky (1979)]. For our three-
outcome case, this becomes: 

U(p) = [p1u(x1) + (1-p1-p3)u(x2) + p3u(x3)]/[p1v(x1) + (1-p1-p3)v(x2) + p3v(x3)]
 

so, for any indifference curve, setting U(p) = U* we see that: 

p1[U*(v(x1) - v(x2)) - (u(x1) - u(x2))] + p3[U*(v(x3) - v(x2)) - (u(x3) - u(x2))] = u(x2) - U*v(x2)
 

The resulting indifference curves are shown in a Marschak triangle in Figure 6. 

 

Fig. 6 - "Fanning Out" with Weighted Expected Utility 

Several things can be noted. First, indifference curves remain linear as the slope is: 

dp3/dp1|U* = - [U*(v(x1) - v(x2)) - (u(x1) - u(x2))]/ [U*(v(x3) - v(x2)) - (u(x3) - u(x2))]
 

where no probability terms enter. Thus, the linearity of indifference curves in Figure 6. 

However, the main point of Chew-MacCrimmon is that all indifference curves intersect at the same point. To 
see this, note that as outcomes (x1, x2, x3) are given, then we have only two unknowns, p1 and p3 in the 
equation for a single indifference curve. As indifference curves are linear, then, at most, we will have two 
linearly independent indifference curves. In other words, any two indifference curves will intersect at a point 
(p1*, p3*). All that remains is to show that this point is the same for any pair of indifference curves. The 
properties of the utility function of Chew-MacCrimmon have precisely this property, i.e. the solution values 
(p1*, p3*) do not depend on the levels of acceptable U*, thus all indifference curves will pass through those 
points. 

This may sound peculiar, particularly because intersecting indifference curves may seem to violate the 



transitivity axiom. However, as Chew-MacCrimmon and Fishburn demonstrate, this intersection will be at 
values of p1 < 0 and p3 < 0, i.e. "negative" probabilities. Thus, the intersection of the indifference curves will 
be outside the Marschak triangle, as shown by point e in Figure 6. The major consequence, of course, is that 
the indifference curves are non-intersecting, and thus do not violate transitivity, within the triangle. Thus we do 
not do violence to rationality while, at the same time, obtain the Allais "fanning out" property necessary to 
accommodate the common ratio and common consequence effects. 

(ii) Non-Linear Expected Utility 

Another celebrated proposition which incorporates the "fanning out" of indifference curves was the non-linear 
expected utility approach developed by Mark J. Machina (1982). Machina kept the preference ordering 
axioms and the Archimedean axiom, but dropped the independence axiom - thus not only was the "fanning 
out" possible, but indifference curves were now non-linear. An example of an indifference map implied by 
Machina's theory is shown in Figure 7.  

 

Figure 7 - "Fanning Out" with Non-Linear Expected Utility 

There are three distinct features discernible in Figure 7: firstly, indifference curves are generally upward 
sloping (albeit non-linear); secondly, the direction of increasing preference is to the northwest; thirdly, the 
indifference curves "fan out". To obtain the upward-sloping nature of the indifference curves Machina 
appealed to the concept of stochastic dominance. Recall that if outcomes are ranked x3 >h x2 >h x1, then 
from any distribution p, a change in probability distribution northward or westward implies an increase in the 
probability weights attached to the more preferred consequences and a decrease in the weights on less 
preferred consequences. As shown in Figure 7, distributions such as q or r "stochastically dominate" 
distribution p. As a result, and appealing to continuity, we can trace out an indifference curve U going through 
p which, although non-linear, is nonetheless upward-sloping. 

For the two other properties, Machina (1982) appealed to the notion of "local expected utility". What he 
effectively claimed was that at any given distribution p, there is a "utility function" up which possesses all the 
von Neumann-Morgenstern properties which is determined by a linear approximation of the true utility function 
around p. However, we must be clear that up is not a "utility function" in the "function" sense of the term as it 
is not unique over all distributions - it is specific to p. Thus, Machina suggests up be treated as a "local utility 



index" determined by the linear approximation around p. A linear approximation around r would yield a 
different utility index ur.  

To understand where this comes from, suppose that we have a utility function over lotteries U(p) which yield 
the non-linear, fanning out indifference maps in Figure 7. As we do not impose the independence axiom, then 
U(p) does not necessarily have an expected utility representation. However, we can define the local utility 
index up(x) = ∂ U(p)/dp(x) at a particular x and for a particular p (notice that this requires smooth preferences; 
cf. Allen, 1987). Thus, up is defined as a linear approximation of the real (non-linear) indifference curve 
around a neighborhood of p, as we see in Figure 7. We could use it as if it were a regular utility index on a von 
Neumann-Morgenstern utility function, i.e. we obtain Up(p) = ∑ x p(x)up(x). However, that would just be 
imposing linearity all over again. Thus, we must restrict the use of the local utility index to points in the 
neighborhood of its reference point, p. What Machina claimed, then, is that the behavior around p of an agent 
with a general utility function U(p) can be captured by the local utility index Up(p).  

Machina (1982) used these local utility indexes to prove the following: firstly, that every local utility function is 
increasing in x. This effectively guarantees that a small stochastically-dominant shift in a neighborhood of p - 
say, from p to q in Figure 7 - which we know by linear expected utility implies Up(p) < Up(q), also implies that 
U(p) < U(q). Thus, the original (non-linear) indifference curves ascend in the northwesterly direction.  

The more interesting property, however, is the fanning out. This we obtain from Machina's famous 
"Hypothesis II": namely, that local utility functions are concave in x at each distribution p. What this means is 
that as we move towards stochastically-dominant distributions, the degree of local risk-aversion increases, i.e. 
-[up′ ′ (x)/up′ (x)] < -[ur′ ′ (x)/ur′ (x)] where r stochastically-dominates p. This is shown in Figure 7. Recall that 
"risk-aversion" implies that the indifference curve is steeper than some iso-expected value line (e.g. the 
dashed line E in Figure 7). We see that the local utility index around r, Ur(r) is steeper than the local utility 
index around p, Up(p), thus r is more "risk-averse" than p. Thus, as Machina proves, Hypothesis II guarantees 
the "fanning out" we see in Figure 6. Consequently, as Machina (1982) concludes, the Allais Paradox and all 
common consequence and common ratio problems can be explained via his rather simple set of axioms. 

A post-script must be added. These new expected utility theories, as explained, were designed to incorporate 
the "fanning out" hypothesis and thereby incorporate common consequence and common ratio effects. By 
design, they seem compatible with early experimental evidence. However, this evidence was collected to test 
violations of von Neumann-Morgenstern expected utility hypothesis. Only recently has experimental work 
been designed with these alternative expected utility theories in mind, i.e. to see whether the predictions they 
make are robust in experimental situations. The results have been coming out more recently and the evidence 
is mixed (some of the early evidence is reviewed in Stigum and Wenstpّ (1983) and Machina (1987)). Some 
paradoxical findings, such as the "utility evaluation effects", are captured by fanning out. However, other 
experimental results, such as "preference reversals" (which we turn to next) are not captured by alternative 
expected utility theory. 

(iii) Preference Reversals and Regret Theory 

The Allais Paradoxes -- common consequence and common ratio effects -- are seen as violations of the 
independence axiom. Another common empirical finding is that of "preference reversal", which is an alleged 
violation of the transitivity axiom. Evidence for these were first uncovered by psychologists Sarah Lichtenstein 
and Paul Slovic (1971). The phenomena is captured in the famous "P-bet, $-bet" problem. Specifically, 
suppose there are two lotteries. These can be set out as follows: 

P-bet: outcomes (X, x) with probabilities (p, (1-p)) 

$-bet: outcomes (Y, y) with probabilities (q, (1-q)). 

It is assumed that X and Y are large money amounts and x and y are tiny, possibly negative, money amounts. 
The important characteristic of this set-up is that p > q (the P-bet has higher probability of a large outcome) 
and that Y > X (the $-bet has a highest large outcome). Thus, the labeling of the bets reflects that people with 
the P-bet people face a relatively higher probability of a relatively low gain, while in the $-bet, they have a 
relatively smaller probability of a relatively high gain. An exempt of this is the following: 

P-bet: $30 with 90% probability, and zero otherwise.  



$-bet: $100 with 30% probability and zero otherwise. 

Notice that in this example, the expected gain of the $-bet is higher than that of P-bet. 

Lichtenstein and Slovic (1971, 1973) (and many others since, e.g. Grether and Plott, 1983) have brought out 
experimental evidence that people tend to choose the P-bet over the $-bet, and yet were willing to sell their 
right to play a P-bet for less than their right to play a $-bet. This can be restated in the context of risk-aversion: 
namely, although when directly asked, they would choose the P-bet, they were willing to accept a lower 
certainty-equivalent amount of money for a P-bet than they do for a $-bet, e.g. for our example, their minimum 
selling prices would be $25 for the P-bet and $27 or so for the $-bet. 

Many have claimed that this violates the transitivity axiom. The argument is that one is indifferent between the 
certainty-equivalent amount ("minimum selling price") of the bet or taking it. Thus, in utility terms U(P-bet) = U
($25) and U($-bet) = U($27). By monotonicity, more riskless money is better than less riskless money, so U
($27) > U($25) and so we should conclude that U($-bet) > U(P-bet). Yet, when asked directly, people usually 
prefer the P-bet to $-bet, implying U(P-bet) > U($-bet). Thus, the intransitivity. 

Intransitivity is not necessarily a nice result. Of all the preference axioms, transitivity is often seen as the 
"essence" of rationality. However, whether in choice theory under certainty or uncertainty, economists have 
called, time and time again, for the relaxation of the transitivity axiom (e.g. Georgescu-Roegen, 1936, 1958). 
Indeed, modern general equilibrium theorists been able to eliminate it with no implication for the existence of 
Walrasian equilibrium. (e.g. Mas-Colell, 1974). But are we sure that the preference reversals in experimental 
context reveal "intransitivity"? 

The most straight-forward doubt was put forth by Karni and Safra (1986, 1987) and Holt (1986) is that the 
experiment design may be influencing the results and thus it is not intransitivity that is being yielded up but 
rather a failure to properly elicit the certainty-equivalent amounts (intuitively, people tend to overstate their 
minimum selling prices for lotteries they are less interested in). If anything, they argue, it is the independence 
axiom and not that of transitivity that is being violated. 

Others, however, have sought to develop an alternative rationale for preference reversals -- what can be 
called non-transitive expected utility theory. In other words, to give a "rational" basis for the "irrational" result 
of preference results. The most prominent of these is the "regret theory" proposed by Graham Loomes and 
Robert Sugden (1982, 1985), David Bell (1982) and Peter Fishburn (1982). The basic argument can be 
expressed as follows: choosing a bet that one does not initially have is different from selling a bet that one did 
initially possess. If one sells the $-bet to someone else and, it turns out, the other person wins the high-yield 
outcome, one is naturally to become more disappointed for having sold it than if one had just not chosen it to 
begin with.  

Loomes and Sugden proposed a "regret/rejoice" function for pairwise lotteries which contain the outcomes of 
both the chosen and the foregone lottery. Let p, q be two lotteries. If p is chosen and q is foregone and the 
outcome of p turns out to be x and the outcome of y turns out to be y, then can consider the difference 
between the (elementary) utilities between the two outcomes, to be a measure of rejoice or regret, i.e. r(x, y) = 
u(x) - u(y), which is negative if "regret" and positive if "rejoice". Agents thus faced with alternative lotteries do 
not seek to maximize expected utility but rather to minimize expected regret (or maximize expected rejoicing). 
Note that regret theorists do not impose that r(x, y) take this form, but it is convenient for illustrative purposes. 

To see how this works, suppose lottery p has probabilities (p1, .., pn) while lottery q probabilities (q1, .., qn) 
over the same finite set of outcomes x = (x1, ..., xn). If p is chosen, then expected utility is U(p) = ∑ i pi u(xi) 
while the expected utility of choosing q is U(q) = ∑ jqju(xj). Thus, expected rejoice/regret is: 

E(r(p, q)) = ∑ i piu(xi) - ∑ i qju(xj) 
 

= ∑ ipiu(xi) - ∑ j qju(xj)
 

= ∑ j∑ i piqj[u(xi) - u(xj)]
 

where piqj is the probability of outcome xi in lottery p and outcome xj in lottery qj. As r(xi, xj) = [u(xi) - u(xj)], 
then this can be rewritten as: 



E(r(p, q)) = ∑ j∑ i piqjr(xi, xj) 

It is obvious that lottery p will be chosen over lottery q if expected r(p, q) is positive and q will be chosen over 
p if expected r(p, q) is negative.  

The advantage of the regret/rejoice model is that the "indifference curves" over lotteries derived from it can be 
intransitive, i.e. yield up preference reversals -- and it is not repugnant to logic that minimizing expected regret 
be posited as a rational choice criteria. For more details on the implications of regret theory and an attempt to 
reconcile it with the alternative expected utility theories in the previous section, consult the succinct exposition 
in Sugden (1986). As regret theory seems to be able to replicate fanning out while alternative expected utility 
theory cannot account for preference reversals, it has been argued (e.g. Sugden, 1986), that regret theory is 
more robust. However, given the Karni-Safra critique, these claims must be taken with caution. 
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________________________________________________________ 

"[Under uncertainty] there is no scientific basis on which to form any calculable probability 
whatever. We simply do not know. Nevertheless, the necessity for action and for decision 
compels us as practical men to do our best to overlook this awkward fact and to behave exactly 
as we should if we had behind us a good Benthamite calculation of a series of prospective 
advantages and disadvantages, each multiplied by its appropriate probability waiting to be 
summed."  

(John Maynard Keynes, "General Theory of Employment", 1937, 
Quarterly Journal of Economics) 

"Many idle controversies involving the nature of expectation could be avoided by recognizing at 
the outset that man's conscious actions are the reflection of his beliefs and of nothing else."  

(Nicholas Georgescu-Roegen, 1958) 

________________________________________________________ 
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(A) The Concept of Subjective Probability 

In the von Neumann-Morgenstern theory, probabilities were assumed to be "objective". In this respect, they 
followed the "classical" view that randomness and probabilities, in a sense, "exist" inherently in Nature. There 
are roughly three versions of the objectivist position. The oldest is the "classical" view perhaps stated most 
fully by Pierre Simon de Laplace (1795). Effectively, the classical view argues that the probability of an event 
in a particular random trial is the number of equally likely outcomes that lead to that event divided by the total 
number of equally likely outcomes. Underlying this notion is the "principle of cogent reason" (i.e physical 
symmetry implies equal probability) and the "principle of insufficient reason" (i.e. if we cannot tell which 
outcome is more likely, we ought to assign equal probability).  

There are great deficiencies in the classical approach - particularly the meaning of symmetry and the possibly 
non-additive and often counterintuitive consequences of the principle of insufficient reason. As a result, it has 
been challenged in the twentieth century by a variety of competing conceptions Its most prominent successor 
was the "relative frequentist" view famously set out by Richard von Mises (1928) and popularized by Hans 
Reichenbach (1949). The relative frequency view argues that the probability of a particular event in a 
particular trial is the relative frequency of occurrence of that event in an infinite sequence of "similar" trials.  

In a sense, the relative frequentist view is related to Jacob Bernoulli's (1713) "law of large numbers". This 

Subjective Expected Utility 



claims, in effect, that if an event occurs a particular set of times (k) in n identical and independent trials, then if 
the number of trials is arbitrarily large, k/n should be arbitrarily close to the "objective" probability of that event. 
What the relative frequentists added (or rather subtracted) is that instead of positing the independent 
existence of an "objective" probability for that event, they defined that probability precisely as the limiting 
outcome of such an experiment. 

The relative frequentist idea of infinite repetition, of course, is merely an idealization. Nonetheless, this notion 
caused a good amount of discomfort even to partisans of the objectivist approach: how is one to discuss the 
probability of events that are inherently "unique" (e.g. the outcome of the U.S. presidential elections in the 
year 2000). As a consequence, some frequentists have accepted the limitations of probability reasoning 
merely to controllable "mechanical" situations and allow unique random situations to fall outside their realm of 
applicability.  

However, many thinkers remained unhappy with this practical compromise on the applicability of probability 
reasoning. As an alternative, some have appealed to a "propensity" view of objective probabilities, initially 
suggested by Charles S. Peirce (1910), but most famously associated with Karl Popper (1959). The 
"propensity" view of objective probabilities argues that probability represents the disposition or tendency of 
Nature to yield a particular event on a single trial, without it necessarily being associated with long-run 
frequency. It is important to note that these "propensities" are assumed to objectively exist, even if only in a 
metaphysical realm. Given the degree of looseness of the concept, one should expect its formalization to be 
somewhat more difficult. For a noble attempt, see Patrick Suppes (1973). 

However, many statisticians and philosophers have long objected to this view of probability, arguing that 
randomness is not an objectively measurable phenomenon but rather a "knowledge" phenomena, thus 
probabilities are an epistemological and not an ontological issue. In this view, a coin toss is not necessarily 
characterized by randomness: if we knew the shape and weight of the coin, the strength of the tosser, the 
atmospheric conditions of the room in which the coin is tossed, the distance of the coin-tosser's hand from the 
ground, etc., we could predict with certainty whether it would be heads or tails. However, as this information is 
commonly missing, it is convenient to assume it is a random event and ascribe probabilities to heads or tails. 
In short, in this view, probabilities are really a measure of the lack of knowledge about the conditions which 
might affect the coin toss and thus merely represent our beliefs about the experiment. As Knight expressed it, 
"if the real probability reasoning is followed out to its conclusion, it seems that there is `really' no probability at 
all, but certainty, if knowledge is complete." (Knight, 1921: 219). 

This epistemic or knowledge view of probability can be traced back to arguments in the work of Thomas 
Bayes (1763) and Pierre Simon de Laplace (1795). The epistemic camp can also be roughly divided into two 
groups: the "logical relationists" and the "subjectivists".  

The logical relationist position was perhaps best set out in John Maynard Keynes's Treatise on Probability 
(1921) and, later on, Rudolf Carnap (1950). In effect, Keynes (1921) had insisted that there was less 
"subjectivity" in epistemic probabilities than was commonly assumed as there is, in a sense, an 
"objective" (albeit not necessarily measurable) relation between knowledge and the probabilities that are 
deduced from them. It is important to note that, for Keynes and logical relationists, knowledge is disembodied 
and not personal. As he writes: 

"In the sense important to logic, probability is not subjective. A proposition is not probable 
because we think it so. When once the facts are given which determine our knowledge, what is 
probable or improbable in those circumstances has been fixed objectively, and is independent of 
our opinion." (Keynes, 1921: p.4)  

Frank P. Ramsey (1926) disagreed with Keynes's assertion. Rather than relating probability to "knowledge" in 
and of itself, Ramsey asserted instead that it is related to the knowledge possessed by a particular individual 
alone. In Ramsey's account, it is personal belief that governs probabilities and not disembodied knowledge.  
Probability is thus subjective.  

This "subjectivist" viewpoint had been around for a while - even economists such as Irving Fisher (1906: 
Ch.16; 1930: Ch.9) had expressed it. However, the difficulty with the subjectivist viewpoint is that it seemed 
impossible to derive mathematical expressions for probabilities from personal beliefs. If assigned probabilities 
are subjective, which almost implies that randomness itself is a subjective phenomenon, how is one to 
construct a consistent and predictive theory of choice under uncertainty? After von Neumann and 
Morgenstern (1944) achieved this with objective probabilities, the task was at least manageable. But with 
subjective probability, far closer in meaning to Knightian uncertainty, the task seemed impossible. 



However, Frank Ramsey's great contribution in his 1926 paper was to suggest a way of deriving a consistent 
theory of choice under uncertainty that could isolate beliefs from preferences while still maintaining subjective 
probabilities. In so doing, Ramsey provided the first attempt at an axiomatization of choice under uncertainty - 
more than a decade before von Neumann-Morgenstern's attempt (note that Ramsey's paper was published 
posthumously in 1931). Independently of Ramsey, Bruno de Finetti (1931, 1937) had also suggested a similar 
derivation of subjective probability.  

The subjective nature of probability assignments is can be made clearer by thinking of situations like a horse 
race. In this case, most spectators face more or less the same lack of knowledge about the horses, the track, 
the jockeys, etc. Yet, while sharing the same "knowledge" (or lack thereof), different people place different 
bets on the winning horse. The basic idea behind the Ramsey-de Finetti derivation is that by observing the 
bets people make, one can presume this reflects their personal beliefs on the outcome of the race. Thus, 
Ramsey and de Finetti argued, subjective probabilities can be inferred from observation of people's actions. 

To drive this point further, suppose a person faces a random venture with two possible outcomes, x and y, 
where the first outcome is more desirable than the second. Suppose that our agent faces a choice between 
two lotteries, p and q defined over these two outcomes. We do not know what p and q are composed of. 
However, if an agent chooses lottery p over lottery q, we can deduce that he must believe that lottery p 
assigns a greater probability to state x relative to y and lottery q assigns a lower probability to x relative to y. 
The fact that x is more desirable than y, then, implies that his behavior would be inconsistent with his tastes 
and/or his beliefs had he chosen otherwise. In essence, then, the Ramsey-de Finetti approach can be 
conceived of as a "revealed belief" approach akin to the "revealed preference" approach of conventional 
consumer theory. 

