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VaR and Omega Measures 
for Hedge Funds Portfolios:
A COPULA APPROACH

F or the multivariate normal distribution, the well-
known correlation Pearson coeffi cient characterizes 
the dependency (or not) between two random vari-

ables. However, this measure is not suffi cient to describe 
precisely the dependence structure, as shown by Embrechts 
et al (1998). Additionally, it is not invariant under nonlinear 
strictly increasing transformations (see Lindskog, 2000). 
Empirical studies show that the assumption of normality 
in return distribution is not justifi ed when dealing with 
hedge funds, which have signifi cant positive or negative 
skewness and high kurtosis (see Fung and Hsieh, 1997; 
Ackerman et al., 1999; Brown et al., 1999; Caglayan and 
Edwards, 2001; Bacmann and Scholz, 2003; Agarwal and 
Naik, 2004,…). Since hedge fund returns generally are not 
Gaussian, portfolio returns including such funds also are 
not Gaussian. In this case, statistical dependence measures 
must not only take account of marginal distributions and 
of their correlations but also of the whole dependence 
structure. Thus, other dependence measures have to be 
introduced, for instance the rank correlation defi ned by 
Spearman or the Kendall’s tau. A rather popular method 
has been recently used intensively: the copula approach 
(see Embrechts et al., 1999). The copula is a statistical tool 
which allows the aggregation of marginal distributions: 
for any given marginal cumulative distribution functions 
(cdf ), the copula associates the corresponding cdf of the 
random vector. Sklar (1959) proves that such representa-
tion of the vector cdf from its marginal cdf always exists. 
Recently, many applications of the copula approach have 
been used in fi nance and risk management. Schlogell and 
O’Kane (2005) model the portfolio loss distribution by 
a Student t-copula and compare the Value-at-Risk (VaR) 
implied by the so called t-copula to the VaR obtained by 
using the Gaussian copula. Lauprete et al. (2002) show 
how the problem of estimating risk-minimizing portfolio 
is infl uenced by marginal heavy tails, when it is modelled 
by the univariate Student-t distribution, and multivari-
ate tail-dependence, when it is modelled by the copula 
of a multivariate Student-t distribution. Malevergne and 

Sornette (2005) test dependence structure for pairs of 
currencies and pairs of major stocks. They fi nd that the 
Gaussian copula hypothesis can be accepted, while this 
hypothesis can be rejected for the dependence between 
pairs of commodities.

One of the main problems posed by this approach is 
the choice of the most adequate copula to represent the 
multivariate distribution, as illustrated by Genest and 
Rivest (1993). The assumption of independence of hedge 
fund returns is a strong hypothesis that must be carefully 
tested. When it is rejected, the choice of the dependence 
structure can have a signifi cant infl uence on performance 
measures, such as VaR, CVaR and Omega measures. Sev-
eral copula classes can be considered: Gaussian copula, 
Student copula and Archimedean copula such as those 
of Gumbel, Frank or Clayton. Due to their tractability 
(explicit form, easy numerical computation), Archime-
dean copula are often used as mentioned by Genest and 
Mac Kay (1986). There exist several methods to iden-
tify the best copula. One of them is based on graphics 
and provides a fi rst idea about the copula that best fi ts 
the data. It is based on Kendall function (see Genest 
and Rivest, 1993). The second one is based on copula 
adequacy tests. It involves two statistics: the fi rst one 
is defi ned from Cramer-von Mises distance; the second 
one involves the Kolmogorov-Smirnov distance. The 
method consists in computing these two statistics and 
comparing them to the corresponding ones associated 
to given p-values. Genest et al. (2006) have shown how 
to determine the asymptotic threshold of these two tests, 
using asymmetric bootstrap of goodness-of-fi t statistics. 
The adequacy of such method has been proved in Genest 
and Rémillard (2008).