We should perhaps note, at this point, that another group of subjective probability theorists, most closely 
associated with B.O. Koopman (1940) and Irving J. Good (1950, 1962), holds a more "intuitionist" view of 
subjective probabilities which disputes this conclusion. In their view, the Ramsey-de Finetti "revealed belief" 
approach is too dogmatic in its empiricism as, in effect, it implies that a belief is not a belief unless it is 
expressed in choice behavior. In contrast, "the intuitive thesis holds that...probability derives directly from 
intuition, and is prior to objective experience" (Koopman, 1940: p.269). Thus, subjective probability 
assignments need not necessarily always reveal themselves through choice - and even then, usually through 
intervals of upper and lower probabilities rather than single numerical measures, and therefore, only partially 
ordered - a concept that stretches back to John Maynard Keynes (1921, 1937) and finds its most prominent 
economic voice in the work of George L.S. Shackle (e.g. Shackle, 1949, 1955, 1961) (although one can 
argue, quite reasonably, that the Arrow-Debreu "state-preference" approach expresses precisely this 
intuitionist view). 

More importantly, the intuitionists hold that not all choices reveal probabilities. If the Ramsey-de Finetti 
analysis is taken to the extreme, choice behavior may reveal "probability" assignments that the agent had no 
idea he possessed. For instance, an agent may bet on a horse simply because he likes its name and not 
necessarily because he believes it will win. A Ramsey-de Finetti analyst would conclude, nonetheless, that his 
choice behavior would reveal a "subjective" probability assignment - even though the agent had actually made 
no such assignment or had no idea that he made one. One can consequently argue, the hidden assumption 
behind the Ramsey-de Finetti view is the existence of state-independent utility, which we shall touch upon 
later (cf. Karni, 1996). 

Finally we should mention that one aspect of Keynes's (1921) propositions has re-emerged in modern 
economics via the so-called "Harsanyi Doctrine" - also known as the "common prior" assumption (e.g. 
Harsanyi, 1968). Effectively, this states that if agents all have the same knowledge, then they ought to have 
the same subjective probability assignments. This assertion, of course, is nowhere implied in subjective 
probability theory of either the Ramsey-de Finetti or intuitionist camps. The Harsanyi doctrine is largely an 
outcome of information theory and lies in the background of rational expectations theory - both of which have 
a rather ambiguous relationship with uncertainty theory anyway. For obvious reasons, information theory 
cannot embrace subjective probability too closely: its entire purpose is, after all, to set out a objective, 
deterministic relationship between "information" or "knowledge" and agents' choices. This makes it necessary 
to filter out the personal peculiarities which are permitted in subjective probability theory. 

The  Ramsey-de Finetti view was famously axiomatized and developed into a full theory by Leonard J. 
Savage in his revolutionary Foundations of Statistics (1954). Savage's subjective expected utility theory has 
been regarded by some observers as "the most brilliant axiomatic theory of utility ever developed" (Fishburn, 
1970: p.191) and "the crowning glory of choice theory" (Kreps, 1988: p.120). Savage's brilliant performance 
was followed up by F.J. Anscombe and R.J. Aumann's (1963) simpler axiomatization which incorporated both 
objective and subjective probabilities into a single theory, but lost a degree of generality in the process. We 
will first go through Savage's axiomatization rather heuristically and save a more formal account for our review 



of Anscombe and Aumann's theorem. (note, it might be useful to go through Anscombe and Aumann before 
Savage). 
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As we have seen, Savage's axiomatization of subjective expected utility theory is a rather involved affair. A 
simpler derivation of subjective expected utility theory was famously provided by F.J. Anscombe and Robert J. 
Aumann (1963). However, Anscombe and Aumann's derivation can be regarded as an intermediate theory as 
it requires the presence of lotteries with objective probabilities. What they assume is that an action ƒ is no 
longer merely a function from states S to outcomes X, but rather ƒ : S → ∆ (X), where ∆ (X) is the set of 
simple probability distributions on the set X. Thus, a consequence is no longer a particular x, but rather a 
distribution p ∈ ∆ (X). The set of consequences ∆ (X) are themselves lotteries - but now lotteries with 
"objective" probabilities. 

As a result the components of the Anscombe and Aumann (1963) theory are the following: 

S is a set of states 

∆ (X) a set of consequences (objective lotteries on outcomes) 

ƒ : S → ∆ (X) is an action (horse/roulette lottery combination) 

F = {ƒ | ƒ : S → ∆ (X)} a set of actions 

≥ h ⊂ F × F are preferences on actions
 

Thus, an agent's preferences ≥ h is a binary relation on actions F that fulfills the following axioms:
 

(A.1) ≥ h is complete, i.e. either ƒ ≥ h g or g ≥ h ƒ for all ƒ , g ∈ F.
 

(A.2) ≥ h is transitive, i.e. if ƒ ≥ h g and g ≥ h h then ƒ ≥ h h for all ƒ , g, h ∈ F.
 

(A.3) Archimedean Axiom: if ƒ , g, h ∈ F such that ƒ >h g >h h, then there is an α , β ∈ (0, 1) 
such that α ƒ + (1-α )h >h g and g >h β ƒ + (1-β )h.  

(A.4) Independence Axiom, i.e. for all ƒ , g, h ∈ F and any α ∈ [0, 1], then ƒ ≥ h g if and only if α 
ƒ + (1-α )h ≥ h α g + (1-α )h. 

which, of course, are merely analogues of axioms (A.1)-(A.4) set out earlier in the von Neumann-Morgenstern 
structure. As before, F is a "mixture set", i.e. for any ƒ , g ∈ F and for any α ∈ [0, 1], we can associate another 
element α ƒ + (1-α )g ∈ F defined pointwise as (α ƒ + (1-α )g)(s) = α ƒ (s) + (1-α )g(s) for all s ∈ S. 

Heuristically, as Aumann and Anscombe (1963) indicate, we can think of this as a combination of "horse race 
lotteries" (i.e. with subjective probabilities) and "roulette lotteries" (i.e. with objective probabilities). Or, more 
simply, ƒ : S → ∆ (X) is a horse race but the bettor, instead of receiving the winnings on his bet in cold cash, is 
actually given a voucher for a roulette bet, or a ticket for a lottery with objective probabilities. This can be 
visualized in Figure 1, where we have a tree diagram for a particular action ƒ where S = {1, 2} and X = {x1, x2, 
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x3}, so ƒ : S → ∆ (X) is a particular action. As Nature chooses states, then depending on which s ∈ S occurs, 
we will obtain ƒ 1 or ƒ 2. However, recall ƒ s is lottery ticket, thus ƒ s ∈ ∆ (X) is a probability distribution over X, 
or ƒ s = [ƒ s(x1), ƒ s(x2), ƒ s(x3)].  

 

  

Figure 1 - An Anscombe-Aumann action ƒ : S → ∆ (X) 

This helps our analysis as, immediately, we know that we can evaluate different (objective) lotteries with the 
old von Neumann-Morgenstern expected utility function. However, as the lottery is only played after a 
particular state s ∈ S occurs, then the von Neumann-Morgenstern expected utility function will be dependent 
on the state, i.e. Us: ∆ (X) → R. We also know that Us(ƒ s) has an expected utility form: 

Us(ƒ s) = ∑ x∈ X ƒ s(xi)us(xi)
 

where us: X → R is the elementary utility function which corresponds to the particular von Neumann-
Morgenstern expected utility function Us: ∆ (X) → R that obtains when state s ∈ S. Thus, note that us: X → R 
is a state-dependent elementary utility function. Thus, in terms of Figure 1, if state s = 1 obtains, then the 
expected utility of ƒ 1 is U1(ƒ 1) = ƒ 1(x1)u1(x1) + ƒ 1(x2)u1(x2) + ƒ 1(x3)u1(x3) and if state s = 2 obtains, then 
the expected utility of ƒ 2 is U2(ƒ 2) = ƒ 2(x1)u2(x1) + ƒ 2(x2)u2(x2) + ƒ 2(x3)u2(x3).  

As we can see immediately, Us(ƒ s) can be thought of as the expected utility of state s ∈ S given that a 
particular action ƒ : S → ∆ (X) is chosen. If S is finite, then obviously the utility of the action ƒ is: 

U(ƒ ) = ∑ s∈ S Us(ƒ s)
 

where, notice, we are not multiplying Us(ƒ s) by the probability that state s occurs - because we do not know 
what those probabilities are. That is, after all, the purpose of this subjective expected utility theory - otherwise 
it would be merely a case of compound lotteries and we would simply apply von Neumann-Morgenstern. 
However, as we do have expressions for Us(ƒ s), then we can write out the utility from the act ƒ as: 

U(ƒ ) = ∑ s∈ S∑ x∈ X ƒ s(xi)us(xi).
 

We can thus call this a state-dependent expected utility representation of the utility of act ƒ . The next 
question should be obvious: does this represent preferences over actions? To formalize all this intuition and 
prove this last result, let us state the first theorem: 

Theorem: (State-Dependent Expected Utility) Let S = [s1, .., sn] and let ∆ (X) be a set of 



simple probability distributions on X. Let ≥ h be a preference relation on the set F = {ƒ | ƒ :S → ∆ 
(X)}. Then ≥ h fulfills axioms (A.1)-(A.4) if and only if there is a collection of functions {us: X → R}

s∈ S such that for every ƒ , g ∈ F: 

ƒ >h g if and only if ∑ s∈ S∑ x∈ X ƒ s(x)us(x).≥ ∑ s∈ S∑ x∈ X gs(x)us(x).
 

Moreover, if {vs: X → R}s∈ S is another collection of state-dependent utility functions which 
represent preferences, then there is b ≥ 0 and as such that vs = bus + as. 

Proof: This is an if and only if statement thus we must prove from axioms to representation and representation 
to axioms. We omit the latter, and concentrate on the former. Now, by the von Neumann-Morgenstern 
theorem, we know that if (A.1)-(A.4) are fulfilled over a linear convex set F, then there exists a function U: F → 
R such that for every ƒ , g ∈ H, ƒ ≥ h g iff U(ƒ ) ≥ U(g) and U is affine, i.e. U(α ƒ + (1-α )g) = α U(ƒ ) + (1-α )U
(g). Now, let us fix ƒ * ∈ F, thus ƒ * = (ƒ 1*, ..., ƒ n*). Consider now another function ƒ and define ƒ s = [ƒ 1*, ..., 
ƒ s-1*, ƒ s, ƒ s+1*, .., ƒ n*], thus ƒ s is identical to ƒ except for the sth position. Doing so for all s ∈ S, then we 
obtain a collection of n functions, {ƒ s}s∈ S. Now, observe that: 

∑ s∈ S ƒ s = ƒ + (n-1)ƒ *
 

where ƒ = [ƒ 1, ƒ 2, .., ƒ n]. To see this heuristically, let n = 3. Then: 
 

or rearranging: 

  

Thus, in general, for any n, we see ∑ s∈ S ƒ s = ƒ + (n-1)ƒ *. Now, dividing through by n:
 

(1/n)∑ s∈ S ƒ s = (1/n)ƒ + ((n-1)/n)ƒ *
 

Now, by affinity of U: F → R: 

(1/n)∑ s∈ S U(ƒ s) = (1/n)U(ƒ ) + ((n-1)/n)U(ƒ *)
 

or: 

(1/n)U(ƒ ) = (1/n)∑ s∈ S U(ƒ s) - ((n-1)/n)U(ƒ *)
 

ƒ 1
 

ƒ 1* ƒ 1* 

∑ s∈ S ƒ s =
 

ƒ 2* + ƒ 2
 + ƒ 2* 

ƒ 3* ƒ 3* ƒ 3
 

ƒ 1
 2ƒ 1* 

∑ s∈ S ƒ s =
 

ƒ 2
 + 2ƒ 2* = ƒ + 2ƒ * 

ƒ 3
 2ƒ 3* 



Now, let us turn to the following. For any p ∈ ∆ (X), let us define state-dependent Us(p) as: 

Us(p) = U(ƒ 1*, .., ƒ s-1*, p, ƒ s+1*, .., ƒ n*) - ((n-1)/n)U(ƒ *)
 

Letting p = ƒ s ∈ ∆ (X) then obviously:
 

Us(ƒ s) = U(ƒ s) - ((n-1)/n)U(ƒ *) - ((n-1)/n))U(ƒ *)
 

by the definition of ƒ s. Thus, summing up over s ∈ S and dividing through by n:
 

(1/n)∑ s∈ SUs(ƒ s) = (1/n)∑ s∈ SU(ƒ s) - ((n-1)/n)U(ƒ *)
 

But recall from before that the entire right hand side is merely (1/n)U(ƒ ), thus: 

(1/n)U(ƒ ) = (1/n)∑ s∈ SUs(ƒ s)
 

or simply: 

U(ƒ ) = ∑ s∈ SUs(ƒ s)
 

thus we have a representation of the utility of the action ƒ U(ƒ ) expressed as the sum of state-dependent 
utility function over lotteries, Us(ƒ s), as we had intimated before. Thus, we know that as U represents 
preferences, then: 

ƒ ≥ h g ⇔ U(ƒ ) ≥ U(g) ⇔ ∑ s∈ SUs(ƒ s) ≥ ∑ s∈ SUs(ƒ s)
 

We are half-way there. Define us(x) = Us(δ x) where δ x(y) = 1 if y = x and = 0 otherwise. Now, recalling the 
definition of Us(p) = U(ƒ 1*, .., ƒ s-1*, p, ƒ s+1*, .., ƒ n*) - ((n-1)/n)U(ƒ *), then for any p, q ∈ ∆ (X), then: 

Us(α p + (1-α )q) = U(ƒ 1* .., ƒ s-1*, α p + (1-α )q, ƒ s+1*, .., ƒ n*) - ((n-1)/n)U(ƒ *)
 

= U(α ƒ 1* + (1-α )ƒ 1* .., α p + (1-α )q, .., α ƒ n* + (1-α )ƒ n*) - ((n-
1)/n)U(α ƒ * + (1-α )ƒ *) 

or as U is affine, then we obtain: 

Us(α p + (1-α )q) = α [U(ƒ 1*, .., p, .., ƒ n*) - ((n-1)/n)U(ƒ *)] + (1-α )[U(ƒ 1*, .., q, .., ƒ n*) - ((n-
1)/n)U(ƒ *)] 

thus: 

Us(α p + (1-α )q) = α Us(p) + (1-α )Us(q)
 

so Us is also affine. 
 

Now, by the corollary to the von Neumann-Morgenstern theorem, since ∆ (X) is a set of simple lotteries and δ 
x ∈ ∆ (X), then there is a function us: X → R such that: 

Us(ƒ s) = ∑ x∈ X ƒ s(x)us(x)
 

As this is true for any s ∈ S, then: 



U(ƒ ) = ∑ s∈ SUs(ƒ s) = ∑ s∈ S∑ x∈ X ƒ s(x)us(x) 

thus we conclude that for any ƒ , g ∈ F, then: 

ƒ ≥ h g ⇔ U(ƒ ) ≥ U(g) ⇔ ∑ s∈ SUs(ƒ s) ≥ ∑ s∈ SUs(gs) 
 

⇔ ∑ s∈ S∑ x∈ X ƒ s(x)us(x) ≥ ∑ s∈ S∑ x∈ X gs(x)us(x)
 

which is what we sought. Finally, we shall not prove the "moreover" remark as it follows directly from the 
uniqueness of U. All we wish to note from this uniqueness statement, vs = bus + as, is that b ≥ 0 is state-
independent.♣  

Now, so far we have obtained an additive representation of U(ƒ ) with state-dependent elementary utility 
functions on outcomes, us: X → R. Our aim, however, is to derive an additive representation with a state-
independent elementary utilities on outcome, u:X → R. This is the important task and requires some 
additional structure. Before we do this, let us provide a definition: 

Null States: a state s ∈ S is a null state if (ƒ 1, .., ƒ s-1, p, ƒ s+1, .., ƒ n) ~h (ƒ 1, .., ƒ s-1, q, ƒ s+1, 
.., ƒ n) for all p, q ∈ ∆ (X). 

Notice that the action on the left is the same as the action on the right except for the component at position s, 
where that on the left yields p and the right has q. If one is nonetheless indifferent between the two acts, then 
effectively state s does not matter, it i.e. it is equivalent to stating that the agent believes s will never happen. 
We do not want to rule this out, but we do want to prove that there are at least some states that are non-null 
states. To establish this, we need the following axiom: 

(A.5) Non-degeneracy Axiom: there is an ƒ , g ∈ F such that ƒ >h g. (i.e. >h is non-empty).
 

We can see that non-degeneracy guarantees the existence of non-null states. To see this, suppose not. 
Suppose all states are null. Then, (ƒ 1, ƒ 2 ..,ƒ n) ~h (ƒ 1′ , ƒ 2, .., ƒ n) ~h (ƒ 1′ , ƒ 2′ , .., ƒ n) ~h .... ~h (ƒ 1′ , ƒ 2′ , 
.., ƒ n′ ). But, (ƒ 1′ , ƒ 2′ , .., ƒ n′ ) can be any g ∈ F. Thus, ƒ ~h g for all g ∈ F, or there is no g ∈ F such that ƒ 
>h g. Thus, (A.5) is contradicted. 

Let us now turn to a rather important axiom: 

(A.6) State-Independence Axiom: Let s ∈ S be a non-null state and p, q ∈ ∆ (X). Then if: 

(ƒ 1, ..., ƒ s-1, p, ƒ s+1, .., ƒ n) >h (ƒ 1, ..., ƒ s-1, q, ƒ s+1, .., ƒ n)
 

then, for every non-null state t ∈ S: 

(ƒ 1, ..., ƒ t-1, p, ƒ t+1, .., ƒ n) >h (ƒ 1, ..., ƒ t-1, q, ƒ t+1, .., ƒ n)
 

The state-independent axiom is quite important so let us be clear as to what is says. Effectively, it claims that 
if p >h q at non-null state s ∈ S, then p ≥ h q at any non-null state t ∈ S. Thus, the preference ranking between 
lotteries p and q is state independent.  

With these two axioms, we can now turn to the main theorem we seek from Anscombe and Aumann (1963) to 
derive the state-independent expected utility representation: 

Theorem: (Anscombe-Aumann) Let S = [s1, .., sn] and let ∆ (X) be a set of simple probability 
distributions on X. Let ≥ h be a preference relation on the set F = {ƒ | ƒ :S → ∆ (X)}. Then ≥ h 
fulfills axioms (A.1)-(A.4), (A.5), (A.6) if and only if there is a unique probability measure π on S 
and a non-constant function u: X → R such that for every ƒ , g ∈ H: 



ƒ ≥ h g if and only if ∑ s∈ Sπ (s)∑ x∈ X ƒ s(x)u(x).≥ ∑ s∈ Sπ (s)∑ x∈ X 
gs(x)u(x). 

Moreover, (π , u) is unique (π ′ , v) is another probability measure on S and if v: X → R 
represents ≥ h in the sense above, then there is b > 0 and a such that v = bu + a and π = π ′ . 

Proof: We shall go from axioms to representations first. Notice that from the previous theorem, (A.1)-(A.4) 
there is a collection of functions {us: X → R}s∈ S such that for every ƒ , g ∈ F: 

ƒ ≥ h g if and only if ∑ s∈ S∑ x∈ X ƒ s(x)us(x).≥ ∑ s∈ S∑ x∈ X gs(x)us(x).
 

Now, let s ∈ S be a non-null state (which we know exists by non-degeneracy axiom (A.5)). Consider now two 
actions, ƒ s = (ƒ 1, .., ƒ s-1, p, ƒ s+1, .., ƒ n) and gs = (ƒ 1, .., ƒ s-1, q, ƒ s+1, .., ƒ n) where p, q ∈ ∆ (X). Then by 
the above representation, notice that ƒ s ≥ h gs if and only if ∑ s∑ x ƒ ss(x)us(x).≥ ∑ s∑ x gs

s(x)us(x).which 
reduces to ƒ s ≥ h gs ⇔ ∑ x p(x)us(x).≥ ∑ x q(x)us(x). But we know by state-independence axiom (A.6) that if ƒ 
s ≥ h gs for non-null s ∈ S, then ƒ t ≥ h gt for all non-null t ∈ S. Thus, it is also true that if t is non-null, then ƒ t ≥ 

h gt ⇔ ∑ x p(x)ut(x).≥ ∑ x q(x)ut(x). But recall that the von Neumann-Morgenstern representation argued that if 
U(p) ≥ U(q), then there is a real-valued function u: X → R such that ∑ x p(x)u(x).≥ ∑ x q(x)u(x) and if any v: X 
→ R also represented preferences over ∆ (X), then there is a b > 0 such that v = bu + a. Well, in our case, we 
have us and ut representing preferences over ∆ (X). Thus, there is a bs, bt > 0 and as, at such that us = bsu + 
as and ut = btu + at. This will be true for any non-null s, t ∈ S. If, however, s is null, then b = 0. Thus, 
substituting into our earlier expression: 

ƒ ≥ h g ⇔ ∑ s∈ S ∑ x∈ X ƒ s(x)(bsu + as)(x).≥ ∑ s∈ S ∑ x∈ X gs(x)(bsu + as)(x).
 

or: 

ƒ ≥ h g ⇔ ∑ s∈ S bs ∑ x∈ X ƒ s(x)u(x).≥ ∑ s∈ Sbs ∑ x∈ X gs(x)u(x).
 

so, defining B = ∑ s∈ Sbs > 0 (by non-degeneracy (A.5), there is at least one such S), then dividing through by 
B: 

ƒ ≥ h g ⇔ ∑ s∈ S (bs/B) ∑ x∈ X ƒ s(x)u(x).≥ ∑ s∈ S (bs/B) ∑ x∈ X gs(x)u(x).
 

so, finally, defining π (s) = bs/B and it will be noted that ∑ s∈ S bs/B = ∑ s∈ S π (s) = 1, then:
 

ƒ ≥ h g ⇔ ∑ s∈ S π (s) ∑ x∈ X ƒ s(x)u(x).≥ ∑ s∈ S π (s) ∑ x∈ X gs(x)u(x).
 

and thus we have it. We leave the uniqueness and the converse proof undone.♣  

We have now obtained the state-independent utility function u: X → R and expressed preferences over 
actions via this expected utility decomposition. To see the expected utility composition more clearly, recall that 
Us(ƒ s) = ƒ s(x)us(x) = ƒ s(x)u(x) = U(ƒ s) by our last result. Thus this becomes: 

ƒ ≥ h g ⇔ ∑ s∈ S π (s)u(ƒ s).≥ ∑ s∈ S π (s)u(gs).
 