In this paper, we use copula theory to get more accu-
rate estimations of hedge fund returns, then of funds 
of hedge funds. As a by-product, we provide a survey of 
recent results about copula theory, in particular about 
goodness-of-fi t tests. To test empirically the effi ciency of 
such methodology, we examine the dependence structure 
of three hedge funds indices: the Event Driven, Long/
Short and Managed Futures. The time period of the 
analysis lies between December 1993 and October 2008. 
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For each of these indices, fi rst we provide the estima-
tion of its main statistical properties. Then, we estimate 
parametric copula that best fi t the data. Finally, we apply 
previous results to examine the return distribution of 
some given portfolios. These latter ones are the equally 
weighted and four optimal portfolios corresponding 
to the static maximization of four performance meas-
ures, the Return-on-VaR (RoVaR), the Return-on-CVaR 
(RoCVaR), the Sharpe and Omega ratios, considered in 
Kaffel, Hentati and Prigent (2010). We examine these 
latter ones to show how the choice of performance 
measure can infl uence the ranking of hedge fund port-
folios (see Eling and Schumacher (2007) for such study 
of individual hedge funds). 

The paper is organized as follows. Section I provides an 
overview of main defi nitions and properties of copula. 
Results about dependence structure determination are 
detailed, such as goodness-of-fi t tests. Section II con-
tains the main empirical results about the assets and 
the portfolio return distributions. The fi rst step con-
sists in correcting smoothed data as in Geltner (1993) 
and Gallais-Hamonno and Nguyen (2008), based on 
autocorrelation analysis. Then, we fi t marginal distribu-
tions of each of index return. Second step concerns the 
determination of the dependence structure via copula. 
We implement goodness-of-fi t tests to insure the ade-
quacy of selected copula. Finally, we illustrate how this 
statistical approach allows better estimation of risk and 
performance measures of portfolios.

I. Fitting with copula ■

Copulas provide a convenient tool to formulate multidi-
mensional distributions. A copula is a function that allows 
combining marginal distributions into the multivariate 
distribution. The Sklar’s theorem (1959) proves the one-
to-one correspondence between the copula function and 
the multivariate distribution function.

Theorem (Sklar 1959)

Let F be a multidimensional cumulative distribution function 
(cdf) with marginal cdf F
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d
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One of the main interesting properties of the copulas is 
the invariance. It means that, if X

1
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2
 are two continu-

ous random variables and F
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I.1. ARCHIMEDEAN COPULAS

The term “Archimedean copula” fi rst appeared in the 
statistical literature in Ling (1965). Archimedean copulas 
are not Gaussian. They can exhibit upper and/or lower 
tail dependence. Therefore, they can better fi t fi nancial 
and credit market data than usual Gaussian copula. 
They are widely applied since they are tractable, provide 
a large variety of dependence structures, and have other 
nice properties.1 The three basic Archimedean copulas 
are: the Frank, Gumbel and Clayton copulas. The Frank 
copula models positive dependences as well as nega-
tive ones. The Gumbel copula can only model positive 
dependences. It allows the risk modeling of upper tails 
of the distribution. As well as Frank structure, Gumble 
copula is also asymmetric, with more weight in the right 
tail (see Embrechts et al., 1988). Thus, it is adapted to 
fi nance analysis when extreme events occur, for exam-
ple when examining fi nancial credit risks. The Clayton 
copula cannot take account of positive dependence but 

Figure 1. Archimedean Copulas
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it is able to model dependence of random events of weak 
intensity.2

Figure 1 Illustrates the different contours of probability 
density functions (pdf ) corresponding to these three 
copulas (bivariate case).

I.2. DEPENDENCE 
STRUCTURE DETERMINATION
In this section, we present the notion of goodness-of-

fi t test and the accurate determination of dependence 
structure.