Thus, we have obtained an expected utility representation of preferences over actions, ƒ : X → ∆ (X). Thus, a 
particular action ƒ is preferred to another g if the expected utility of action ƒ is greater than the expected utility 
of action g. Note the terms we use. The term ∑ s∈ S π (s)u(ƒ (s)) is the expected utility of action ƒ because it 
sums up the utility of the consequences of this action (u(ƒ (s)) over states weighted by the probability of a 
state happening, π (s). The crucial thing to recall here is that the probabilities π (s) were derived from 



preferences over actions and not imposed externally! Thus, these are subjective probabilities and, hopefully, 
they represent individual belief.  

This last part is something of a leap here, but the basic notion is that a rational agent would not choose an 
action ƒ over an action g if they did not correspond rationally to his beliefs on the probabilities of the 
occurrences of states. In horse-racing language, then π (s) corresponds to the beliefs on the outcome of the 
horse race (the different states) because a bettor would not rationally prefer a betting strategy that yields 
contradicts his beliefs.  
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(A) State-Contingent Markets 

The "state-preference" approach to uncertainty was introduced by Kenneth J. Arrow (1953) and further 
detailed by Gérard Debreu (1959: Ch.7). It was made famous in the late 1960s, with the work of Jack 
Hirshleifer (1965, 1966) in the theory of investment and was advanced even further in the 1970s with 
developments of Roy Radner (1968, 1972) and others in finance and general equilibrium. 

The basic principle is that it can reduce choices under uncertainty to a conventional choice problem by 
changing the commodity structure appropriately. The state-preference approach is thus distinct from the 
conventional "microeconomic" treatment of choice under uncertainty, such as that of von Neumann and 
Morgenstern (1944), in that preferences are not formed over "lotteries" directly but, instead, preferences are 
formed over state-contingent commodity bundles. In its reliance on states and choices of actions which are 
effectively functions from states to outcomes, it is much closer in spirit to Leonard Savage (1954). It differs 
from Savage in not relying on the assignment of subjective probabilities, although such a derivation can, if 
desired, be occasionally made. 

The basic proposition of the state-preference approach to uncertainty is that commodities can be 
differentiated not only by their physical properties and location in space and time but also by their location in 
"state". By this we mean that "ice cream when it is raining" is a different commodity than "ice cream when it is 
sunny" and thus are treated differently by agents and can command different prices. Thus, letting S be the set 
of mutually-exclusive"states of nature" (e.g. S = {rainy, sunny}), then we can index every commodity by the 
state of nature in which it is received and thus construct a set of "state-contingent" markets.  

Let us denote the set of mutually-exclusive states as S, abusing notation, let us assume that the number of 
states is also S (i.e. #S = S). If we have n physically-different commodities and S states of the world, we really 
have, in fact, nS commodities and thus nS prices. Thus the commodity space X is a subset of RnS. Letting xis 
be the amount commodity i delivered in state s, then we can conceive of the set of commodities in the n × S 
array shown in Table 1. Letting pis be the price of commodity i in state s, then there is a similar array of prices. 

  

The State-Preference Approach 

Goods xs: n → R 

1 2 ... i ... n

1 x11 x12 ... xi1 ... xn1 ← x1



  

Table 1 - State-Contingent Markets 

Notice that a single row of the state-contingent array in Table 1 is the commodity bundle delivered in a 
particular state of the world. Thus, for any state s ∈ S, we can define xs = [x1s, x2s, ..., xns] as a state-
contingent bundle (bundle of commodities received in state s) and define ps = [p1s, p2s, ..., pns] as the state-
contingent price vector (price of commodities in state s). Notice that we do not rely on univariate outcomes, 
i.e. we do not restrict ourselves to "money" returns but rather allow entire commodity bundles as outcomes in 
any state. 

Alternatively, a single column of the array in Table 1 denotes the different amounts of a particular commodity 
that will be obtained in different states of the world. Thus, defining xi = [xi1, xi2, .., xiS]′ as the ith column of this 
array, then we can view xi as a random variable mapping from states of the world to particular amounts of 
commodity i, i.e. xi: S → R. Similarly, a set of state-contingent prices pi = [pi1, pi2, .., piS], denotes the 
different prices commodity i can take in different states of the world, thus pi can be viewed also as a random 
variable mapping states of the world into prices of commodity i, pi: S → R. 

A specific commodity bundle, x, is a set of state-contingent vectors, x = [x1, .., xS], thus a single commodity 
bundle collapses this entire array into a single vector: 

x = [x11, .., xn1; x12, ..., xn2; ...; x1s,...., xns; ....; x1S, .., xnS]
 

and a single set of prices, p, is a set of state-contingent price vectors, p = [p1, .., pS], or:
 

p = [p11, .., pn1; p12, ..., pn2; ...; p1s,...., pns; ....; p1S, .., pnS]
 

Consequently, a particular bundle x bought by a consumer could include things such as "raincoat when 
raining", "ice cream when sunny", "hat when raining", "hat when sunny", etc. and the cost of this bundle, px, 
would be the quantity of each state-contingent good bought multiplied by its state-contingent price. 

(B) Individual Optimum 

In the state-preference approach, agents maximize utility functions defined over bundles of state-contingent 
commodities. With n physically-differentiated commodities and S states, so that commodity space is X ⊆ RnS, 
then preferences are defined over bundles of state-contingent commodities, i.e. ≥ h ⊆ X× X. If preferences 
have the regular Arrow-Debreu properties over X, then we can define a quasi-concave utility function U: X → 
R representing preferences. Notice that these are not preferences over "lotteries" as in von Neumann-
Morgenstern; with the construction of state-contingent preferences, the notion of randomness is almost swept 
under the rug. Note, furthermore, that U is quasi-concave, thus the Arrow-Pratt notions of risk-aversion do not 
necessarily translate easily into this context. 

States 2 x12 r22 ... xi2 ... xn2 ← x2

... ... ... ... ... ... ... ...

s x1s xs2 .... xis .... xns ← xs

.... .... ... ... ... ... ... ...

S x1S xS2 ... xiS ... xnS ← xS

    

xi: S → R x1 x2 ... xi ... xn



Nonetheless, we can connect the state-preference theory with Savage's (1954) subjective expected utility and 
the theories of risk-aversion, by assuming that there exists a state-independent utility function u: C → R, i.e. a 
real-valued mapping from the physically-differentiated commodity space C ⊆ Rn. In this case, preferences 
over state-contingent commodities can be summarized by an expected utility function of the following form: 

U(x) = ∑ s∈ S π su(xs) = ∑ s∈ S π su(x1s, x2s, .., xns)
 

so the utility of a commodity bundle x is the sum of elementary (state-independent) utilities obtained from 
state-contingent bundles, u(xs), weighted by the subjective probabilities, π 1, .., π S. As in Savage, a particular 
π s is the agent's subjective assessment of the likelihood of a particular state s ∈ S emerging. Thus, a vector 
of subjective probabilities, π = [π 1,... π S] where ∑ s∈ S π s = 1, represents an agent's beliefs about the 
likelihood of the occurrence of difference sates. Similarly, we can connect this with risk-aversion by arguing 
that the relative quasi-concavity of the utility function U in state contingent commodities represents the degree 
of risk-aversion.  

However, although we can sometimes argue that the particular form of the utility function U:X → R captures 
people's beliefs about states and their attitudes towards risk, this is not a necessary part of the state-
preference construction and indeed the entire analysis could proceed without it. It is not necessary that 
preferences in this scenario be reconciled with Savage's (1954) axioms nor is it always desirable that they are 
so. For instance, we may want utility to be state-dependent as a way of capturing, say, the notion of "random 
preferences". In this case, even if we could extract subjective probabilities π 1, .., π S, we would only achieve 
in this case a decomposition along the lines of U(x) = ∑ s∈ S π sus(xs) where the important subscript s on the 
elementary utility function indicates that utilities are themselves state dependent. In this case, the same good 
in a particular state is simply valued more by the consumer than the same good in another state 
independently of the probabilities of the states occurring. 

Nonetheless, let us proceed as if U: X → R does have an expected utility construction with state-independent 
utility. In this case, the individual optimum is defined by the following optimization problem: 

max U = ∑ s∈ S πs u(xs)
 

s.t. 

∑ s∈ S psxs ≤ ∑ s∈ S pses

 

where es = [e1s, e2s, .., ens] is the agent's endowment vector if state s occurs. Setting up the Lagrangian:
 

L = ∑ s∈ S π su(xs) + λ [∑ s∈ S pses - ∑ s∈ S psxs]
 

where λ is the Lagrangian multiplier, we obtain the set of first order conditions by differentiating this with 
respect to every state-contingent commodity xis: 

dL/dxis = π su′ (xis) - λ pis = 0 for every i = 1, .., n and s ∈ S.
 

(we are assuming an interior solution). Of course, the budget constraint is fulfilled then, so ∑ s∈ S pses = ∑ s∈ 

S psxs. Notice that as there is a single multiplier, λ , across the first order conditions, then this implies that at 
the individual optimum, for any particular physically-defined commodity i: 

π 1u′ (xi1)/pi1 = π 2u′ (xi2)/pi2 = ..... = π su′ (xis)/pis = ... = π Su′ (xiS)/piS

 

i.e. the expected marginal utility of commodity i per unit of money income will be equated across states. 
Following Arrow (1953), this condition has become known as the "fundamental theorem of risk-bearing". 
Notice that if we did not assume the expected utility decomposition, then the numerator of each equation 
would be simply denoted ∂ U/∂ xis, the partial derivative of the original utility function with respect to state-
contingent commodity xis or, if we could extract subjective probabilities, we would nonetheless retain the 



state-dependent utility functions and so have π1u1′(xi1)/pi1 = π 2u2′(xi2)/pi2, etc. as our fundamental theorem. 

We can illustrate the individual optimum via Figure 1 where we have a single commodity (call it "money" or 
"consumption") and two states, S = (1, 2). Thus, a commodity bundle, in this case, is a pair of state-contingent 
commodities, x = (x1, x2) where x1 is the amount of the commodity delivered in state 1 and x2 the amount of 
the same commodity delivered in state 2. Obviously, as n = 1 and S = 2, then the commodity space X ⊆ R2, 
and is shown in Figure 1. We shall assume that there exists a utility function U: X → R that represents 
preferences over X and we shall assume that U takes on the expected utility decomposition, so U(x) = π1u(x1) 
+ π2u(x2), where π 1, π 2 are the subjective probabilities of state 1 and 2 happening (thus π 1 + π 2 = 1).  

As U is quasi-concave over X, then the upper contour set is a series of convex indifference curves as 
depicted in Figure 1. The slope of the indifference curves, therefore, are easily determined by totally 
differentiation: 

dx2/dx1|U = -(π 1/π 2)·[u′(x1)/u′(x2)]
 

where the right-hand side is the (negative of) the marginal rate of substitution between consumption in the two 
states. Thus, note that when x1 = x2 (as at point c in Figure 1), then u′ (x1) = u′ (x2), so the slope of the 
indifference curve is reduced to -(π 1/π 2). So, along the 45° line (the "certainty line"), the slope of every 
indifference curve will be equal to -(π 1/π 2). Unless the agent assigns equal subjective probability 
assessments to both states, π 1/π 2will generally not be equal to 1. 

Once again, we would like to remind ourselves that these last points are only true if we assume that agents 
have underlying state-independent utility function. If utility were state-dependent so that the slope of the 
indifference curve is dx2/dx1|u = - π 1u1′ (x1)/π 2u2′ (x2) then the reason that the slope of the indifference 
curve on the 45° might be different from 1 could still be due to different beliefs about the probability of states 
occurring. However, it may also be that agents have different assessments about the utility value of the same 
consumption in different states. It may simply be, for instance, that "consumption when raining" is simply more 
valuable to the consumer than "consumption when sunny". Thus, ostensibly, both beliefs and state-dependent 
preferences can explain why the slope of the indifference curve is not equal to 1 on the 45° line. However, by 
assuming that preferences are state-independent, as we did in order to obtain our expected utility 
decomposition, then the only explanation that remains is differing beliefs. 

  



  

Figure 1 - Individual Optimum 

As we noted earlier, the individual is endowed with a bundle of state-contingent commodities, in this case e = 
(e1, e2), depicted in Figure 1 as point e. As we can see, e1 > e2, so the agent's endowment yields more of the 
good in state 1 than in state 2. If the agent consumes his own endowment, he attains utility level U(e).  

However, we shall assume the existence of state-contingent markets where the agent can trade state-
contingent commodities. Let p1 be the price of the good in state 1 and p2 the price of the good in state 2 
(which we shall assume is known and given). These will thus define a budget constraint passing through e, as 
shown by the line in Figure 1 with slope -p1/p2. Consequently, the agent faces the following optimization 
problem: 

max U = π 1u(x1) + π 2u(x2)
 

s.t. p1x1 + p2x2 ≤ π 1x1 + π 2x2.
 

Setting up a Lagrangian, and deriving the first order conditions for an interior solution, we obtain: 

dL/dx1 = π 1u′ (x1) + λ p1 = 0
 

dL/dx2 = π 2u′ (x2) + λ p2 = 0
 

p1x1 + p2x2 = π 1x1 + π 2x2.
 

where λ is the Lagrangian multiplier. Thus, combining the first two, we can notice that: 

-(π 1/π 2)·(u′ (x1)/u′ (x2) = -p1/p2

 

thus the agent will choose his optimal bundle of state-contingent commodities where the highest indifference 
curve is tangent to the budget constraint. The bundle x* = (x1*, x2*) yielding utility U(x*) in Figure 1 is thus the 
individual optimum for this simple two-state case.  



There are a few things worth noticing. The first is that once again, the fundamental theorem of risk-bearing 
holds here as the first order conditions imply that π 1u′ (x1)/p1 = π 2u′ (x2)/p2 so that expected marginal utility 
per dollar is the same across states. The second thing is that x* is not on the certainty line - x1* > x2*, thus the 
agent will receive different amounts in different states. Now, the consumer could have purchased a bundle 
which had no risk, such as allocation d on the certainty line, but notice that an indifference curve that would 
pass through d would yield a utility that would be lower than u(x*). 

Why did this happen? The answer can actually be deduced from Figure 1: namely, the relative prices of the 
state-contingent commodities do not correspond to the agent's subjective assessment of the likelihood of both 
states. Specifically, notice that π 1/π 2 > p1/p2. This implies that market prices are not "actuarially fair". For 
instance, suppose that probability assessments are π 1 = 0.75 and π 2 = 0.25 while the market prices p1 = 0.5 
and p2 = 0.5, thus π 1/π 2 = 3 > 1 = p1/p2. Thus, the agent believes the probability of state 1 is much greater 
than that of state 2, yet the market prices goods in both states the same. Because the agent is endowed 
mostly with state 1 good, he will get a lower price for selling it than if the market shared his probability 
assessments. Consequently, he will not sell most of his good 1 and will move to a position, x*, where he still 
has a random outcome. 

If prices were "actuarially fair", i.e. if they coincided with the agent's probability beliefs so that the budget 
constraint had slope -π 1/π 2, then notice that the budget constraint would effectively be the dashed line 
passing through endowment e in Figure 1. In this case, the consumer optimum would be, as we see, c = (c1, 
c2) and thus he would move onto the 45° certainty line and achieve a much higher level of utility U(c) than he 
had before.  

However, this does not mean that an agent would always prefer actuarially fair prices. There are gainers and 
losers in most market situations. For instance, suppose that the agent had endowment at point f in Figure 1. 
In this case, facing unfair prices (p1, p2) but keeping the same beliefs (π 1, π 2) notice that the agent would 
move again to the optimum x* = (x1*, x2*). This time, he has a lot of state 2 good to sell and the market values 
state 2 good more than he thinks it likely that state 2 happens - thus, this agent is getting a deal at the unfair 
prices. However, if prices were "fair" in this situation, then the budget constraint would be a line passing 
through f with slope -π 1/π 2 in Figure 1. It is easy to visualize that in this case, the agent would move to the 
certainty allocation at point d and thus we can see that the utility achieved by the agent in this case will be 
lower than U(x*). Thus, an agent with endowment at f would lose out if the market prices were made 
actuarially fair; he would prefer that they were kept at their "unfair" rate of -(p1/p2).  

A few more things can be deduced from this simple diagram. Firstly, if an agent starts from a position of 
certainty (i.e. on the 45° line) and is offered actuarially fair prices, he will not move to a position off the 45° 
line. This is easily visualized if we consider the agent starting at allocation c and prices being fair at -π 1/π 2 so 
that the dashed line is the budget constraint. In this case, U(c) is the highest utility he can attain. Intuitively, 
this implies that starting from a position of certainty, an agent will not take "fair bets". He will, however, take 
unfair bets if the odds are to his advantage (as in the case of an agent starting at d in Figure 1 and then being 
offered unfair prices which took him through to, say, x*). The second result is that if an agent starts in an 
uncertain situation (such as e or f), then he will move to a certainty position if the price is fair. However, note 
that from a "financial" perspective, as we shall discuss later, he is actually purchasing a risky asset to 
undertake this move! However, the purchase of the risky asset is in order to offset the riskiness of his original 
endowment and thus, yield certainty in the end. However, he will not necessarily move to certainty position if 
the odds are unfair but might optimally take a risky situation, usually where the odds are favorable (e.g. move 
from e or f to x*). 

(C) Yaari Characterization of Risk-Aversion 

We have already noted how the shape of the indifference curves can reflect the subjective assessments of 
the probabilities of different states. Let us now turn to the issue of how they can reflect "risk-aversion". In the 
theory of Arrow (1965) and Pratt (1964), risk-aversion is characterized by the concavity of the utility function 
over money income. As the indifference curves in our simple two-state case are merely the upper contour set 
of a quasi-concave utility function over a single commodity with two payoffs, then risk-aversion is not clear. 
However, if we imposed concavity of utility, and thus risk-aversion, this would also translate into convex 
indifference curves in our simple diagram in the space of state-contingent commodities.  

The theory of risk aversion with the state-preference approach was first laid out by Menachem Yaari (1969). 



To see this, examine Figure 2 where we have two agents, U and V, with two types of indifference maps. 
Obviously, the indifference curves U are more "convex" than the indifference curves V. Does this imply that U 
is more risk averse than V? There are two ways we are going to answer this. The first appeals to the risk-
premium story similar to Arrow-Pratt, whereas the second involves a new definition of risk-aversion. 

Let us begin by examining Figure 2. Let E = π 1x1 + π 2x2 denote a particular level of (subjectively) expected 
return, thus the line E with slope -π 1/π 2 represents all the combinations of good in state 1 and good in state 2 
that yields the same expected return E. Similarly, let F = π 1x1′ + π 2x2′ be another level of expected return, 
thus the line F which also has slope -π 1/π 2 represents all the combinations of goods in both states that yield 
the same expected return F. As the line E lies everywhere below F, then every allocation on E has a lower 
expected return than any allocation on F.  

Consider now the initial risky allocation x = (x1, x2) in Figure 2. At this allocation, we have utility levels U(x) 
and V(x) for the two agents. Now, we want to obtain risk premia, thus we must look for certainty-equivalent 
allocations. These are easily traced by moving along the indifference curves to the 45° certainty line. 
Obviously, allocation cu = (cu

1, cu
2) on the 45° line yields the same utility, U(x), as did allocation x, thus, cu 

represents agent U's "certainty-equivalent" allocation. Similarly, cv = (c1
v, c2

v) yields the same utility to the 
second agent, V(x), that was obtained at x, thus cv is agent V's "certainty-equivalent" allocation.  

In order to calculate the risk premia, we have to deduce how much of each commodity each agent would be 
willing to give up to move from allocation x to their certainty-equivalent allocations cu and cv. Obviously, in 
both cases, they both give up a lot of good 1, but they would demand a little bit of good 2 in compensation, 
thus it might be hard to tell. However, we know that as allocation e and allocation x lie on the same curve E, 
then they share the same expected return. Thus, one avenue would be to move along the E line from x to e 
and then compute the risk-premium as what it will take to move from e to cu and cv respectively. Thus, the 
"risk-premium" that agent U would pay would be now a "bundle" π u = (π 1u, π 2u) = (e1 - cu

1, e2 - cu
2) and, 

similarly, the risk premium agent V would pay would be bundle π v = (π 1u, π 2u) = (e1 - cv
1, e2 - cv

2).  