I.2.1. Goodness-of-fi t tests
Suitable tests for copulas must be introduced to jus-

tify the choice of one particular dependence structure. 
Genest and Rivest (1993) propose an initial identifi ca-
tion method based on the so-called Kendall function, 
defi ned as follows:

  
K t( ) = P F X

k,1
,...,X

k,d( ) ≤ t⎡
⎣

⎤
⎦ ,0 ≤ t ≤ 1

It means that K is the cdf of F(X) itself. Under mild 
assumptions on the families of multidimensional dis-
tributions, function K characterizes the dependence 
structure. The introduction of this function allows also 
the reduction of the d-dimensional statistical procedure 
to a single one. Additionally, we can apply usual results 
about approximations of a given cdf (here, K itself ) to test 
the copula adequacy. This is one of the main advantages 
provided by this function.

Introduce the function K
n
 is defi ned by:

  
K

n
t( ) =

1

n
card k ≤ n /V

k,n
≤ t{ },0 ≤ t ≤ 1,

where

V
k,n

=
1

n
card l ≠ k / X

l ,i
≤ X

k,i
, for all 1 ≤ i ≤ d{ }.

Thus, the function K
n
 is the empirical distribution of 

the random variables V
k,n

 (see Barbe, Genest, Goudi 
and Rémillard, 1996). Then, the Kendall’s process K

n
 

is defi ned by:

K
n

t( ) = n K
n

t( ) − K t( ){ },  for any   0 ≤ t ≤ 1.

The Kendall’s process has been used in Wang and Wells 
(2000). They have determined a process for selecting an 
Archimedean copula for censored bivariate data. This 
process consists in measuring the distance between X 
and Y under the null hypothesis that copula C belongs 
to a given parametric family.

The fi rst adequacy test is based on a truncated version 
of the Kendall’s process:

   
Sς

n
= K

n
t( )⎡⎣ ⎤⎦

2
dt ; ς >

ς

1

∫ 0.

A second adequacy test has been introduced by Genest 
et al. (2006). They calculate a threshold observed from 
two asymptotic suitability tests: S

n
 and T

n
. The calcula-

tion of the asymptotic value is based on parametric sta-

tistics bootstraps S
n
 and T

n
. For example, to model the 

dependency structure of underlying given observations, 
it is assumed that they belong to a parametric copula 
family C = (Cθ) 

characterized by the parameter θ. It is 
also generally assumed that the parameters θn converge 
to the true value of the parameter θ. It is a semi-parame-
tric approach. Indeed, although the family of possible 
models is being imposed, no assumption is made on 
the margins. A third adequacy test has been proposed 
by Scaillet (2007), Fermanian (2005). This test is based 
on the integrated square difference between a kernel 
estimator of the copula density and a kernel smoothed 
estimator of the parametric copula density. They proved 
that, for fi xed smoothing parameters, the test is consis-
tent and that the asymptotic properties are driven by a 
U-statistic of order 4 with degeneracy of order 3. In this 
paper, two methods are used to justify the choice of the 
structure of dependency: chart identifi cation based on 
the Kendall’s function and then an adequacy test based 
on the bootstrap method.

I.2.2. Determination of the structure 
of dependence according 
to the Kendall’s process
Here, X

1
, X

2
,..., X

m
 denote the return vectors of funds. 

We assume that the Kendall function K is parameteri-
zed by θ.

The selection of the best Archimedean copula is based 
on the comparison between the two functions K

n
(t) and 

K(θ
n
, t), where K(θ

n
, t) corresponds to the function K(θ, t) 

evaluated at the parameter θ
n
, which is an estimator of 

the true value θ.
Genest and Rivest (1993) propose a fi rst method to 

select the best Archimedean copula based on a graphic 
comparison between the parametric function K(θ

n
, t)

 

and the non-parametric function K
n
(t).