We can now posit the story analogously to Arrow-Pratt: if any of the components in the risk-premia π u or π v 
are positive (or at least none is negative), then the agent is risk-averse. We can see that clearly that both 
agents U and V are risk-averse as both π u and π v are positive in their components. Analogously, if there was 
a risk-neutral agent, then his risk-premium would be zero in both components. Notice that in this case, he 
would have to have a linear indifference curve that passed through both points e and x, thus e would be his 
certainty-equivalent allocation. Conversely, if there were a risk-loving agent, then he would have non-convex 
indifference curves (or rather, concave to the origin) so that he would actually pay to move from x (or rather e) 
to his certainty-equivalent point - thus the components of his risk-premium bundle would be negative.  

As we see, we can obtain a characterization of risk-aversion, neutrality and proclivity by a "risk-premium" 
argument analogous to Arrow-Pratt. What is more, we can use it as a measure. It is obvious from Figure 1 
that as cv lies to the northeast of cu that consequently π v < π u, i.e. the more risk-averse agent U pays a 
higher premium (in both components) than V. Thus, we would say that U is more risk-averse than V. 



  

Figure 2 - Yaari Risk Aversion 

There are some fudgy sides to the risk-premium story outlined above, thus we would like to quickly turn to 
Menachem Yaari's (1969) criteria for risk-aversion. Specifically, suppose we begin with allocation e which 
yields expected return E in Figure 1. Obviously, the agents now have U(e) and V(e). We consequently define 
risk aversion as follows: 

Yaari Risk-Aversion: U is more risk-averse than V if, beginning from the same 
allocation, the set of risky allocations acceptable to U is a subset of the set of risky 
allocations acceptable to V. 

What this means can be gathered immediately from Figure 1 by examining points f and g on the F line. 
Obviously, as E < F, then f and g yield a higher expected return than e. It is noticeable that both agents U and 
V would reach a higher indifference curve - and thus a higher expected utility - if they were given f. Thus, both 
agents V and U would accept the risky allocation f instead of e. But the interesting point is g. Obviously, agent 
V would also obtain a higher level of utility at g than he would at e, thus he would accept allocation g. 
However, it is noticeable that agent U would have a lower expected utility at g than he would at e, thus U 
would not find risky allocation g acceptable. Thus, starting from e, there is at least one risky allocation that V 
would accept but U would not. We can immediately see from the diagram that, consequently, the set of risky 
allocations that U would accept is a strict subset of the set of risky allocations acceptable to V - thus, by the 
Yaari definition of risk-aversion, U is more risk-averse than V. 

In sum, we can attempt to link the three ideas together: namely, that U is more risk-averse than V if (i) the 
indifference curves of U are "more convex" than V; (ii) that the risk-premium bundle paid by U is greater than 
that paid by V; (iii) that V will accept risky allocations that U will not accept. However, we caution that we are 
being a bit fudgy here: the assumption of the existence of state-independent utility function is crucial.  

Let us now turn to Yaari's (1969) more interesting constructions on characterising 
increasing/constant/decreasing risk aversion. Specifically, we wish to characterize risk-aversion in its appeal 
to changes in wealth. We wish to trace out, therefore, a wealth-expansion path as shown in Figure 3 by the 
OE curve (ignore U(F) and U(G) in Figure 3 for now). Now, recall that wealth is endowment, thus assuming 
prices are actuarially fair (i.e. market prices and subjective beliefs coincide), then at any particular level of 
endowment e = (e1, e2), we can define total wealth as W = π 1e1 + π 2e2 which serves as our budget 
constraint. This is shown in Figure 3 by line W with slope -π 1/π 2. If endowment increases to e′ = (e1′ , e2′ ) 
and prices remain the same, then wealth increases to W′ = π 1e1′ + π 2e2′ and so we obtain a correspondingly 
higher budget line W′ also with slope -π 1/π 2. At any budget constraint, we can define the consumer optimum 



at the tangency of the highest indifference curve and the budget constraint. Thus, in Figure 3, when wealth is 
W, then E = (x1*, x2*) represents the optimum achieving the denoted utility level U(w). 

  

  

  

Figure 3 - Wealth-Expansion Paths and Risk-Aversion 

The line OE denotes the wealth expansion path which is constructed by tracing the individual optimums at 
different levels of wealth. Thus, at W, we have point E lying on the expansion path. What we wish to deduce 
from this, as in the Arrow-Pratt case, is the concept of decreasing/increasing rates of risk-aversion with 
respect to wealth. The shape of the wealth expansion path in Figure 3 is arbitrarily drawn up to point E. 
However, it is what happens after that which matters for our analysis.  

There are many paths which the wealth expansion path can take after E: for instance, we can go towards A or 
towards B or even towards C. In Figure 3 we have drawn two specific individual optima at W′ - namely, points 
A and B, which yield solid line indifference curves UA(w′ ) and UB(w′ ) respectively. It is important to note that 
the middle path EC is parallel to the 45° line, thus implying that the path EA is moving away from the 45° 
certainty line (towards greater risks) and the path EB is moving towards the 45° certainty line (thus towards 
greater certainty). Thus, we would like to say that if the wealth expansion path follows the EA track, then we 
have decreasing absolute risk-aversion whereas if it follows the EB track then we have increasing absolute 
risk-aversion and, finally, if it follows the EC track, then we have constant absolute risk aversion. 

How can we deduce this? Algebraically, it is not very difficult. As W is parallel to W′ , then the slopes of the 
indifference curves at the optimum when wealth is W′ is the same as at E. Thus, if A is the new optimum at 
W′ , then the slope of UA(w′ ) at A is the same as U(w) at E. If, in contrast, B is the new optimum at W′ , then 
the slope of UB(w′ ) at B is the same as U(w) at E. Now, recall that the marginal rate of substitution (the 
negative of the slope of the indifference curve) at point E is π 1u′ (x1*)/π 2u′ (x2*). Differentiating with respect 
to the logs of this term we obtain: 



dln(MRS) = [u′ ′ (x1*)/u′ (x1*)]·dx1 - [u′ ′ (x2*)/u′ (x2*)]·dx2 

Now, as the EC line is parallel to the 45° line, then dx1 = dx2 as we move along EC. This implies that along 
EC: 

d ln (MRS) = [u′ ′ (x1*)/u′ (x1*) - u′ ′ (x2*)/u′ (x2*)]dx
 

Now suppose there is an increase in wealth and we move along EA to point A. We can see in Figure 3 that if 
UA(w′ ) is the optimum indifference curve, then the lower, dashed-line indifference curve UA(C) represents the 
indifference curve at C if EA is the true expansion path. As the MRS at A is the same as the MRS at E, then 
what is the implied MRS at C? Obviously it must be less because of declining marginal rates of substitution, 
i.e.  

d ln (MRS) = [u′ ′ (x1*)/u′ (x1*) - u′′(x2*)/u′ (x2*)]dx < 0
 

thus marginal rate of substitution must have declined in moving from E to C. Thus, the implication is that: 

-u′′(x1*)/u′(x1*) > -u′′(x2*)/u′(x2*)
 

As we are above the 45° line, we know x2* > x1*. Thus, if consumption in state 2 good is greater than 
consumption in state 1 good, then the Arrow-Pratt measure of absolute risk aversion of state 2 good is smaller 
than the absolute risk-aversion in state 2. But recall that state 2 good is the same "money" good as state 1 
good, thus x2* > x1* implies that in "moving" from x1 to x2 we are "increasing wealth". Thus, the result that -u′ 
′ (x1*)/u′ (x1*) > -u′ ′ (x2*)/u′ (x2*) implies that as "wealth" increases, the rate of absolute risk-aversion falls. 
Thus, the wealth-expansion path EA implies that we have decreasing absolute risk aversion (DARA) in the 
sense of Arrow-Pratt. 

What if EB was the true wealth-expansion path and not EA? The analysis would be effectively the same. We 
would notice that the MRS of UB(w′ ) at B is the same as U(w) at E, thus we would find that the corresponding 
MRS at C would be greater than the MRS at B, thus: 

d ln (MRS) = [u′ ′ (x1*)/u′ (x1*) - u′ ′ (x2*)/u′ (x2*)]dx > 0
 

which implies, of course, that: 

-u′ ′ (x1*)/u′ (x1*) < -u′ ′ (x2*)/u′ (x2*)
 

But as we still have it that x2* > x1* above the 45° line, then this states that a rise in income leads to a rise in 
risk-aversion. Thus, the path EB represents increasing absolute risk-aversion (IARA). It is easy to notice that if 
EC was the true path, then -u′ ′ (x1*)/u′ (x1*) = -u′ ′ (x2*)/u′ (x2*), so that we would have constant absolute 
risk-aversion (CARA). Finally, if the wealth-expansion path was below the 45° line, then we would reverse our 
inequalities for x1* and x2* and try to tell the story that way. 

Of course, all this is intuitive given Figure 1: as EA is moving towards riskier and riskier allocations, then as 
wealth increases, his tolerance for risks is rising - thus his absolute risk aversion declines. Similarly, as OB is 
moving towards more certain allocations, so he must have increasing absolute risk-aversion.  

How can we connect this conception of risk-aversion with the older one of "more convex" indifference curves? 
This is easy to tell heuristically by using our previous formula. Suppose we are at a point on the certainty line, 
such at point F in Figure 3, thus with utility U(F). So MRSF = π 1u′ (x1*)/π 2u′ (x2*) = π 1/π 2. Keeping x1 
constant, let x2 rise, so dx2 > 0 and dx1 = 0 - thus we have a vertical shift from F to G in Figure 3. Now, 
convexity of indifference curve implies that the MRS must rise so the MRSG must be greater than MRSF. 
Thus, by our previous formula:  



dln(MRS) = - [u′ ′ (x2*)/u′ (x2*)]·dx2 > 0 

so the rise in dx2 leads to an increase in MRS. As dx2 > 0, then for this to hold true it must be that - u′ ′ 
(x2*)/u′ (x2*) > 0, i.e. we have positive risk-aversion. If MRS did not change with the increase in x2 (i.e. if 
indifference curves were linear) then: 

dln(MRS) = - [u′ ′ (x2*)/u′ (x2*)]·dx2 = 0
 

so, as dx2 > 0, then - u′ ′ (x2*)/u′ (x2*) = 0, i.e. risk-neutrality. Finally note that if there is an agent v whose 
MRS rises even more from the same change in dx2, then we can see that [v′ ′ (x2*)/v′ (x2*)]·dx2 > [u′ ′ (x2*)/u′ 
(x2*)]·dx2 > 0, i.e. agent v has a greater degree of risk-aversion. Thus, the characterization of risk-aversion by 
the "convexiness" of the indifference curves was not wholly a wild conjecture. 

(D) Application: Insurance 

Insurance is a natural application of the state-preference approach precisely because it is a quite explicit 
"state-contingent" contract: i.e. it pays an indemnity if, say, a particular accident happens. We could, however, 
formulate the same problem with conventional expected utility, and the analogue is quite straightforward. The 
state-preference approach to the problem of optimal insurance was initiated by Kenneth J. Arrow (1963, 
1965), Robert Eisner and R.H. Strotz (1963), Borch (1968) and many others. The extension of this analysis to 
account for asymmetric information problems shall be considered elsewhere. 

The simplest model is a two-state model with a fixed premium per dollar of coverage, γ . The set of states is S 
={A, N}, where A is a state where an accident happens, and in N, no accident happens. Let endowed income 
be w = {wA, wN}, thus wA is wealth if an accident happens and wN is wealth if no accident happens. 
Obviously, wA < wN, so the "loss" incurred in an accident will be wN - wA > 0. As a consequence, as shown in 
Figure 4, state-dependent endowment w lies below the 45° certainty line. We assume the existence of a state-
independent utility function defined over payoffs, thus: 

U(w) = π su(wA) + (1-π s)u(wN)
 

represents the expected utility of the agent at the endowment point. This is shown in Figure 4 as U(w). Note 
that π s is the subjective probability that an accident will happen (and thus (1-π s) is the probability that it will 
not).  

An insurance contract can be described as c = (β , α ) where α is the premium payment if there is no accident 
and β is the net indemnity if there is an accident. Thus, if an agent purchases the insurance contract c = (β , 
α ), then expected utility becomes: 

U(w, c) = π su(wA + β ) + (1-π s)u(wN - α ).
 

However, α and β are not constants but rather variables depending on C, the total amount of coverage 
chosen by the agent. We can let the total premium paid be proportional to the coverage, thus α = γ C where γ 
∈ [0, 1] is the premium per dollar of coverage. Net indemnity is β = C - γ C, i.e. the amount of coverage minus 
a premium payment. It is easy to notice that the expected profits of the insurance company (assuming there is 
only one agent, or type of agent) are (1-π s)α - π sβ . If profits are zero, then (1-π s)α - π sβ = 0 which yields, 
upon rearranging, π s/(1-π s) = α /β so the ratio of premium payment to net indemnity is equal to the subjective 
odds of an accident. Replacing β = (1-γ )C and α = γ C, then this implies that π s/(1-π s) = γ /(1-γ ), which 
implies, thus, that π s = γ , or the premium per dollar of coverage is equal to the subjective probability of an 
accident. This is a "fair" insurance contract. Consequently, the "fair insurance" line passing through w in 
Figure 4 (denoted F) would represent the series of contracts where γ /(1-γ ) = π s/(1-π s) for different degrees 
of coverage, and it is this that will act as the agent's budget constraint. 

The agent's objective is to find the optimal amount of insurance coverage C given some premium per dollar of 
coverage, γ . Thus the optimization problem is: 



max U(w, c) = π su(wA + C - γ C) + (1-π s)u(wN - γ C). 

which yields the first order condition: 

∂ U(w, c)/∂ C = π su′ (wA + C - γ C)·(1-γ ) + (1-π s)u′ (wN - γ C)·(-γ ) = 0
 

or, rearranging: 

u′ (wN - γ C)/u′ (wA + C - γ C) = [π s/(1-π s)]·[(1-γ )/γ ]
 

Now, if insurance is "fair", i.e. if γ = π s, then this reduces to:
 

u′ (wN - γ C)/u′ (wA + C - γ C) = 1
 

so the marginal utility of a bad state is equal to that of a good state. This implies that (with state-independent 
utility), wA + C - γ C = wN - γ C, which implies, in turn, that C = wN - wA, i.e. the agent takes full coverage so 
that the entire income loss from an accident is recovered. The optimal coverage is shown in Figure 4 by the 
allocation c = (wN-α , wA + β ) where the highest indifference curve U(c) is tangent to the fair insurance line F 
on the 45° certainty line. 

   

 

  

Figure 4 - Optimal Insurance 

The full coverage result depends crucially on the assumption of "fair insurance", or γ = π s. Suppose, however, 
that the firm decides to make extraordinary profits, so (1-π s)α - π sβ > 0. This implies that γ /(1-γ ) > π s/(1-π s) 
or, simply, γ > π s, so that the premium per unit of coverage exceeds the probability of an accident. In the 
agent's perspective, these is "unfair" insurance and it is captured by the unfair insurance line G in Figure 4 
with slope γ ′ /(1-γ ′ ). In this case, the consumer's first order condition implies that: 



u′ (wN - γ C)/u′ (wA + C - γ C) = [π s/(1-π s)]·[(1-γ )/γ ] < 0 

so the marginal utility of a good state is less than the marginal utility of a bad state. As we are assuming 
quasi-concave utility, this implies that the agent's utility in a good state exceeds his utility in a bad state. This 
implies that the agent must be still making some loss in the case of an accident - i.e. he cannot be taking full 
coverage. The individual optimum under "unfair" insurance is depicted in Figure 4 at point c′ , the tangency of 
the unfair insurance line G with the highest indifference curve U(c′ ). We see we do not have full coverage as 
the allocation is off the 45° certainty line, so wA + β ′ < wN - α ′ , i.e. the loss is not fully covered. 

Under unfair insurance, do more risk-averse agents take more insurance than less risk-averse agents? Let u 
and v be two agents, where u is more risk averse than v, but both share the same subjective probabilities of 
an accident and the same loss. Greater risk-aversion of u is shown in Figure 5 by the greater convexity of the 
indifference map u relative to v. If there is fair-insurance, so π s = γ and we are on the F line, then notice that 
both agents will have full coverage at c with u(c) and v(c). 

  

 

Figure 5 - Insurance with Different Risk-Averse Agents 

If, however, there is unfair insurance, so we are on the G line and we know that neither agent will insure fully. 
As we see in Figure 5, agent u's optimal contract will be at cu and agent v's at cv (thus obtaining utilities u(cu) 
and u(cv) respectively). Notice that wN - α v > wN - α u, which implies that the coverage taken by agent u is 
greater than the coverage taken by agent v, i.e. the risk-averse take greater coverage.  

How can we be sure of this result? If u is more risk-averse than v, then we know by Arrow-Pratt that u = T(v) 
where T is a concave function. Now, at v's optimum, we know that the negative of the slope of v's indifference 
curve is equal to the premium ratio: 

-dwA/dwN|v = (1-π s)v′ (wN - γ Cv)/π sv′ (wA + (1-γ )Cv) = (1-γ ′ )/γ ′ 
 

where Cv is agent v's optimal coverage. Now, let us force agent u to hold agent v's coverage. In this case, the 
slope of the indifference curve of agent u at allocation cv is: 



-dwA/dwN|u = (1-π s)u′ (wN - γ Cv)/π su′ (wA + (1-γ )Cv) 

or as u = T(v), so u′ = T′ (v)·v′ : 

-dwA/dwN|u = (1-π s)T′ (v(wN - γ Cv))v′ (wN - γ Cv)/π sT′ (v(wA + (1-γ )Cv))v′ (wA +(1-γ )Cv)
 

or, substituting in: 

-dwA/dwN|u = [T′ (v(wN - γ Cv))/T′ (v(wA + (1-γ )Cv))]·[-dwA/dwN|v]
 

thus the slope of u's indifference curve at cv is some function of the slope of v's indifference curve at cv. The 
crucial component is the ratio connecting them. However, it is easy to notice that as v(wN - γ Cv) > v(wA + (1-
γ )Cv) at the allocation cv (as cv lies below the 45° line), then by the concavity of T, we know that T′ (v(wN - γ 
Cv)) < T′ (v(wA + (1-γ )Cv)). Consequently, the ratio [T′ (v(wN - γ Cv))/T′ (v(wA + (1-γ )Cv))] < 1. Thus the 
above formula implies that at allocation cv: 

-dwA/dwN|u < -dwA/dwN|v

 

the marginal rate of substitution of agent u at cv is less than the marginal rate of substitution of agent v at cv, 
i.e. agent u's indifference curve is flatter than agent v's indifference curve. This is depicted in Figure 5 by 
comparing the (dashed) indifference curve u(cv) and indifference curve v(cv). Consequently, agent u's optimal 
insurance contract must lie further up the G curve, nearer to the 45° line, as we see at point cu. Thus, α u > α 
v, which implies that Cu > Cv, i.e. the more risk-averse agent takes on greater insurance coverage than the 
less risk-averse - as we predicted. 
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(A) Expected Utility with Univariate Payoffs 

The von Neumann-Morgenstern expected utility hypothesis claimed that the utility of a lottery could be written 
as U = ∑ x∈ supp(p) p(x)u(x) where we referred to U: ∆ (X) as the expected utility function and u: X → R as the 
implied elementary utility function. At the risk of confusion with the literature, we shall refer to the utility 
function on outcomes, u: X → R, as the elementary utility function (what we sometimes referred to earlier as 
the "Bernoulli utility function") and reserve the term "von Neumann-Morgenstern utility function" to U(p), the 
utility of a lottery. 

After the axiomatization of the expected utility hypothesis by John von Neumann and Oskar Morgenstern 
(1944), economists began immediately seeing the potential applications of expected utility to economic issues 
like portfolio choice, insurance, etc. These simple applications tended to use simple models where outcomes 
were expressed as a single commodity, "wealth", thus the set of outcomes X, became merely the real line, R. 
As a result, a "lottery" is now conceived as a random variable z taking values in R. Consequently, preferences 
over lotteries can be thought of as preferences over alternative probability distributions. Thus, letting Fz 
denote the cumulative probability distribution associated with random variable z where Fz(x) = prob{z ≤ x}, 
then we can think of agents making choices over different Fz. Accordingly, the preferences over lotteries, ≥ h, 
are now defined over the space of cumulative distribution functions. Thus, letting the von Neumann-
Morgenstern utility function U represent preferences over distributions, then lottery Fz is preferred to Fy, Fz ≥ 

h Fy if and only if U(Fz) ≥ U(Fy). Consequently, the expected utility decomposition of U(Fz) is now: 

U(Fz) = ∫ R u(x) dFz(x)
 

where u: R → R is the elementary utility function over outcomes. Naturally, if z only takes a finite number of 
values and thus there were a finite number of probabilities, then this becomes the more familiar U(Fz) = ∑ x p
(x)u(x).  

(B) Risk Aversion, Neutrality and Proclivity 

We first turn to the concept of univariate "risk aversion" which, intuitively, implies that when facing choices 
with comparable returns, agents tend chose the less-risky alternative, a construction we owe largely to Milton 
Friedman and Leonard J. Savage (1948). We can visualize the problem as in Figure 1 below. Let z be a 
random variable which can take on two values, {z1, z2}, and let p be the probability that z1 happens and (1-p) 
the probability that z2 happens. Consequently, expected outcome, or E(z) = pz1 + (1-p)z2 which is shown in 
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Figure 1 on the horizontal axis as the convex combination of z1 and z2. Let u: R → R be the elementary utility 
function depicted in Figure 1 as concave. Thus, expected utility E(u) = pu(z1) + (1-p)u(z2), as shown in Figure 
1 by point E on the chord connecting A = {z1, u(z1)} and B = {z2, u(z2)}. The position of E on the chord 
depends, of course, on the probabilities p, (1-p). 