In addition to the previous chart identifi cation, a second 
method can be used. This later one is based on a adequacy 
test which involves the Kendall’s process. It corresponds 
to the minimization of the distance between K

n
(t) and 

K(θ
n
, t) which ensures the selection of the best depen-

dence structure. This distance is the sum of the squared 
distances between points of the different functions K

n
(t) 

and K(θ
n
, t):

  
D = K

n
t( ) − K θ

n
,t( )⎡⎣ ⎤⎦∑

2

For Archimedean copulas with generator φ, Genest and 
Rivest (1993) show that for d = 2 we have:

K t( ) = t −
φ t( )
ʹφ t( )

,∀t ∈ 0,1⎤⎦(

Hence, for arbitrary t
0
∈R:

φ t( ) = exp
1

s − K s( )
ds

t
0

t

∫
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
,

Table 1 summarizes the expression of the different Archi-
medean copula functions K(θ,t) that we investigate.
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However, Barbe et al. (1996) have shown that the Ken-
dall’s process converges slowly. Thus, several suitability 
tests of the parametric copula have to be considered in 
addition to empirical copulas that are proposed. Additio-
nally, statistical tests such as those of Cramer von Mises 
and Kolmogorov-Smirnov would be considered.

I.2.3. Goodness-of-fi t for copulas
The objective of this section is to determine whether the 

underlying copula associated to a population belongs to 
a given parametric family C = Cθ( ). This can be formu-
lated as follows:

   
H

0
: C ∈C et H

1
: C ∉C

Cramer-von Mises and Kolmogorov-Smirnov statistics 
are defi ned by:

  
S

n
= K

n
2k θ

n
,t( )dt,

0

1

∫
where k θ

n
,t( )  is the density function associated to

K θ
n
,t( ).

   
T

n
= sup

0≤t≤1
K

n
t( )

Since the distributions of S and T are not explicit and 
depend on the unknown value of θ, the self sampling (or 
parametric bootstrap) is chosen in order to calculate the 
correct asymptotic value for tests based on S

n
 and T

n
. The 

test process would reject the null hypothesis H
0 
: C ∈ C 

if the observed values of S
n
 and T

n are higher than the 
percentile 100 (1 – α)% of their distributions. Calculations 
show that the statistics S

n
 and T

n
 are defi ned by:
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Computing p-values for any statistical test based on the 
empirical process K

n
 requires to generate a large number N 

of independent samples of size n from C
n
 and to compute 

the corresponding values of the selected statistic, such 
as S

n
 or T

n
. In the former case, for example, the method 

would work as follows (see Genest and Rémillard, 2008; 
Fermanian, 2005):

Step 1: Estimate  ■ θn by a consistent estimator.
 Step 2: Generate  ■ N random samples of size n from C

n
 

and, for each of these samples, estimate by the same 
method as before. Then determine the value of the 
statistical test.
 Step 3: If  ■ S

1:N
* ≤ ... ≤ S

N :N
* denote the ordered values 

of the statistical test calculated in Step 2, an estimate
of the critical value of the test at level α based on S

n is

given by S
1−α( )N⎡⎣ ⎤⎦:N

*  and 
  

1

N
number j : S

j
* ≥ S

n{ }
will be the p-value of the generated value Sn.

II. Empirical framework ■

The empirical part is structured as follows: fi rst, we 
describe statistically the three indices studied. We begin 
by analyzing autocorrelation to correct data that are 
smoothed due to manipulations by hedge fund mana-
gers. Then, we estimate the marginal distributions. 
The choice of the best parametric distributions will 
be included in the calculation of risk and performance 
measures in the last section (section II.3). Thereafter, 
we study the dependence structure. Finally, we search 
for the best dependence structure using graphical and 
semi parametric methods. Our aim is to estimate accu-
rately distribution functions of various portfolio returns, 
using copulas. These portfolios are respectively the 
equally weighted portfolio and those which are opti-
mal according to four performance measures: Sharpe, 
Return on VaR, Return on CVaR and Omega ratio (see 
Hentati et al., 2010).3