  

 

Figure 1 - Risk-Aversion and Certainty Equivalence 

Notice by comparing points D and E in Figure 1 that the concavity of the elementary utility function implies 
that the utility of expected income, u[E(z)] is greater than expected utility E(u), i.e. u[pz1 + (1-p)z2] > pu(z1) + 
(1-p)u(z2). This represents the utility-decreasing aspects of pure risk-bearing. We can think of it this way. 
Suppose there are two lotteries, one that pays E(z) with certainty and another that pays z1 or z2 with 
probabilities (p, 1-p) respectively. Reverting to our von Neumann-Morgenstern notation, the utility of the first 
lottery is U(E(z)) = u(E(z)) as E(z) is received with certainty; the utility of the second lottery is U(z1, z2; p, 1-p) 
= pu(z1) + (1-p)u(z2). Now, the expected income in both lotteries is the same, yet it is obvious that if an agent 
is generally averse to risk he would prefer E(z) with certainty than E(z) with uncertainty, i.e. he would choose 
the first lottery over the second. This is what is captured in Figure 1 as u[E(z)] > E(u). 

Another way to capture this effect is by finding a "certainty-equivalent" allocation. In other words, consider a 
third lottery which yields the income C(z) with certainty. As is obvious from Figure 1, the utility of this 
allocation is equal to the expected utility of the random prospect, i.e. u(C(z)) = E(u). Thus, lottery C(z) with 
certainty is known as the certainty-equivalent lottery, i.e. the sure-thing lottery which yields the same utility as 
the random lottery. However, notice that the income C(z) is less than the expected income, C(z) < E(z). Yet 
we know that an agent would be indifferent between receiving C(z) with certainty and E(z) with uncertainty. 
This difference, which we denote π (z) = E(z) - C(z) is known as the risk-premium, i.e. the maximum amount 
of income that an agent is willing to forego in order to obtain an allocation without risk (Pratt, 1964). 

Turning to generalities, letting u: R → R be a elementary utility function, z be a random variable with 
cumulative distribution function Fz, so Fz(x) = P{z ≤ x}. We denote by M the set of all random variables. For a 
particular random variable z ∈ M, the expected z is E(z) = ∫ R x dFz(x) and the expected utility is E(u(z)) = ∫ Ru
(x) dFz(x). Let Cu(z) denote the certainty-equivalent allocation, i.e. Cu(z) ~h z and the risk premium as π u(z) = 
E(z) - Cu(z) - where the superscript "u" reminds us that certainty equivalence and risk-premium are dependent 
on the form of the elementary utility function. Then we can define risk-aversion as follows: 

Risk-Aversion: an agent is "risk-averse" if Cu(z) ≤ E(z) or π u(z) ≥ 0 for all z ∈ M.
 



This just formalizes the notion that we had in Figure 1. Of course, we can easily visualize that if an agent is 
not risk averse, for instance he does not care about risk, then we should expect that receiving E(z) with 
certainty or uncertainty should not matter to him, thus u(E(z)) = E(u). In terms of Figure 1, this would require 
that the elementary utility function u(z) be a straight line so that points D and E coincide. It is obvious in this 
case that Cu(z) = E(z) and π u(z) = 0. Thus: 

Risk-Neutral: an agent is "risk-neutral" if Cu(z) = E(z) or π u(z) = 0 for all z ∈ M.
 

Finally, if we have a risk-loving agent, we should expect that he would prefer receiving E(z) with uncertainty 
than receiving it with certainty, thus u(E(z)) < E(u). In this case, his utility function would have to be one where 
point E lies above point D. This will be the case if the elementary utility function u: R → R is a convex function. 
It is easy to visualize that, in such a case, he would pay a premium to take on the risk or, equivalently, one 
would have to pay him to move to a certainty-equivalent allocation, thus Cu(z) > E(z) and π u(z) < 0. Thus: 

Risk-Proclivity: an agent has "risk-proclivity" (or is "risk-loving") if Cu(z) > E(z) or π u(z) < 0 for all 
z ∈ M. 

Now, we have appealed to the ideas of concave, linear and convex utility functions to represent risk-aversion, 
risk-neutrality and risk-proclivity. Consequently, let us state the following theorem: 

Theorem: Let u: R → R be an elementary utility function representing preferences ≥ h over M 
which is monotonically increasing. Then: (i) u is concave if and only if ≥ h displays risk-aversion. 
(ii) u is convex if and only if ≥ h display risk-proclivity; (iii) u is linear if and only if ≥ h is risk-
neutral. 

Proof: (i) Let u be concave. Then by definition of concavity u(α x + (1-α )y) ≥ α u(x) + (1-α )u(y) for all x, y ∈ R 
and α ∈ (0, 1). But E(z) = α x + (1-α )y and E(u) = α u(x) + (1-α )u(y). Thus, this inequality implies u(E(z)) ≥ E
(u). As by definition E(u) = u(Cu(z)), then u(E(z)) ≥ u(Cu(z)). As u is monotonically increasing, then E(z) ≥ Cu

(z), which is the definition of risk-aversion. (ii) and (iii) follow analogously.♣  

Of course, as Milton Friedman and Leonard J. Savage(1948) indicated, it is not necessarily true that an 
individual's utility function has the same kind of curvature everywhere: there may be levels of wealth, for 
instance, when he is a risk-lover and levels of wealth when he is risk-neutral. We can see this in the famous 
Friedman-Savage double inflection utility function in Figure 2. Obviously, u(z) is concave up until inflection 
point B and then becomes convex until inflection C after which it becomes concave again. Thus, at low 
income levels (between the origin and zB) agents exhibit risk-averse behavior; similarly, they are also risk 
averse at very high incomes levels (above zC). However, between the inflection points B and C, agents are 
risk-loving. 

  



 

Figure 2 - Friedman-Savage Double-Inflection Utility Function 

Friedman and Savage (1948) tried to use this to explain why people may take low probability, high-payoff 
risks (e.g. lottery tickets) while at the same insuring against mild risks with mild payoffs (e.g. flight insurance). 
To see this, presume one is at point B, on the inflection between risk-aversion and risk-loving. Suppose one 
faces two lotteries, one yielding A or B another yielding B or C. These lotteries are captured by the solid-line 
chords between the respective payoffs AB and BC. Expected utility of the first gamble is noted to be E(u) and 
is depicted in Figure 2 at point E - where, obviously, E(u) is less than the utility of the expected outcome of the 
first gamble, u(E(z)). Consequently, a risk-averse agent would pay a premium to avoid it. The second gamble 
yields expected utility E(u′ ) - at point E′ on the BC chord - which is greater than the utility of the expected 
outcome u(E(z′ )). A risk-loving agent would pay a premium to undertake this gamble. Thus, we can view risk-
averse behavior with regard to AB as a case of insurance against small losses and the risk-loving behavior 
with regard to BC as a case of purchasing lottery tickets.  

Harry Markowitz (1952), however, disputed the Friedman-Savage conjecture that people, or at least the 
population in aggregate, have such doubly inflected utility curves. Specifically, Markowitz noted that a person 
at point F would take also accept a gamble that might take them to F′ . Conversely, a person at F′ or slightly 
below it will not pay a premium against being taken down to F, for instance, i.e. he will not take insurance 
against situations of huge losses with low probability. Finally, of course, people above F′ , i.e. the very rich, 
will never take a fair bet - a phenomenon that does not seem compatible with empirical phenomena such as, 
well, Monte Carlo casinos. What Markowitz (1952) proposed, instead, was that the z's be considered not 
"income levels" as Friedman and Savage proposed, but rather "changes in income" and added an additional 
inflection point at the bottom. People's "normal" income - whether rich, poor or moderate, and controlling for 
the "utility" derived from the recreational pleasure of gambling - would all be at a point such as B and the rest 
would reflect deviations from this average income. In this manner, the apparent lottery-insurance paradox is 
resolved without invoking the strange implications of the original Friedman-Savage hypothesis. 

(C) Arrow-Pratt Measures of Risk-Aversion 

How does one measure the "degree" of risk aversion of an agent? Our first instincts may be to appeal 
immediately to the concavity of the elementary utility functions. However, as utility functions are not unique, 
second derivatives of utility functions are not unique, and thus will not serve to compare the degrees of risk 
aversion in any pair of utility functions. However, the risk premiums, expressed in terms of "wealth", might be 
a better magnitude. If these can be connected then to the "concavity" of utility curves - adjusted to control for 
non-uniqueness - so much the better. The most famous measures of risk-aversion were introduced by John 
W. Pratt (1964) and Kenneth J. Arrow (1965). 



Let u: R → R and v:R → R be two elementary utility functions over wealth representing preferences ≥ u and ≥ 

v over M respectively. Consider the following definition: 

Premium Measure: ≥ u has more risk-aversion than ≥ v if π u(z) ≥ π v(z) for all z ∈ M.
 

Now consider the following theorem due to J.W. Pratt (1964): 

Theorem: (Pratt) Let u, v be elementary utility functions over wealth which are continuous, 
monotonically increasing and twice-differentiable. Then the following are equivalent: 

(1) -u′ ′ (x)/u′ (x) > - v′ ′ (x)/v′ (x) for every x ∈ R 

(2) u(x) = T(v(x)) where T is a concave function. 

(3) π u(z) ≥ π v(z) for all z ∈ M.
 

Proof: We shall go (1) ⇒ (2) ⇒ (3) ⇒ (1).  

(1) ⇒ (2): First we must establish that T exists. Let v(x) = t. As v is monotonic and continuous, then the 
inverse v-1 exists and so v-1(t) = x. Thus, u(x) = u(v-1(t)). Let us define T = u° v-1, then u(x) = T(t). But recall 
that t = v(x), thus u(x) = T(v(x)). Thus T exists. Now, differentiating u′ (x) = T′ (v(x))v′ (x). Thus: 

u′ (x)/v′ (x) = T′ (v(x)) > 0 

as u′ (x), v′ (x) > 0 by assumption of monotonicity. Differentiating again:  

u′ ′ (x) = T′ ′ (v(x))v′ (x)2 + T′ (v(x))v′ ′ (x)
 

or substituting in for T′ (v(x)): 

u′ ′ (x) = T′ ′ (v(x))v′ (x)2 + u′ (x)v′ ′ (x)/v′ (x)
 

Thus dividing through by u′ (x) and rearranging: 

v′ ′ (x)/v′ (x) - v′ ′ (x)/u′ (x) = -T′ ′ (v(x))v′ (x)2/u′ (x)
 

Now, by assumption v′ > 0 and u′ > 0, thus let v′ (x)2/u′ (x) = α > 0 so: 
 

v′ ′ (x)/v′ (x) - u′ ′ (x)/u′ (x) = -T′ ′ (v(x))α  

But by (1), v′ ′ (x)/v′ (x) - u′ ′ (x)/u′ (x) ≥ 0. Thus, as α > 0, then it must be that -T′ ′ (v(x)) ≥ 0, or simply, T′ ′ (v
(x)) ≤ 0. Thus, for all x ∈ R, T′ ≥ 0 and T′ ′ ≤ 0, thus T is concave. Q.E.D. 

(2) ⇒ (3): Recall that u(Cu(z)) = E(u(z)). Thus, by (2), as u(x) = T(v(x)), then u(Cu(z)) = E(T(u(z))). As T is 
concave, then by Jensen's inequality: 

E(T(v(z))) ≤ T(E(v(z))) 

but as E(T(v(z))) = u(Cu(z)) and E(V(z)) = v(Cv(z)) by definition, then this implies:
 

u(Cu(z)) ≤ T(v(Cv(z)))
 

or, by (2), as u(·) = T(v(·)), this becomes u(Cu(z)) ≤ u(Cv(z)). Thus by monotonicity of u, Cu(z)) ≤ Cv(z) which 
implies, by definition, that π u(z) ≥ π v(z) which is (3). Q.E.D.  



(3) ⇒ (1): Let us show, equivalently, that "not (1)" ⇒ "not (3)". Thus, if "not (1)", then: 

-u′ ′ (x° )/u′ (x° ) < v′ ′ (x° )/v′ (x° ) for some x° ∈ R. 

By continuity, there is a neighborhood Nε (x° ) for which this is true. Let z be a random variable which takes 
values only in Nε (x° ), and elsewhere zero. Now, in this area Nε(x° ), T(.) is convex. Why? Well, recall that in 
our earlier proof of (1) ⇒ (2), we obtained v′ ′ (x)/v′ (x) -u′ ′ (x)/u′ (x) = -T[v(x)]α . Well, for x ∈ Nε (x° ), -u′ ′ 
(x)/u′ (x) < v′ ′ (x)/v′ (x), thus, -T[v(x)]α < 0 for x ∈ Nε (x° ), thus T′ ′ > 0, and thus T(.) is convex. But, by earlier 
theorem (2) ⇒ (3), we can see that T′ ′ > 0 implies that π v(z) ≥ π u(z), i.e. "not (3)". Thus, "not (1)" ⇒ "not (3)" 
or, equivalently, (3) ⇒ (1). Q.E.D. 

A more direct alternative proof of (3) ⇒ (1) would be to proceed as follows: Let z = [w - ε , 0.5; w + ε , 0.5], 
where w is some initial level of wealth and ε is some random variable representing pure risk. Without loss of 
generality, we assume E(ε ) = 0 and thus E(z) = w. Thus, by von Neumann-Morgenstern, E[u(z)] = 0.5[w-ε ] + 
0.5[w+ε ]. By definition of the risk-premium, u(w - π u(z)) = E[u(z)]. Taking a Taylor approximation on the right 
side (thus we are "scaling" the risk "in the small"): 

E[u(z)] = E[u(w)] + E[u′ (w)ε ] + E[u′ ′ (w)ε 2/2] + o(ε 3) + ....
 

where o denotes a negligible order of magnitude, i.e. limε → 0o(ε 3)/ε 3 = 0. As E[u(w)] = u(w) (as w is certain) 
and E[u′ (w)ε ] = 0 (as E(ε ) = 0) and E[u′′(w)ε 2] = u′′ (w)σ 2ε (where E(ε 2) = σ 2ε ), then omitting remainders: 

E[u(z)] = u(w) + u′ ′ (w)σ 2ε /2
 

Now, taking a Taylor approximation of u(w - π (z)), the left side of our earlier equation, we have: 

u(w - π (z)) = u(w) - u′ (w)π (z) + o(π 2) + ...
 

then equating both sides and omitting remainders: 

u(w) - u′ (w)π (z) = u(w) + u′ ′ (w)σ2
ε
 /2

 

or: 

π (z) = -[u′ ′ (w)/u′ (w)]σ2
ε/2 

 

As σ 2 > 0 and faced by all agents, then we can see that if π u(z) ≥ π v(z), then -[u′ ′ (w)/u′ (w)] ≥ -[v′ ′ (w)/v′ 
(w)]. Thus, (3) ⇒ (1). Q.E.D. 

Thus, (1) ⇒ (2) ⇒ (3) ⇒ (1). ♣  

Consequently, we can note that the term -u′ ′ (x)/u′ (x) is another measure of risk-aversion. Thus the term ru
(x) = -u′ ′ (x)/u′ (x) is also known as that Arrow-Pratt Measure of Absolute Risk-Aversion or ARA. Notice that 
ru(x) > 0 if u is monotonically increasing and strictly concave (as in Figure 1 for the risk-averse individual). 
Naturally, ru(x) = 0 for the risk-neutral individual with a linear utility function and ru(x) < 0 for the risk-loving 
individual with a strictly convex utility function.  

As we can see, the Arrow-Pratt measure of absolute risk aversion cannot capture a situation as in Figure 2 as 
the agent switches from risk-aversion, to risk-loving and then back to risk-aversion. Thus, an alternative would 
be to weight the measure of risk aversion by the level of wealth, x. In this case we obtain the Arrow-Pratt 
Measure of Relative Risk-Aversion, or RRA, which is defined as Ru(x) = xru(x) = - xu′ ′ (x)/u′ (x).  

Of course, even without inflections, increases and decreases in wealth can change the degree of risk-
aversion. Specifically, recall that risk-aversion is defined via the risk premium. Thus, let us define the 



following, where w is wealth, and x is risk where E(x) = 0: 

Decreasing Absolute Risk Aversion: u displays decreasing absolute risk-aversion (DARA) if π u

(w, x) > π u(w + a, x) for all a > 0. 

Constant absolute risk aversion (CARA) and increasing absolute risk aversion (IARA) are defined analogously 
by replacing the appropriate inequalities. Let us now consider the following: 

Theorem: The following three conditions are equivalent: 

(i) u(w) displays decreasing absolute risk aversion (DARA) 

(ii) u(w) is a concave transformation in the level of wealth u(w) = Ta(u(w+a)), 
where T′a > 0 and T′′a < 0 for all w and all given a > 0. 

(iii) -u′′(w+a)/u′(w+a) ≤ -u′′(w)/u′(w) for all w and a > 0. 

Proof: Let va(w) = u(w+a) and the rest follows by the Pratt theorem. Note that d(-u′ ′ (w)/u′ (w))/dw < 0.♣ 
 

We can also have changing rates of relative risk aversion. The definition in this case is as follows: 

Decreasing Relative Risk Aversion: u displays decreasing relative risk aversion (DRRA) if d(-
w·u′ ′ (w)/u(w))/dw ≤ 0. 

Of course, constant relative risk aversion (CRRA) and increasing relative risk aversion (IRRA) follow 
analogously. Consider the following famous examples of functions with different degrees of risk-aversion: 

Example: (DARA/CRRA): u(x) = xα where α ∈ (0, 1). This displays decreasing absolute risk aversion (DARA) 
and constant relative risk-aversion (CRRA). To see this, note that u′ (x) = α xα -1 and u′ ′ (x) = α (α -1)xα -2, 
thus ru(x) = -α (α -1)xα -2/α xα -1 = (1-α )/x ≥ 0 so there is absolute risk-aversion. Thus, dru(x)/dx = -(1-α )/x2 
< 0 as α < 1, thus we have declining absolute risk aversion. In contrast, Ru(x) = -α (α -1)xxα -2/α xα -1 = 1-α ≥ 
0, thus dRu(x)/dx = 0, so there is constant relative risk aversion. Notice that the famous CRRA utility function 

used in macroeconomic consumption theory, u(c) = c1-ρ /(1-ρ ) where ρ ∈ (0, 1) is merely a special case of 
this which yields Ru(c) = ρ , thus ρ is the "coefficient" of relative risk-aversion. 

Example: (CARA/IRRA) u(x) = -e-x. This displays constant absolute risk aversion and increasing relative risk 
aversion. Notice that u′ (x) = e-x and u′ ′ (x) = -e-x. Thus, ru = e-x/e-x = 1 ≥ 0. Thus, dru/dx = 0, thus there is 
constant absolute risk-aversion. Similarly, dRu/dx = x(e-x/e-x) = x, so there is increasing relative risk-aversion. 

Again, the famous CARA utility function used in macroeconomics, u(c) = -(1/α )e-α c where α > 0 is also a 
special case of this. Obviously, ru(c) = α , thus α is also known as the coefficient of absolute risk-aversion. 

Example: Quadratic utility function u(x) = α + β x -γ x2 where, for concavity, γ > 0. Notice that now we have u′ 
(x) = β - 2γ x and u′ ′ (x) = -2γ . Thus ru(x) = 2γ /(β -2γ x). Notice for ru(x) ≥ 0, we need β ≥ 2γ x, thus it only 
applies for a limited range of x. Notice that dru(x)/dx ≥ 0 up to where x = β /2γ . Beyond that, marginal utility is 
negative - i.e. beyond this level of wealth, utility declines. Notice another implication: namely, that the 
unwillingness to take risks increases as wealth increases, i.e. that richer people are more unwilling to take 
risks. Thus, the quadratic utility function exhibits IARA. John Hicks (1962) and Kenneth Arrow (1965) have 
assaulted the quadratic utility function on this basis. 

(D) Application: Portfolio Allocation and Arrow's Hypothesis 

Kenneth J. Arrow (1965) hypothesized that individuals ought to display decreasing absolute risk aversion 
(DARA) and increasing relative risk aversion (IRRA) with respect to wealth, i.e. dru(x)/dx ≤ 0 and dRu(x)/dx ≥ 
0. The reasoning for DARA is, recall, to argue that wealthy individuals are not more risk-averse than poorer 



ones with regard to the same risk. Thus, as Arrow notes, DARA is necessary if risky assets are to be "normal 
goods", i.e. a rise in wealth leads to an increase in demand for them - whereas IARA implies they are an 
inferior good. The reasoning for hypothesizing IRRA is that as wealth increases and the size of the risk 
increases, then the willingness to accept the risk should decline. Alternatively stated, IRRA implies that the 
wealth elasticity of demand for risky assets is less than unity. We will verify Arrow's hypothesis in the next 
section. 