II.1. DATA DESCRIPTION 
AND ESTIMATION 
OF MARGINAL DISTRIBUTIONS
We use monthly returns of hedge fund style indices pro-

vided by CSFB/Tremont. These styles are: Event  Driven, 

Table 1. Generator and Kendall’s function of basic Archimedean copulas

φθ t( ) K θ,t( )
Clayton

t−θ − 1

θ
t 1 +

1

θ

⎛

⎝⎜
⎞

⎠⎟
− tθ+1

Frank

  

− ln
1 − e−θ

1 − e−θ
t +

1

θ
1 − eθt( )ln 1 − eθt( ) / 1 − eθ( )⎡

⎣
⎤
⎦

Gumbel

  

ln

1

θ 1

t

⎛

⎝⎜
⎞

⎠⎟
t − t / θ ln t( )( )
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Long/Short Equity and Managed Futures. Monthly returns 
are expressed in US Dollar and recorded on the period 
from December 1993 to October 2008. The choice of 
these three indices relies on the following reason: they 
represent the main alternative strategies in term of total 
assets under management, excluding funds of funds, 
(long/short equity 27%, Even Driven and Futures with 
almost 7% each one).

Event Driven and L/S Equity indices delivered higher 
returns over the period. Hedge fund indices have exhibi-
ted different performance profi les through the two main 
fi nancial crisis periods (2000-02 and 2007-08).

II.1.1. Unsmoothing 
hedge fund return series
In what follows, we analyze autocorrelation to correct 

smoothed data effect induced by hedge fund mana-
gers. According to the empirical literature, most of 
hedge fund indices have a strong positive 1st order auto-
 correlation.

Lo (2002) considers that the presence of a positive auto-
correlation of monthly returns of some hedge funds may 
generate an overestimation of the Sharpe ratio by 65%. 
To correct the autocorrelation of order 1, we suggest 
using the transformation proposed by Geltner (1993) and 
Gallais-Hammono (2008). It generates a new series of 
returns by eliminating the identifi ed auto-correlation. It 
is obtained by applying the following formula:

R
t

=
R

t
* − αR

t−1
*

1 − α

where R
t
 is the new series of return corrected from the 

1st order autocorrelation, α is the 1st order autocorrela-
tion coeffi cient and R

t
* is the observed series of return. 

Okunev and White (2003) propose to extend the method 
proposed by Geltner (1993) to higher order correlation. 
Graphically, partial auto-correlogram function (PACF) 
is used to determine the p-order of the autoregressive 
model AR(p). The 95% confi dence interval values are 
reported in order to visually test the relevance of the 
calculated coeffi cients. Thus, to test the existence of 
serial correlations, partial auto-correlograms of the three 
indices are plotted. The auto-correlograms (see Figure 2) 
confi rmed the presence of 1st order serial correlation for 
the indices L/S Equity and Event Driven. However, for the 
Managed Future Index, the PACF decreases to 0 for lags 
greater than 2. We will therefore model the Index Futures 
with a AR (2) process.

We calculate some statistics to justify the choice of the 
best AR(p) process. Student Statistic test (t-Statistic) is 
used to test the signifi cance of the regression coeffi cients. 
We test for each coeffi cient, H0: β

i
 = 0 against the alterna-

tive hypothesis H
1
: β

i
 = 1. 

The statistics should be compared with the quantiles 
of the Student distribution with n-p degrees of freedom. 
Results show that we can accept a model AR(1) for the 

Table 2. Summary of indices average attributes. 
Sample period:Dec 93-Oct08

Event Driven Long/Short Futures
Average monthly return 0,008 0,008 0,006

Median 0,012 0,008 0,008
Maximum 0,047 0,143 0,179
Minimum – 0,185 – 0,148 – 0,182
Std 0,025 0,037 0,067
Skewness – 3,008 – 0,008 – 0,235
Excess-Kurtosis 21,63 5,812 3,158  

Figure 2. Autocorrelograms of the 3 indices



Bankers, Markets & Investors nº 110 january-february 201156

VAR AND OMEGA MEASURES FOR HEDGE FUNDS PORTFOLIOS: A COPULA APPROACH

Event Driven index since t-statistic is clearly higher than 
t-theoretic (5.01>>1.96). The hypothesis H0 is rejected 
and coeffi cient β