The basic problem can be set out as a portfolio allocation problem, similar in spirit to Harry Markowitz (1952, 
1958) and James Tobin (1958). Let w be initial wealth. Suppose there are two assets: a risk-free asset with 
zero return and a risky asset whose rate of return (x) is a random variable with positive mean, i.e. E(x) > 0. 
Thus, letting α ∈ [0, 1] be the proportion of initial wealth invested in the risky asset, then expected return on a 
portfolio of size w is E(w + α wx). Obviously, the higher α , the higher the expected return on the portfolio. 

The portfolio allocation decision is as follows: namely, choose α ∈ [0, 1] such that the expected utility of the 
portfolio, E[u(w + α wx)] is maximized. To visualize the problem, we can examine it geometrically in the space 
of random variables in Figure 3. Suppose the random variable x, the return on the risky asset, takes only two 
values, x = {x1, x2} where x1 > 0 > x2 where the probability of x1 occurring is p and of x2 is (1-p) and we 
assume E(x) = px1 + (1-p)x2 > 0. In Figure 3, the horizontal axis measures wealth in state 1 and the vertical 
axis measures wealth in state 2. Now, initial wealth is w which remains the same regardless of which state 
occurs. This is shown in Figure 3 by point W which lies on the 45° "certainty line": whether state 1 or state 2 
happens, wealth remains w. This is equivalent to the situation where all wealth is held in the form of the 
riskless asset, i.e. α = 0. If, in contrast, all wealth is held in the form of the risky asset, so α = 1, then the agent 
receives wealth w + x1 in state 1 and w + x2 in state 2 which is represented as point W+X in Figure 3 which is, 
of course, off the certainty line. Thus, if 0 < α < 1, then wealth allocation is represented somewhere on the 
chord between W and W+X, such as at point α * where we have an allocation which yields wealth w+α *x1 in 
state 1 and w+α *x2 in state 2. Increasing α moves us away from point W and towards point W+X. 

  

 

  

Figure 3 - Portfolio Allocation Decision 

Now, expected utility is: 

E[u(w+α wx)] = pu(w + α x1) + (1-p)u(w + α x2)
 



If α = α *, then this is represented by indifference curve U(w+α *x) which passes through α * in Figure 3. If all 
wealth is held in the form of the riskless asset, α = 0, then E(u) = u(w), which is represented by the U(w) 
indifference curve passing through W. Totally differentiating, we see that the slope of the indifference curves 
in Figure 3 are: 

dx2/dx1|U = -[p/(1-p)]·[u′ 1(w+α x2)/u′ 2(w+α x2)]
 

Now, when the income in both states are the same, then u′ 1 = u′ 2, thus at the 45° line then the slope of the 
indifference curve is -p/(1-p). This is shown in Figure 3 by the dashed line with slope -p/(1-p) lying tangent to 
U(w). Notice that the slope of U(w+α *x) is also -p/(1-p) on the 45° line as shown by point A . 

An agent is thus faced with an indifference curve map on the space of random variables depicted in Figure 3. 
Maximizing expected utility, then, we can see that the agent will choose α * where the highest isoquant is 
tangent to the line between W and W+X. This is his optimal allocation of wealth between risky and riskless 
assets. Notice that the first order condition for a maximum implies: 

dE[u(w+α wx)]/dα = E[u′ (w+α wx)·wx] = 0 

Notice that if the agent places everything in riskless assets so α * = 0, then this implies E[u′ (w)·wx] = 0 = u′ 
(w)wE(x) (as w is certain). But as E(x) > 0 by assumption, then this cannot hold. Thus, by implication, it cannot 
be that a risk-averting agent will take a completely riskless position, i.e. α * ≠ 0. As long as the returns are 
actuarially fair, then no matter how risk-averse, an agent will always take some positive amount of the risky 
asset. 

How might risk-aversion affect portfolio allocation decisions? Recall that the Arrow-Pratt measure of risk-
aversion implies there is a relationship between the degree of concavity of the utility function and the degree 
of risk-aversion. In the space of random variables, this implies there is a relationship between the degree of 
convexity of indifference curve and the degree of risk-aversion - with more risk-averse agents having more 
convex indifference curves. We see this in Figure 4 below where we have two sets of indifference curves - for 
agent U (solid lines) and agent V (dashed lines). Notice from the (badly drawn) diagram that the indifference 
curves of agent U are more convex than those of agent V, thus we would argue that U is more risk-averse 
than V. 

 

Figure 4 - Portfolio Allocation and Risk-Aversion 



Another implication can be immediately drawn from Figure 4. Notice that facing the same portfolio decision, 
agent V chooses optimal portfolio allocation α v whereas agent U chooses the optimal portfolio allocation α u 
where, obviously, α u < α v. This seems to arise because of the relative convexity of indifference curves. Does 
this imply that, in general, the more risk-averse agents will take a smaller proportion of risky assets in their 
portfolio? Let us see: 

Theorem: Let u, v be twice-differentiable elementary utility functions. If u is more risk-averse 
than v, then αu ≤ αv for the same initial wealth, w. 

Proof: Suppose both agents have the same initial wealth, w. Thus, each agent maximizes E[u(w + α wx)] and 
E[v(w + α wx)] respectively. For v, the first order condition for a maximum is that: 

∂ E[·]/∂ α = E[v′ (w+α wx)·wx] = 0 

while the second order condition is: 

∂ 2E[·]/∂ α 2 = E[v′ ′ (w+α wx)·w2x2] ≤ 0
 

Let α v be the optimal portfolio allocation for agent v. What we are going to do can be illustrated by Figure 5, 
where we have the expected utility functions of agents u and v over the range of different portfolio allocations, 
α . Notice that α v yields the maximum expected utility for agent v. Now, suppose agent u is forced to hold 
agent v's optimal portfolio allocation, α v, then agent u's expected utility will be at point A in Figure 5. If agent 
u's expected utility is declining at that level, we know that he could improve his expected utility by decreasing 
the amount of the risky asset he held, i.e. reducing α . Thus, the implication is agent u's optimal portfolio, α u, 
must have been below agent v's, α v, as we see depicted in Figure 5.  

 

Figure 5 - Expected utilities over different portfolios. 

Let us proceed with the proof. Recall from the Pratt theorem that if u is more risk-averse than v, then there is 
a concave T such that u = T(v). Now, if agent u holds agent v's portfolio, α v, then u has expected utility E[u
(w+α vwx)] = E[T(v(w+α vwx))]. Thus, differentiating with respect to α :  

∂ 2E[·]/∂ α |α =α v = E[T′ (v(w+α vwx))v′ (w+α vwx)·wx] 
 

Let us now conduct a little plastic surgery. Effectively, we are going to subtract 0 into this equation. Recall, 
from the first order condition of agent v, E[v′ (w+α vwx)·wx] = 0. Thus, pre-multiplying this by T′ (v(w)) implies 
that still E[T′ (v(w))·v′ (w+α v)·wx] = 0 (we can place it within the expectations operator because T′ (v(w)) is 
not random). Thus, let us subtract this from the term in the above equation for agent u: 



∂ 2E[·]/∂ α |α =α v = E[T′ (v(w+α vwx))v′ (w+α vwx)·wx] - E[T′ (v(w))·v′ (w+α v)·wx]  

where, because it has value zero, implies there is no change. But then combining terms we obtain: 

∂ 2E[·]/∂ α |α =α v = E[{T′ (v(w+α vwx) - T′ (v(w))}·v′ (w+α v)·wx] 
 

Now examine this closely: if x > 0, then w + α vwx > w, which implies that v(w+α vwx) > v(w), which implies, in 
turn that T′ (v(w+α vwx) < T′ (v(w)) by the concavity of T. Thus, {T′ (v(w+α vwx) - T′ (v(w))} > 0 and so the 
entire term is negative, i.e. ∂ 2E[·]/∂ α |α =α v. In other words, as shown in Figure 5. the slope of agent u's 
expected utility at α = α v is negative, thus agent u's expected utility E[u(w + α vwx)] is decreasing if he is 
forced to hold agent v's optimal portfolio allocation. If so, then the implication is that his own optimal allocation 
was below agent u's optimal portfolio allocation, i.e. α u ≤ α v. Thus, the more risk-averse agent holds a 
smaller proportion of his wealth in the risky asset.♣  

Let us now turn to verifying Arrow's (1965) hypothesis, namely that if we have decreasing absolute risk 
aversion (DARA) and increasing relative risk aversion (IRRA) with respect to wealth, then optimal holdings of 
risky assets increase with wealth but the proportion of wealth invested in assets declines. 

Theorem: (Arrow's Hypothesis) Suppose u is a twice-differentiable elementary utility function 
which exhibits decreasing absolute risk aversion and increasing relative risk aversion. Suppose 
we are faced with the two-asset portfolio allocation problem outlined above. Then optimal α 
increases when wealth increases, but less than proportionally to the increase in wealth. 

Proof: Recall that the agent maximizes E[u(w+α wx)]. Thus, the first order condition is that ∂ E[·]/∂ α = E[u′ 
(w+α wx)·wx] = 0 while the second order condition is ∂ 2E[·]/∂ α 2 = E[u′ ′ (w+α wx)·w2x2] ≤ 0. Let α * be the 
solution to this problem. Letting FOC denote "first order condition" and SOC denote "second order condition", 
then we know that totally differentiating the FOC: 

(dFOC/dw)dw + (dFOC/dα *)dα * = 0 

but as dFOC/dα * = SOC, then this reduces simply to: 

dα */dw = -(dFOC/dw)/SOC 

As we know, SOC ≤ 0. What about the numerator? Now, dFOC/dw = E[u′ ′ (w+α *wx)·wx(1+α *x)] + E[u′ (w+α 
wx)·wx]. The second term falls out because of the first order condition, thus we know that the sign of dα */dw 
will be the same as the sign of E[u′ ′ (w+α *wx)·wx(1+α *x)]. Let w0 = w(1+α *x), then:  

E[u′ ′ (w+α *wx)·wx(1+α *x)] = E[u′ ′ (w0)·xw0]
 

thus: 

sgn dα */dw = sgn E[u′ ′ (w0)·xw0]
 

Now, multiplying and dividing E[u′ ′ (w0)·xw0] by u′ (w0):
 

E[u′ ′ (w0)·xw0] = E[[u′ ′ (w0)/u′ (w0)]·xw0u′ (w0)]
 

Now, let us conduct some more plastic surgery. Recall that the FOC states that E[u′ (w+α wx)·wx] = E[u′ (w0)
·wx] = 0. Thus, multiplying by the constant u′ ′ (w)/u′ (w), then the FOC says that E[[u′ ′ (w)/u′ (w)]u′ (w0)·wx] = 
0. Thus, subtracting this from our equation above: 

E[u′ ′ (w0)·xw0] = E[[u′ ′ (w0)/u′ (w0)]·xw0u′ (w0)] - E[[u′ ′ (w)/u′ (w)]u′ (w0)·wx]
 



which does not make a difference because the subtracted term has value zero. Thus rearranging: 

E[u′ ′ (w0)·xw0] = E[{[u′ ′ (w0)/u′ (w0)]·w0 - [u′ ′ (w)/u′ (w)]·w}u′ (w0)x]
 

Note that the term [u′ ′ (w0)/u′ (w0)]·w0 is effectively the (negative of) the rate of relative risk aversion for w0 = 
(1+α *x)w while term [u′ ′ (w)/u′ (w)]·w is effectively the (negative of ) the rate of relative risk aversion for w. 
Thus, if x > 0, w0 > w. Consequently, by Arrow's hypothesis of increasing relative risk aversion (IRRA), we 
should expect [u′ ′ (w0)/u′ (w0)]·w0 < [u′ ′ (w)/u′ (w)]·w. Or, in other words, and recalling that x > 0:  

E[u′ ′ (w0)·xw0] = E[{[u′ ′ (w0)/u′ (w0)]·w0 - [u′ ′ (w)/u′ (w)]·w}u′ (w0)x] < 0.
 

If we now let x < 0, then w0 < w, so the same logic works itself backwards so we know have [u′ ′ (w0)/u′ (w0)]
·w0 > [u′ ′ (w)/u′ (w)]·w but as x < 0, then we obtain the same result that the whole term is negative. As a 
result, as sgn E[u′ ′ (w0)·xw0] = sgn dα */dw, then dα */dw < 0. Thus, as wealth increases, the proportion of 
wealth held in risky assets declines - which is exactly Arrow's hypothesis. 

For the rest of the hypothesis, i.e. DARA, let us proceed as follows. Let w1 < w2 and define u1(z) = u(w1 + z) 
and u2(z) = u(w2 + z). Thus, by DARA, then u1(·) is a concave transformation of u2(·). As a result, we can 
think of u1(·) as the elementary utility function of a more risk-averse agent and u2(·) as that of a less risk-
averse agent. By our previous theorem, we saw that a more risk-averse agent will invest a smaller absolute 
amount in the risky asset than the less-risk averse. Thus, u1 will invest less than u2, but as w2 > w1, this 
implies that the amount invested in risky assets increases as wealth increases. Thus, both of Arrow's 
hypotheses are confirmed.♣  

(E) Ross's Stronger Risk Aversion Measurement 

The implicit assumption in the previous section on portfolio allocation was the existence of a riskless asset. 
Suppose now that we have two risky assets and no riskless asset. Let α be the proportion of wealth held in 
the form of the riskier asset and thus (1-α ) is the proportion of wealth held in the form of the less risky (but not 
riskless) asset. Do we still obtain the conclusion that if u is more risk-averse than v that α u ≤ α v. Stephen A. 
Ross (1981) has demonstrated that this is no longer true. To see this, consider his example: 

Ross's Counterexample: Let there be two assets, x and y. Let y pay 1 or 0 with equal probability, i.e. 0.5 each. 
In contrast, x is much riskier: it pays 3, 2, 0 or -1, each with probability of 0.25 each. Now, we can decompose 
x into a combination of y and another random variable z. Specifically, letting z = x - y, then x = y + z. Thus, we 
can think of x being "riskier" than y by taking the payoffs of y and adding another stochastic component z to 
the already risky payoffs of y. In order for this to be true, then z has to pay 2 or -1 with probability 0.5 each 
and E(z|y) > 0. We can visualize this decomposition of x heuristically in Figure 6 below where, note, the 
compound lottery y+z is x. Thus, x is merely y's payoffs plus some more "noise" by z - this is what we mean 
by x being "riskier" than y (see our section on the definition of "riskiness"). 



  

Figure 6 - Random variable x "riskier" than y by addition of z 

Let α be the proportion of wealth w invested in asset x and (1-α ) the proportion invested in asset y, so w0 = w
(α x + (1-α )y) = w(y + α (x-y)) or, normalizing w = 1, then w0 = y + α (x-y). As z = x-y, then w0 = y + α z, thus 
we need only consider two random variables y and z. We are assuming that z and y are stochastically 
independent. Notice that when α = 1, then the final compounded terms y + α z are merely x. If α = 0, then we 
are reduced merely to y. 

Now, expected utility for the less risk-averse agent v is E[v(α x + (1-α )y)] = E[v(y + α z)], thus differentiating 
with respect to α , we obtain the first-order condition for a maximum for agent v: 

∂ E[v(y + α z)]/∂ α = E[v′ (y + α z)·z] = 0 

or, substituting our numbers: 

E[v′ (y + α z)·z] = 0.25v′ (1+α v2)2 + 0.25v′ (1+α v(-1))(-1) 
 

+ 0.25v′ (0+α v2)2 + 0.25v′ (0+α v(-1))(-1) = 0.
 

Assume that v is such that optimally, α v = 0.25, then:
 

E[v′ (y + α z)·z] = 0.5v′ (1.5) - 0.25v′ (0.75) + 0.5v′ (0.5) - 0.25v′ (-0.25) = 0. 

and assume, for the sake of argument, that v is such that we attain the following numbers: v′ (1.5) = 0, v′ 
(0.75) = 2, v′ (0.5) = 3, v′ (-0.25) = 4 which satisfy diminishing marginal utility of wealth. Notice that these 
numbers fulfill the first order condition above, i.e.: 

E[v′ (y + α z)·z] = 0.5(0) - 0.25(2) + 0.5(3) - 0.25(4) = 0. 

The question now turns to u. As u is more risk-averse that v, then u = T(v) where T is a concave function. 
Thereby, forcing u to hold the portfolio α v, we have: 

E[u′ (y + α vz)·z] = E[T′ (v(y+α vz))·v′ (y+α vz)z]
 



= 0.5T′ (v′ (1.5))·0 - 0.25T′ (v′ (0.75))2 + 0.5T′ (v′ (0.5))·3 - 0.25T′ (v′ (-0.25))·4 

= T′ (0)·0 + T′ (2)·(-0.5) + T′ (3)·(1.5) + T′ (4)(-1) 

But as T′ is concave, then it perfectly legitimate to assign the following numbers T′ (0) = 1, T′ (2) = 1, T′ (3) = 
10 and T′ (4) = 10, thus: 

E[u′ (y + α vz)·z] = 1·0 + 1·(-0.5) + 10·(1.5) + 10(-1)
 

= 0 - 0.5 + 15 - 10 = 4.5 > 0. 

This is the slope of the expected marginal utility function of agent u forced to hold the portfolio of agent v. As 
the slope of u's marginal utility function at α v is positive, then this implies that his own optimal allocation α u is 
at a higher level. Thus, α u > α v. However, we posited that u was more risk-averse that v. Thus, from this 
example, it does not follow that if u is more risk-averse than v, then α u ≤ α v; rather, a more risk-averse agent 
can take a less risky position. 

What exactly is going on in this counterexample? With perfectly legitimate values for V and T, this example 
contradicts the Arrow-Pratt hypothesis and has more risk-averse agents choosing the riskier position. Notice 
that if α = 0, then we have merely the risk of y to contend with and the extra risk of random variable z is 
avoided.; if α = 1, then we take the full risk of x. So the question that imposes itself now is the following: given 
that the agent cannot avoid the risk of y, how much is he willing to pay to avoid the additional risk of adding z 
to that? In other words, we want to compute the risk premium of the extra risk of z. 

To understand the essence of the problem, examine the somewhat cluttered Figure 7. Suppose y is an asset 
which pays y1 = 1 or y2 = 0, each with some probability (p, 1-p). In Figure 7, the risky asset y is represented 
by the chord connecting points A and B on the utility curve, and E[u(y)] is expected utility of asset y. Suppose 
now that we add a little bit more of risk as we did when we added z before to y to obtain x. However, let us 
have it that y2 = 0 remains the same, but that y1 = 1 now has a little extra noise, thus let us only add z1 = ε 
and z2 = -ε to y1 alone. Assume z1 has probability q = 0.5 and z2 has probability (1-q) = 0.5 so that E(z) = qz1 
+ (1-q)z2 = (0.5)ε + (0.5)(-ε ) = 0. As we see in Figure 7, the extra risk z makes y1 + z range from 1+ε to 1-ε 
while y2 remains constant. In other words, our payoffs when we add the extra variable z to our existing 
random variable y are now y1 + z1 = 1+ε , y1 + z2 = 1-ε and y2 = 0. The extra randomness is represented by 
the chord connecting points ε and -ε in Figure 7. Thus, the expected utility of the whole combination of y+z is 
now: 

E[u(y+z)] = p[qu(y1+z1) + (1-q)u(y1-z2)] + (1-p)u(y2)
 

= p[0.5u(1+ε ) + 0.5u(1-ε )] + (1-p)u(0) 

which is shown heuristically in Figure 7 as a point on the chord connecting A and C. 

  



  

  

Figure 7 - Ross's Paradox 

What is the risk premium to get rid of the extra risk z? The Arrow-Pratt risk-premium is computed now using 
the chord (-ε , ε). Recall that E(z) = 0, thus the expected utility of y1 + z alone is shown in Figure 7 as E[u
(y1+z)] which is obtained from point C on the chord (-ε , ε ). In order to get rid of the extra risk z, the agent 
would pay a premium π that yielded the "certainty-equivalent" allocation B′ which thus results in (1-π ) and 
yields the same "certain" utility u(1-π ) as the old expected utility E[u(y1 + z)]. Thus, paying premium π , we 
move to point B′ .  

However, because y1 is only one state of a risky asset, thus we do not obtain (1-π ) with "certainty", but rather 
(1-π ) becomes merely one of the possible payoffs. Our analysis does not end with this, then. A premium is a 
premium, and it will be paid before one knows whether y1 or y2 has realized itself. Consequently, we must 
also reduce y2 by the amount of the premium to -π . This is point A′ . Thus, by paying the premium π , we 
have changed the returns in both cases y1 and y2 from 1 and 0 to 1-π and -π respectively, thus our chord AB 
representing risky asset y now moves to A′ B′ to represent risky asset minus premium, y - π , in Figure 7. 
Notice that expected utility is now reduced from uncertain E[u(y+z)] to uncertain E[u(y-π)]. 

The idea of the Arrow-Pratt measure was that it was a local measure and not a global one. As the premium 
paid to get rid of z affects payoffs elsewhere, then the shape of the utility curve elsewhere (i.e. around A and 
A′ ) begins to matter because the impact of the risks are now spread over two states. In other words, the 
measure of risk-aversion should not be exclusively concentrated around B but one should also take into 
account the curvature around A. In short, we want a measure of average risk-aversion. Algebraically, the 
original expected utility E[u(y+z)], we had  

E[u(y+z)] = p[0.5u(y1+ε ) + 0.5u(y1 - ε )] + (1-p)u(y2)
 

so taking a Taylor expansion: 

E[u(y+z)] = (1-p)u(y2) + pu(y1) + p[0.5u′ (y1)ε - 0.5u′ (y1)ε ] + 0.5pu′ ′ (y1)ε 2 + oε 2
 



= (1-p)u(y2) + pu(y1) + 0.5pu′ ′ (y1)ε 2 + oε 2 

where o is a order of magnitude denoting the negligibility of the remainder. In contrast, once the premium is 
paid to get rid of z we have: 

E[u(y-π )] = pu(y1 - π ) +(1-p)u(y2 - π ) 
 

= (1-p)u(y2) + pu(y1) + [(1-p)u′ (y2)π + pu′ (y1)π ] + oπ 2
 

Thus, as E[u(y+z)] = E[u(y-π )] so that the premium is calculated to equate the expected utility of the risky 
situation y+z and the expected utility of the second y-π (which is not certainty-equivalent because y is not 
riskless!), then: 

0.5pu′ ′ (y1)ε 2 + oε 2 = [(1-p)u′ (y2)π + pu′ (y1)]π + oπ 2
 

which solving for π yields: 

π = -0.5pu′ ′ (y1)ε 2/[(1-p)u′ (y2)π + pu′ (y1)]π 
 

or: 

π = -0.5[u′ ′ (y1)/u′ (y1)]ε 2/[1+ (1-p)u′ (y2)/pu′ (y2)]
 

thus the risk premium is calculated using the measure of risk aversion around y1, -u′ ′ (y1)/u′ (y1) and the 
measure of risk-aversion around y2, -u′ ′ (y2)/u′ (y2), thus we compute the premium from average risk-
aversion. 

To understand why we obtained the paradoxical result in Ross that the less risk-averse agent pays a higher 
premium than the more risk-averse agent, we can appeal to (imperfectly drawn) Figure 8. Here we have two 
individuals u and v with utility functions which are identical around 1 but different around 0 - specifically, 
assume that u has a more concave utility function than v around 0 - thus agent u is more risk-averse (around 
0 and thus on average) than agent v. We originally start with y which yields the chord AvB for agent v and AuB 
for agent u. Again, we presume we go through the same exercise as before in Figure 7 where we have a 
chord representing z, etc., etc. so that following the same story, we get rid of z by swinging the chord from 
AvB to Av′ B′ and AuB to AuB′ . (notice that the upper part of the chord, B and B′ remain the same for both 
agents as they have the same utility functions at higher levels of wealth).  

The important point to note in Figure 8 is that as the upper part of the utility curves are the same, then they 
would, ceteris paribus, pay the same premium π to get rid of z and thus for both agents the lower return would 
decline from 0 to 0-π . In paying this premium, agent u's utility around here falls from u(0) to u(-π ) and v's 
utility falls from v(0) to v(-π ). Thus, as we see in Figure 8, in paying the same premium, π , the reduction in 
utility of agent u around Au, Au′ is more than the reduction in utility of agent v around Av, Av′ . This means that 
in terms of utility lost, the cost of paying π is greater for agent u than it is for agent v. Notice that the loss in 
utility around 1 would be the same but the loss in utility around 0 would be heavier on u. Consequently, if we 
allowed them to choose their optimal risk premia rather than imposing it, then u would pay less than agent v to 
get rid of z. Thus, the individual with the steeper slope at 0 would want to pay less of a premium to avoid the 
same risk. But recall that u was more risk-averse than v. Thus, the more risk-averse individual u pays a 
smaller premium than the less risk-averse individual v for the same risk. The paradox of α u > α v we obtained 
in the Ross counterexample stems from something like this. 

  



 

Figure 8 - Detail of Ross's Paradox 

In sum, what Ross (1981) has illustrated is that the risk-premium is not a good measure of risk-aversion 
because we are not taking the "global" behavior of the utility function. The Arrow-Pratt risk-premium we paid 
to avoid the extra risk in state 1 is only a local risk-premium and is not a good measure of risk-aversion. In 
order to compensate for this, Stephen Ross (1981) suggested a stronger risk-aversion measurement (SRAM) 
that takes these global differences into account. This is defined as follows: 

Ross's Stronger Risk-Aversion Measurement: Let u and v be elementary utility functions. Then u 
is said to display higher risk aversion than v if there exists λ > 0 such that for all w, w′ , we have 
it that u′ ′ (w)/v′ ′ (w) ≥ λ ≥ u′ (w′ )/v′ (w′ ). 

Another way of saying this is that infw u′ ′ (w)/v′ ′ (w) ≥ supw u′ (w)/v′ (w′ ). Note that there are two different 
wealth levels at which we compute the ratio of first and second derivatives, w′ and w. Thus, if w = w′ , then we 
have the old Arrow-Pratt measure of risk-aversion and thus this inequality can be written -u′ ′ (w)/u′ (w) ≥ -v′ ′ 
(w)/v′ (w) so agent u is more risk-averse than agent v in the Arrow-Pratt sense. Thus, SRAM implies Arrow-
Pratt, but Arrow-Pratt does not imply SRAM. 

Theorem: (Ross) Let u and v be twice continuously differentiable elementary utility functions. 
Then the following are equivalent: 

(1) u′ ′ (w)/v′ ′ (w) ≥ λ ≥ u′ (w′ )/v′ (w′ ) ∀ w, w′ . 

(2) there is a λ > 0 and a decreasing concave function G:R→ R (i.e. G′ < 0 and G′ ′ 
< 0) such that v(w) = λ u(w) + G(w) for all w ∈ R. 

(3) π u(w, z) ≥ π v(w, z) for all w ∈ R and z where E(z) = 0. 
 

Proof: We go (1)⇒ (2) ⇒ (3) ⇒ (1). 

(1) ⇒ (2): Let λ > 0 and G(w) = v(w) - λ u(w). Then G′ (w) = v′ (w) - λ u′ (w). Thus, λ = G′ (w)/u′ (w) = v′ (w)/u′ 
(w) - λ . By (1), v′ (w)/u′ (w) - λ ≤ 0 and as u′ (w) > 0, then G′ (w) ≤ 0. Differentiating again, G′ ′ (w)/u′ ′ (w) = v′ 
′ (w)/u′ ′ (w) - λ . By (1), v′ (w)/u′ (w) - λ ≥ 0 but u′ ′ (w) < 0, thus G′ ′ (w) ≤ 0. Thus, G(w) is a decreasing 
concave function. 



(2)⇒ (3) By definition, v(w-π v) = E[v(w+z)] = E[λ u(w+z) + G(w+z)] by (2). Consequently, by Jensen's 
inequality, E[λ u(w+z) + G(w+z)] ≤ λ E[u(w+z)] + E[G(w+z)]. Now, as E[u(w+z)] = u(w-π u) by definition and G 
is concave, then using our inequalities: 

v(w-π v) ≤ λ u(w-π u) + G(w-π u)
 

but by definition λ u(w-π u) + G(w-π u) = v(w - π u), thus:
 

v(w-π v) ≤ v(w-π u)
 

or, as v is a concave utility function, the it must be that π u ≤ π v.
 

(3) ⇒ (1): Note that maxπ E[u(w-π u)] implies the following conditions for a maximum
 

dE[u(w-π u)]/dπ u = E[-u′ (w-π u)] = 0 
 

d2E[u(w-π u)]/dπ u2 = E[u′ (w-π u) - u′ ′ (w-π u)] < 0 
 

where the second order condition implies, recalling u is concave, that: 

- E[u′ ′ (w-π u)]/E[u′ (w-π u)] > 0
 

To analyze this, let E[u(w-π u)] = pE[u(w1-π u)] + (1-p)E[u(w2 -π u)]. Without loss of generality, let us presume 
that there is an extra "noise" term attached to w1 but not to w2, which pays +ε and -ε with equal probability so 
E(ε ) = 0. E[u(w-π u)] = p[0.5u(w1+ε ) + 0.5u(w1-ε )] + (1-p)u(w2). Now, let us normalize the optimal premium 
so that π u = 0 when ε = 0. Thus, in this case, when ε = 0, then E[u′ (w-π u)] = pu′ (w1) + (1-p)u′ (w2) and E[u′ ′ 
(w-π u)] = pu′ ′ (w1) at the optimum premium, π u =0. Thus, the second order conditions imply: 

-pu′ ′ (w1)/[pu′ (w1) + (1-p)u′ (w2)] > 0
 

Notice that this expression is identical to ∂ 2π u(ε )/dε 2|ε =0, so π u is a convex function of ε centered at 0. 
Now, if π u > π u, then this implies that at ε = 0, π u(ε ) is more "convex" than π v(ε ), or: 

-pu′ ′ (w1)/[pu′ (w1) + (1-p)u′ (w2)] ≥ -pv′ ′ (w1)/[pv′ (w1) + (1-p)v′ (w2)]
 

which can be rewritten: 

u′ ′ (w1)/v′ ′ (w1) ≥ [pu′ (w1) + (1-p)u′ (w2)]/[pv′ (w1) + (1-p)v′ (w2)]
 

for every w1, w2. Letting p → 0, we see that this implies:
 

u′ ′ (w1)/v′ ′ (w1) ≥ u′ (w2)/ v′ (w2)
 

for every w1, w2. This is Ross' condition for SRAM. Thus (3) ⇒ (1). ♣ 
 

To understand the implications of Ross's measure, let us turn to portfolio problem again. Let us again have 
our standard structure with y being a risky asset and z the extra "noise" on y which is independent of y and E
(z|y) > 0. Normalizing wealth w = 1, then expected utility of agent u is E[u(y + α uz)] and expected utility of 
agent v is E[v(y + α vz)] where α u and α v are is the optimal proportion of wealth held in the riskier asset. 
Thus the optimization problem for agent u is to choose α to maximize expected utility. As a consequence, we 
obtain the first order condition that: 



E[u′ (y+α z)·z] = 0 

Let us force agent u to hold agent v's optimal portfolio, then expected marginal utility of agent u is, in this 
case, E[u′ (y+α vz)·z]. Suppose that u is more risk-averse than v in the sense of Ross: in this case, we know 
that u(y+α z) = λ v(y+α z) + G(y+α z) as implied by Ross's measure, where G is a decreasing concave 
function. Then when forcing agent u to hold α v, we have: 

E[u′ (y+α vz)·z] = λ E[v′ (y+α vz)·z] + E[G′ (y+α vz)·z]
 

or, as E[v′ (y+α vz)·z] = 0 by v's first order condition, then this reduces to:
 

E[u′ (y+α vz)·z] = E[G′ (y+α vz)·z]
 

Now, let θ (z) = G′ (y+α vz). As G is a decreasing function, then θ (z) < 0. As G is concave, then θ ′ (z) = G′ ′ 
(y+α vz)α v < 0. Now, assuming z is independent of y, E[θ (z)·z] = E[E(θ (z))·z|y]] = E[cov(θ (z), z | y] + E[θ (z)
|y]·E(z|y)]. Now as E(z|y) > 0 and θ ′ (z) < 0, then E[cov(θ (z), z) | y] + E[θ (z)|y]·E(z|y)] ≤ E[cov(θ (z), z | y]. 
Consequently, by concavity, E[cov(θ (z), z | y] < 0. Thus: 

E[u′ (y+α vz)·z] = E[θ (z)·z] + E[θ (z)|y]·E(z|y)] ≤ E[cov(θ (z), z | y] < 0
 

The result that E[u′ (y+α vz)·z] < 0, implies that the expected utility function of agent u is declining when he is 
forced to hold α v. Thus, following our earlier logic, this implies necessarily that α v ≥ α u, i.e. the more risk-
averse the agent, the less he invests in the risky asset. Thus, Ross's stronger measure of risk-aversion seems 
to give the right result. 

A final thing needs to be mentioned at this point. Although we have shown that a more risk-averse agent 
holds a less risky position, it does not follow that if someone holds a less risky position implies they are more 
risk-averse. That the reverse does not hold was shown by Machina and Neilson (1987) when comparing a 
risk-averse u and a risk-loving v. However, they argued that if we restrict our comparison to risk-averse 
agents or restrict it entirely to risk-lovers, so that we do not have cross-comparisons, then indeed the reverse 
holds.  

Finally, one thing we have not touched upon has been measures of risk-aversion in a multi-variable context. 
This was first broached by Menachem Yaari (1969) and is examined in the section on state-preference, within 
which it seems to fit a bit more appropriately.  
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(A) First and Second Order Stochastic Dominance 

When is a particular random prospect "better" than another random prospect? As von Neumann-Morgenstern 
argue, the answer is readily available for a single person: the expected utility of the first prospect is greater 
than the second. However, for most economic applications this does not really suffice as we cannot observe 
"utility". Might there be a way of comparing the random prospects by the observable properties of the different 
random prospects? Perhaps. 

For uncertainty with univariate payoffs (i.e. "wealth" or "money" payoffs), a random variable can be described 
via a cumulative distribution function. This will contain effectively all of the relevant information about the 
"objective" properties of the random variable. Thus, comparison between different random prospects can be 
approached by examining their associated cumulative distribution functions. 

Suppose over a compact support [a, b], we have two random variables, one of which is associated with 
cumulative distribution F and another with cumulative distribution G. When can we say that F is "better" than 
G for a particular agent? Expected utility be constructed as an integral over this support via the cumulative 
distribution function. Specifically, expected utility from the random variable with cumulative distribution F can 
be written U(F) = ∫ ab u(x) dF(x) and expected utility of the random variable with cumulative distribution G is U
(G) = ∫ ab u(x) dG(x). Note that U(·) is the von Neumann-Morgenstern utility function whereas u(·) is the 
associated elementary utility function. If U(F) ≥ U(G), then F is preferred to G by the relevant agent.  

If every reasonable agent prefers prospect F to prospect G, then we can say that, on the whole, F dominates 
G. We ought to make this more precise. Letting U0 be the set of all elementary utility functions u: X → R that 
are monotonically increasing, then let us define the following: 

Dominance: Let ≥ 1 be a transitive and incomplete binary relation on the set of cumulative 
distribution functions on X. We say F dominates G if for every u ∈ U0, F ≥ 1 G. 

Thus, a random variable with distribution F "dominates" another random variable with distribution G if 
everybody who has a utility function which is monotonically increasing thinks F is better than G. 

However, returning to the empirical problem, where utility is not observable, when can we say that prospect F 
dominates G? In other words, by only observing the properties of the cumulative distribution functions, can we 
say whether F dominates G or not? In general, no; in certain cases, perhaps. One ought to expect, for 
instance, that just about everyone will consider a prospect which has a lot of probability mass skewed towards 
higher returns to be better than a prospect which has a lot of probability mass skewed towards low returns. If 

Riskiness 



such is the case, then we have what is called "first order stochastic dominance". This is defined as follows: 

First Order Stochastic Dominance: F is said to dominate G according to first order stochastic 
dominance if F ≥ 1 G ⇒ F(x) ≤ G(x) for all x ∈ [a, b]. 

We can see this more or less in Figure 1 below when comparing the cumulative distribution function H with 
either F or G. Specifically, note that for any x ∈ [a, b], F(x) ≤ H(x) and G(x) ≤ H(x) as H lies uniformly above F 
or G. Considering any x ∈ [a, b], then we see immediately that there is more "area" under the curve between 
a and x then there is under the F or G curve between a and x. Thus, there is a greater probability mass under 
H(x) than F(x) or G(x) for any x ∈ [a, b], i.e. the probability that any t is less than x under H is greater than the 
probability that any t is less than x under F or G. Thus both F and G dominate H.  

Is this consistent with the von Neumann-Morgenstern theory? In other words, can we say that if F is preferred 
to G according to the first order stochastic dominance criteria, then necessarily that implies that expected 
utility of F is greater than expected utility of G for any agent with a monotonically increasing utility function? 
Indeed, this is so: 

Proposition: F ≥ 1 G if and only if ∫ ab u(x)dF(x) ≥ ∫ ab u(x)dG(x) for all u ∈ U0.
 

Proof: This is an if and only if statement, thus we must prove it both ways. For the "if" part, suppose F ≥ 1 G 
holds, i.e. F(x) ≤ G(x) for all x ∈ [a, b] or [F(x) - G(x)] ≤ 0 for all x. Now, for any u ∈ U0, consider the integral ∫ 

a
b u(x)[dF(x) - dG(x)]. Then integrating by parts: 

∫ ab u(x)[dF(x) - dG(x)] = u(x)[F(x)-G(x)]ab - ∫ abu′ (x)[F(x)-G(x)]dx ≥ 0
 

as [F(x) - G(x)]ab = 0 and u′ (x) > 0 thus, then the inequality follows from [F(x) - G(x)] ≤ 0 for all x. As this holds 
true for any u ∈ U0, then ∫ ab u(x)dF(x) ≥ ∫ ab u(x)dG(x) for all u ∈ U0. Conversely, for the "only if" part, 
suppose it is not the case that F(x) ≤ G(x) for all x ∈ [a, b]. Then, there is an x0 such that F(x0) > G(x0). By 
right continuity, there is a neighborhood Nε (x0) such that G(x) < F(x) for all x ∈ Nε (x). Let u ∈ U0 be such 
that it takes on constant values outside Nε (x0) but increasing within Nε (x0), i.e. u′ (x) > 0 for x ∈ Nε (x0) and 
u′ (x) = 0 for x ∉ Nε (x0). Thus, ∫ ab u′ (x)[F(x) - G(x)dx = ∫ N(x) u′ (x)[F(x) - G(x)]dx > 0 or -∫ N(x) u′ (x)[F(x) - G
(x)]dx < 0. But, we know from integrating by parts that: 

∫ ab u(x)[dF(x) - dG(x)] = -∫ N(x) u′ (x)[F(x) - G(x)]dx
 

But as the right hand side is negative, then ∫ ab u(x)dF(x) < ∫ ab u(x)dG(x), thus it is not true that F ≥ 1 G. 
Thus, F≥ 1G ⇒ F(x) ≤ G(x) for all x ∈ [a, b].♣  



  

Figure 1 - First and Second Order Stochastic Dominance 

The first order stochastic dominance criteria seems apt in comparing H with either F or G in Figure 1. 
However, note that this criteria fails when comparing the cumulative distribution functions F and G with each 
other. Obviously, neither F nor G are uniformly above each other thus it neither F dominates G nor G 
dominates F. In particular, note that below point z, F(x) ≤ G(x), whereas above point z, F(x) ≥ G(x), or [1-G(x)] 
≤ [1-F(x)]. As we cannot compare F and G according to the first order stochastic dominance criteria, then ≥ 1 
is only a partial ordering on the space of cumulative distribution functions.  

The purpose of the first order stochastic dominance is to enable us to order (if only partially) distributions 
according to their return: in other words, F >1 H implies that F is unambiguously "better" than H because it 
deposits the bulk of its probability mass at a higher return, and thus will have a higher expected return (and 
utility). But, as we see in Figure 1, we cannot compare F and G by this criteria. If z is the mean, then F and G 
have the same expected return.  

However, in Figure 1, it also seems as if the probability mass of F is "less dispersed" than G, and thus, in a 
sense, ought to be considered "less risky". An alternative criteria, then, would be argue that a particular 
distribution is better than another (at least for risk-averse people) if it has unambiguously "lower" risk. This is 
the purpose of the second order stochastic dominance criteria.  

Second order stochastic dominance criteria helps us rank distributions according to relative riskiness in terms 
of the spread of the probability mass of the cumulative density functions. In order to move in that direction, let 
us define T(x) as the area between the two curves F and G in [a, x], specifically T(x) = ∫ ax[G(t) - F(t)]dt. In 
Figure 1, we can notice that everywhere below z, G is above F, thus the area in between the curves below z 
is T1 = ∫ az[G(t) - F(t)]dt > 0. However, above z, G is below F, thus (negative of) the area between the curves 
above z is ∫ zb[G(t) - F(t)]dt < 0. But notice that T(x) is cumulative, i.e. T(x) = ∫ az[G(t) - F(t)]dt + ∫ zx[G(t) - F(t)]
dt for all x ∈ [a, b], thus we add up the areas where G is above F and subtract from it the areas where G is 
below F (note: we can allow G and F to rise above and dip below each other several times over the range). 
Thus, in Figure 1, T(y) = ∫ ay[G(t) - F(t)]dt is the sum of the areas T1 and T2 where, notice, T1 > 0 and T2 < 0. 

If T(x) ≥ 0 for all x ∈ [a, b], then the cumulative area where G is above F is greater than the area where F is 
above G, i.e. the probability mass of G is more spread out than the probability mass of F - which we may say 
implies that G is "riskier" than F - which is what we see in Figure 1. Conversely, if T(x) ≤ 0 for all x ∈ [a, b], 
then the mass of F is more spread out than G.  

[However, one must be careful here. Spread is not the same as "variance". There are many situations where 
for two distributions, F and G, the distribution F has the same mean and less variance than G and yet also 



yields lower expected utility than G. To visualize such a situation, imagine a random prospect with three 
returns (x1, x2, x3), where x1 < x2 < x3, where x2 happens to be the mean. We can decrease x1 a little and 
increase x3 a little so that we retain the same mean, and we can even reduce the probability of either x1 or x3 
occurring (and thereby increase the probability of x2) so that variance is reduced. Yet with a concave utility 
function, it is still entirely likely that expected utility is lowered as a consequence. Alternatively, imagine two 
skewed distributions with the same mean, albeit with the one with higher variance being skewed upwards and 
thus potentially preferable. Reduction in variance, keeping mean constant, does not necessarily mean a rise 
in expected utility (there are cases when a reduction in variance does increase expected utility 
unambiguously, but we must then restrict the kinds of utility functions we can accept, e.g. quadratic utility, or 
the distributions of returns must be completely describable by mean and variance).] 

We want to "rank" distributions F and G according to whether T(x) is positive or negative over the entire 
range. Thus, we now define the following:  

Second Order Stochastic Dominance: we say F dominates G according to second order 
stochastic dominance, or F ≥ 2 G, if T(x) = ∫ ax [G(t)-F(t)]dt ≥ 0 for all x ∈ [a, b]. 

Notice in Figure 1 that it is quite probable that F ≥ 2 G by this criterion, thus F dominates G according to 
second order stochastic dominance. Notice also that if T(x) compares H with F or G, then it is indeed true that 
F ≥ 2 H and G ≥ 2 H. Thus, first order stochastic dominance implies second order stochastic dominance, but 
not vice-versa. 

Proposition: Letting U1 be the set of all increasing, concave utility functions on [a, b], then F ≥ 2 
G if and only if ∫ ab u(x)dF(x) ≥ ∫ ab u(x)dG(x) for all u ∈ U1. 

Proof: Suppose F ≥ 2 G and consider ∫ ab u(x)[G(x) - F(x)]dx. Integrating by parts:
 

∫ ab u(x)[G(x) - F(x)]dx = u(x)[G(x) - F(x)]ab -∫ ab u′ (x)[G(x) - F(x)]dx.
 

as [G(x) - F(x)]ab = 0, then:
 

∫ ab u(x)[G(x) - F(x)]dx = -∫ ab u′ (x)[G(x) - F(x)]dx.
 

integrating the right-hand side by parts again: 

∫ ab u(x)[G(x) - F(x)]dx = -u′ (x)∫ ax [G(t) - F(t)]dt|ab + ∫ ab u′ ′ (x)(∫ ax[G(t) - F(t)]dt)dx
 

or, noticing that T(x) = ∫ ax [G(t) - F(t)]dt, then:
 

∫ ab u(x)[G(x) - F(x)]dx = -u′ (x)[T(x)]ab + ∫ ab u′ ′ (x)T(x)dx
 

Now, as [T(x)]ab = 0, then this reduces to:
 

∫ ab u(x)[G(x) - F(x)]dx = ∫ ab u′ ′ (x)T(x)dx ≤ 0
 

where the inequality follows from the fact that u′ ′ (x) ≤ 0 by concavity of u ∈ U1 and T(x) ≥ 0 by the 
assumption of second order stochastic dominance. Thus: 

∫ ab u(x)dF(x) ≥ ∫ ab u(x)dG(x).
 

Conversely, for the "only if" part, suppose it is not the case that F ≥ 2 G. Then there is an x0 ∈ [a, b] such that 



T(x0) < 0. By continuity, define Nε (x0) as the neighborhood around x0 where T(x) < 0 for all x ∈ Nε (x). Now, 
consider a u which is linear on [a, x0-ε ] and on [x0+ε ] and concave on Nε (x0). Recall from the earlier proof 
that: 

∫ ab u(x)[G(x) - F(x)]dx = -u′ (x)[T(x)]ab + ∫ ab u′ ′ (x)T(x)dx
 

thus as u′ ′ (x) = 0 for all x ∉ Nε (x0) and [T(x)]ab = 0, then:
 

∫ ab u(x)[G(x) - F(x)]dx = ∫ N(x) u′ ′ (x)T(x)dx
 

As u′ ′ (x) ≤ 0 for x ∈ Nε (x) and T(x) < 0 by hypothesis, then ∫ ab u(x)[G(x) - F(x)]dx > 0 as a result, or not ∫ ab 
u(x)F(x)dx > ∫ ab u(x)G(x)dx. Thus, ∫ ab u(x)dF(x) > ∫ abu(x)dG(x) implies F ≥ 2 G.♣  

(B) The Characterization of Increasing Risk 

Let us now turn to the definition of "riskiness". A series of similar definitions was pursued independently by J. 
Hadar and W. Russell (1969), G. Hanoch and H. Levy (1969) and, perhaps most famously, Michael 
Rothschild and Joseph E. Stiglitz (1970, 1971). The first definition we would like apply is almost behavioral in 
its implications. Namely, we can say that a distribution G is "riskier" than a distribution F if risk-averters prefer 
F to G. A risk-averter, recall, has a concave utility function, u ∈ U1. Thus, we would like to use the following 
definition (µ F is the mean of distribution F): 

Riskiness (R.1): F is less risky than G if µ F = µ G but for every u ∈ U1, ∫ u(x)dF(x) ≥ ∫ u(x)dG(x).
 

In other words, a distribution G is riskier than F if, controlling for the same expected value (µ F = µ G), the 
expected utility of F is greater than the expected utility of G of risk-averse agents (u ∈ U1 implies u concave).  

Another notion of higher risk is the Rothschild and Stiglitz (1970) idea of a mean-preserving increase in 
spread (MPIS). This means that given a distribution F, we construct another distribution G by "increasing" the 
spread, i.e. moving mass away from the center of the distribution to its tails in a manner such that the mean 
remains the same. This is depicted in Figure 2. Moving from F to G, we have "fattened" the tails but 
maintained the same mean µ F and µ G, thus a move from F to G is a MPIS. Of course, in Figure 2, H is not a 
mean-preserving increase in spread on either F nor G as the mean of H (µ H) is below that of G and F. Notice 
that for distribution J, a move from F to J is a MPIS as spread increases and µ J = µ F, but a move from G to J 
is not MPIS because even though the mean is preserved (µ J = µ G), the spread has not increased for all x. 
Thus, a MPIS move from any distribution to another implies there is a single-crossing property between the 
distributions, i.e. they cross only once - and that is at the mean. In Figure 2, J crosses F only once, but it 
crosses G at several points. 



 

Figure 2 - Mean-Preserving Increase in Spread 

The MPIS of Rothschild-Stiglitz (1970) implies another definition of riskiness, namely F is less risky that G if G 
is generated by an mean-preserving increase in spread on F, i.e. 

Riskiness (R.2): F is less risky than G if the following two conditions hold: 

(i) T(b) = ∫ ab[G(x)-F(x)]dx = 0 (mean-preservation)
 

(ii) T(y) = ∫ ay[G(x)-F(x)]dx ≥ 0 (increase in spread)
 

We actually ought to verify that T(b) = 0 implies equality of mean. Specifically: 

Proposition: T(b) = ∫ ab[G(x) - F(x)]dx = 0 ⇔ µ F = µ G

 

Proof: Note that if T(b) = 0, then ∫ ab[G(x) - F(x)dx = 0. Or, integrating by parts:
 

∫ ab[G(x) - F(x)]dx = x[G(x)-F(x)]|ab - ∫ ab x[G′ (x) - F′ (x)]dx
 

= - ∫ ab x[G′ (x) - F′ (x)]dx
 

= - ∫ ab x[g(x) - ƒ (x)]dx
 

= -(µ G - µ F) = 0
 

as µ F = ∫ abxƒ (x)dx and µ G = ∫ abxg(x)dx and ƒ = F′ and g = G′ are probability distributions. The converse 
applies in reverse.♣  

Thus, the first part of the (R.2) definition of riskiness, T(b) = 0, implies the preservation of mean while the 
second part, T(y) ≥ 0, refers to the increase in spread. Notice that we do not make use of "utility" in this 
definition thus it may seem "less" behavioral than the previous (R.1) definition. However, they lead to the 
same result, namely: 

Theorem: F is less risky than G by the first definition (R.1) if and only if F is less risky than G by 



the second definition (R.2). 

Proof: The proof is the same as the proof of second-order stochastic dominance in the previous section, only 
now we add T(b) = 0 in addendum.♣  

Notice the implication that the MPIS criteria effectively implies second order stochastic dominance and, if we 
confine our attention to distributions with the same mean, second order stochastic dominance implies MPIS. 
This is evident from Figure 2: by the MPIS criteria, we cannot compare distributions G and J, but we can by 
the second-order stochastic dominance criteria. Specifically, note that T(b) = ∫ ab[J(x) - G(x)]dx is the 
difference between the lightly-shaded areas (where J lies above G) and the darkly-shaded areas (where G 
lies above J). Thus, if the sum of the lightly-shaded areas are greater than the sum of the darkly shaded 
areas, then T(b) > 0 and J is said to dominate G by second-order stochastic dominance. Thus, by imposing T
(b) = 0, we are omitting comparisons along these lines - and thus we obtain the single-crossing property and 
our definition of MPIS. 

Finally, we provide the third definition of riskiness, also due to Rothschild-Stiglitz 

Riskiness (R.3): The random variable y is riskier than random variable x if there is a random 
variable ε such that y = x + ε and E[ε |x] = 0 for all x. 

Thus, we construct random variable y from x by adding an extra degree of riskiness or "noise", ε , to the 
outcomes of x. In this case, y is unambiguously riskier than ε . One can visualize that if F is the distribution 
associated with random variable x and G is the distribution of random variable y, then G is a mean-preserving 
increase in spread on F. Thus, as Rothschild and Stiglitz (1970) prove (although the proof stretches back to 
Hardy, Littlewood and Polya in the 1930s), the three definitions of riskiness are equivalent. In short, increasing 
risk is what risk-averters dislike (R.1), the movement of probability mass from center of a distribution to its tails 
(definition R.2) and the adding of noise to a random variable (definition R.3).  

(C) Application: Portfolio Allocation 

With the definition of riskiness in hand, let us consider the old portfolio allocation problem where agents 
choose their optimal portfolio allocation α * between a riskless asset with no return and a risky asset with 
return x and E(x) > 0. Recall that we showed that in such a case, more risk-averse agents will choose a 
smaller α *. Consequently, we would like to hypothesize that if the risky asset became riskier by a mean-
preserving increase in spread, then a risk-averse agent would move away from it, i.e. the optimal portfolio 
allocation α * would decline. Unfortunately, as we shall see, that is not necessarily true. Increases in risk may 
decrease expected utility, but that does not mean that α * declines. 

To see this, consider the following. Normalizing initial wealth w = 1, then the agent's consumer's optimal 
portfolio decision α * is made by maximizing expected utility E[u(1+α x)] where x is the return on the risky 
asset. The first order conditions for a maximum imply: 

∂ E[·]/∂ α = E[u′ (1-α x)·x] = 0 

or assuming the risky asset can take a continuum of values in a closed interval [a, b] ⊂ R and is characterized 
by the cumulative distribution F, then this becomes 

∫ ab [u′ (1-α x)·x]dF(x) = 0
 

Now, let us define: 

H(·, r) = (1-r)F(·) + rG(·)  

where r ∈ [0, 1]. Thus, H(·, r) generates a family of distributions where, if r = 0, then H(·, r) = F(·) and if r = 1, 
then H(·, r) = G(·). Let G be "more risky" than F, in other words, G is a mean-preserving increase in spread 
over F. Then the family generated by H(·, r) as r goes from 0 to 1 is a linear path or sequence of riskier (MPIS) 
distributions from F to G. Consider now the following: 

Theorem: If marginal utility uα(·) is concave in x (i.e. uαxx < 0), then an increase in riskiness (i.e. 



a rise in r), will lead to a reduction in the proportion of a portfolio allocated to the risky asset, i.e. 
dα */dr < 0. 

Proof: For any distribution H(x, r) we have the first order condition: 

∫ ab [u′ (1-α x)·x]dH(x, r) = 0
 

where, again, if r = 0, then H(x, r) = F(x) and if r = 1, then H(x, r) = G(x). As different α are generated for 
different distributions, we see, then, that α will be some function of r. To make our notation compact, let u(1-α 
x) = u(α , x) and thus uα(α , x) = u′ (1-α x)·x and uαα (α , x) = u′ ′ (1-α x)·x2. Now, totally differentiating the first 
order condition at α *: 

[∫ ab uαα (α *, x)dH(x, r)]dα + [∫ ab uα (α *, x)dHr(x, r)]dr = 0
 

or: 

dα */dr = - [∫ ab uα (α *, x)dHr(x, r)]/[∫ ab uαα   (α *, x)dH(x, r)]
 

Now, Hr(x, r) = dH(x, r)/dr = -dF(x) + dG(x) or simply:
 

Hr(x, r) = d[G(x) - F(x)]
 

As a result: 

dα */dr = - [∫ ab uα (α *, x)d[G(x) - F(x)]]/[∫ ab uαα(α *, x)dH(x, r)]
 

Now the denominator is clear enough: as uαα   < 0 by the concavity of u, then the denominator is negative. 
The numerator is more complicated. We know also that uα  > 0, but we do not know the implications of d[G(x) 
- F(x)] on the sign. So, integrating the (negative of the) numerator by parts, we obtain: 

∫ ab uα (α *, x)d[G(x) - F(x)] = uα (α *, x)[G(x) - F(x)]|ab - ∫ ab uαx(α *, x)[G(x) - F(x)] dx
 

where as the first term [G(x)-F(x)]|ab = 0, then:
 

∫ ab uα (α *, x)d[G(x) - F(x)] = - ∫ ab uαx(α *, x)[G(x) - F(x)]dx
 

The term uα x(α *, x) is the derivative of marginal utility with respect to x. Now, integrating the right-hand side 
by parts: 

∫ ab uα (α *, x)d[G(x) - F(x)] = -uαx(α *, x)(∫ ax[G(t) - F(t)]dt)|ab + ∫ ab[uαxx (α *, x) ∫ ax[G(t) - F(t)]
dt]dx. 

or, as (∫ ax[G(t) - F(t)]dt)|ab = T(b) = 0 by the assumption of MPIS and ∫ ax[G(t) - F(t)]dt] = T(x), then this 
becomes: 

∫ ab uα (α *, x)d[G(x) - F(x)] = ∫ ab[uαxx(α *, x)T(x)]dx.
 

As G(x) is an MPIS on F(x), then we know that T(x) > 0. But what about uαxx? If we assume that marginal 
utility is concave in x, then uαxx < 0. If this is true, then ∫ ab uα(α *, x)d[G(x) - F(x)] < 0 and so the numerator is 
positive, so, in conclusion, term dα */dr > 0, i.e. an increase in risk defined via MPIS will lead to a reduction in 
investment in the risky asset.♣  



The question that imposes itself here, of course, is what economically-intuitive conditions on behavior 
guarantee that marginal utility is concave in x? None, really. Neither risk aversion, nor increasing/decreasing 
absolute risk aversion, nor much of anything else yields us uαxx < 0. Taking our explicit form, we can see that: 

u = u(w + α wx) ≥ 0  

uα = u′ (w+α wx)·wx > 0
 

uαx = u′ ′ (w+α wx)α w2x + u′ (w+α wx)w 
 

uαxx  = u′ ′ ′ (w+α wx)α 2w3x + 2u′ ′ (w+α wx)α x2
 

we are certain that the last part of the last term 2u′ ′ (w+α wx)α x2 is negative, but we have no assumptions 
on the third derivative of the utility function (u′ ′ ′ ) we need to derive the concavity of marginal utility.  

To see that assuming decreasing absolute risk aversion (DARA) does not help us, recall that DARA says d[-u′ 
′ (w)/u′ (w)]/dw < 0 or: 

d[-u′ ′ (w)/u′ (w)]/dw = [-u′ (w)u′ ′ ′ (w) + u′ ′ (w)2]/u′ (w)2 < 0
 

where we see the third derivative u′ ′ ′ (w). Now, the denominator is positive, thus the numerator must be 
negative, which implies that u′ ′ ′ (w) > 0. This is great, but that does not help us to find the sign of uαxx. Why? 
Because uαxx = u′ ′ ′ (w+α wx)α 2w3x + 2u′ ′ (w+α wx)α x2, but the rightmost term is negative; thus having 
found that u′ ′ ′ (w) > 0 via DARA only tells us we are adding a positive to a negative. That is not enough to tell 
whether uαxx is positive or negative. Might increasing absolute risk-aversion help? Not quite. All that IARA 
implies is that u′ ′ (w)2 > u′ (w)u′ ′ ′ (w). As u′ ′ (w)2 > 0 and u′ (w) > 0, then u′ ′ ′ (w) can now be either 
positive or negative to fulfill IARA. Thus we now can't get u′ ′ ′ and thus have even less hope of establishing 
the sign of uαxx. In sum, economic reasoning is of little assistance. We simply have to make an exogenous 
assumption that uα is concave in x. 

(D) Alternative Measures of Increasing Risk 

An alternative characterization of increasing risk was provided by Peter Diamond and Joseph E. Stiglitz 
(1974) in the form of mean utility-preserving increase in spread (MUPIS). This can be visualized by appealing 
to the two-state diagram in Figure 3. Suppose we begin at certain allocation W. Notice that we have two 
indifference curves passing through W: u0 and v where, notice, v is more convex than u, thus v is more risk-
averse. Now, if we attempted a mean-preserving increase in risk (MPIS) that would involve a straight-line 
movement from W to a point such as W+ε and this movement would have a slope of -p/(1-p). However, 
instead of doing this, let us instead move to a point such as A. The movement from W to A is an increase in 
risk as we are moving away from the certainty line, but it is not a "mean-preserving" increase because the 
movement from W to A is not at angle -p/(1-p). However, notice that at A, the utility of the more risk-averse 
agent is lower (at v′ ) but that of the less risk-averse agent remains the same at A as it was at W, i.e. it stays 
at u0.  



 

Figure 3 - Mean Utility-Preserving Increase in Spread 

However, from the point of view of agent u0, the movement from W to A is a mean utility preserving increase 
in spread, or a MUPIS. Why? It is obvious that expected utility is the same, but expected return is higher, as 
we can see by the intersection of the -p/(1-p) curve at point A. Thus, it is as if we using a higher expected 
return to compensate agent u0 for the loss in utility that arises from the increase in risk - so his expected utility 
remains the same. Of course, from the perspective of agent v, the movement from W to A is a mean-utility 
decreasing increase in spread.  

The basic idea behind  Diamond and  Stiglitz (1974) is to exploit this notion. Now if w is a random variable, we 
know that as a consequence, u(w) is a random variable as well. If F(x) is the distribution of random variable w, 
then, correspondingly, we can posit Φ (u) as the related distribution of random variable u(w). Consequently, 
we can define a MUPIS by using the definition of MPIS but only replacing distributions F(x) and G(x) with 
analogous Φ (u) and Γ (u). It is easy to note that F(x) = Φ (u(x)), where, note, F = Φ ° u, thus Φ is some 
transformation of u which makes it equal to the distribution of the random variable, F. 

As x ∈ [0, 1], then we can normalize u via some projection of von Neumann-Morgenstern utility so that u ∈ (0, 
1), thus x and u are defined over the same interval [a, b]. Thus we can now define a mean utility preserving 
increase in spread (MUPIS) as follows: 

(i) ∫ ab[Γ (u) - Φ (u)]du = 0 (preservation of mean utility)
 

(ii) ∫ ay[Γ (u) - Φ (u)]du ≥ 0 (increase in spread)
 

where we can immediately note the analogue with MPIS, thus Γ is riskier than Φ in the MUPIS sense. 
However, F = Φ ° u, then, by an appropriate change of variable technique, we can rewrite the MUPIS 
conditions as: 

(i) ∫ ab u′ (x)[G(x) - F(x)]dx = 0
 

(ii) ∫ ayu′ (x)[G(x) - F(x)]dx ≥ 0
 

where u′ (x) is marginal utility.  



Let us now turn to the mean utility decreasing increase in spread for the more risk-averse agent v. Letting v = 
T(u(x)) where T is concave because v is more risk-averse than u, then we know that agent v's change in 
expected utility can be written: 

∫ ab v(x)[G(x) - F(x)]dx = ∫ ab T(u(x))[G(x) - F(x)]dx
 

or, integrating the right-hand side by parts: 

∫ ab v(x)[G(x) - F(x)]dx = T(u(x))[G(x)-F(x)]|ab - ∫ ab T′ (u(x))u′ (x)[G(x)-F(x)]dx
 

Or, as [G(x)-F(x)]|ab = 0, then this reduces to:
 

∫ ab v(x)[G(x) - F(x)]dx = - ∫ ab T′ (u(x))u′ (x)[G(x)-F(x)]dx
 

By now we should have learnt that whenever we are in a fix, we should integrate by parts again - and thus we 
do so: 

∫ ab v(x)[G(x) - F(x)]dx = - T′ (u(x))[∫ ay u′ (t)[G(t)-F(t)]dt]|ab + ∫ ab T′ ′ (u(x))u′ (x)[∫ ax u′ (t)(G(t)-F
(t))dt]dx 

Now, we know by condition (i) of MUPIS that [∫ ay u′ (t)[G(t)-F(t)]dt]|ab = 0, thus we are left with:
 

∫ ab v(x)[G(x) - F(x)]dx = ∫ ab T′ ′ (u(x))u′ (x)[∫ ax u′ (t)(G(t)-F(t))dt]dx
 

Now, T′ ′ (·) < 0 by concavity (from the greater risk-aversion of v), u′ (x) by assumption so, finally, by condition 
(ii) of MUPIS, we know that [∫ ax u′ (t)(G(t)-F(t))dt] ≥ 0. Thus the whole term is negative, i.e.  

∫ ab v(x)dG(x) < ∫ ab v(x)dF(x)
 

so a mean utility-preserving increase in spread for u leads to a mean utility-decreasing increase in spread for 
v.  Diamond and  Stiglitz (1974) use this relationship, in fact, to provide another definition of risk-aversion, i.e. 
v is more risk-averse than u if an increase in spread that maintains expected utility of u implies that the 
expected utility of v is lower. 
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