1
 is signifi cantly different from zero (it 

is equal to 0.136). Similarly, we have 2.92 vs 1.96, which 
allows us to validate the choice of model AR(1) for the 
index Long/Short and β

2
.is equal to 0.22. Finally, the 

model AR (2) fi ts well to the Managed Future Index (1.69% 
<5% and |– 2.41 |> 1.96). Coeffi cients are β

1 
= 0.07 and 

β
2 

= – 0.18. 
Using previous results, we apply corrections suggested 

by Geltner (1993) for the Event Driven and Long/Short 
indices, and those of Okunev and White (2003) for Man-
aged Futures.

II.1.2. Marginal distributions

In this section, we estimate marginal distributions 
by searching the families of distributions that best fi t 
the fi nancial data. We begin by testing the normality 
assumption.

As expected, Event Driven and L/S Equity indices return 
distributions diverge from Normal distribution (according 
to Jarque-Bera test). The Normal Distribution assump-
tion is not rejected for the Managed Futures index. Null 

hypothesis is accepted at a 99% confi dence level. For the 
Event Driven and Long/Short indices, since the critical 
value (CV) is smaller than the statistical value (JBSTAT) 
(5,9915 <1974, 1 and 5, 9915 < 80,724), the test of Jarque-
Bera confi rms the rejection of the normality assumption. 
In addition, the kurtosis of these two indices is respectively 
equal to 21.10 and 6.45.

Thereafter, the best marginal parametric distribution 
fi t is calculated for the three indices, using the following 
distributions:

Normal distribution; ■

Extreme value distribution Max; ■

Extreme value distribution Min; ■

Logistic distribution. ■

Three types of distances are used to measure the good-
ness-of-fi t of previous probability distributions compa-
red to empirical distribution functions. These statistics 
are Cramer-von Mises, Anderson-Darling, and Watson 
statistics (see. Table 3).

For each type, statistic value (SV) is computed. If this 
value is larger than the tabulated value (TV), the hypo-
thesis that data are generated from the distribution F(.) 
is rejected. Therefore, as shown in Table 3, the logistic 

Table 3. Goodness-of-fi t test for marginal distributions

Theo-Value Stat-Value P P P P
Cramer-von 
Mises

0.6813 0.6832 0 0.0961 0.0975 [0,1 0,25) - - - 0.0941 0.0825 [0,05 0,1)

Watson 0.5770 0.5786 0 0.0960 0.0975 [0,05 0,1) - - - 0.0825 0.0825 [0,05 0,1)
Anderson 
Darling

4.3431 4.3630 0 0.6087 0.6179 [0,1 0,25) - - - 0.0825 0.0825 [0,05 0,1)

0.1997 0.2003 0 1.1403 1.1575 <0,01 1.1907 1.2086 <0,01 0.0360 0.0357 <0,25

0.1995 0.2001 0 1.1341 1.1512 <0,01 1.1905 1.2085 <0,01 0.0360 0.0357 <0,25
1.3345 1.3403 0 7,047 7,1533 <0,01 7,4426 7,5755 <0,01 0.2747 0.2750 <0,25

0.0346 0.0347 0,7 0.2294 0.2329 <0,01 0.5310 0.5390 <0,01 0.0315 0.0312 <0,25

0.0291 0.0291 0 0.2094 0.2131 <0,01 0.4884 0.4958 <0,01 0.0315 0.0312 <0,25
0.0291 0.0291 0 1.5174 1.5404 <0,01 0.7218 3,778 <0,01 0.2792 0.2803 <0,25

Normal distribution Extreme Value Min Extreme Value min Logistic

Even Driven

Managed Futures

Long Short

 

Normal distribution Extreme Value Min Extreme Value min Logistic

Theo-Value Stat-Value Theo-Value Stat-Value Theo-Value Stat-Value

Cramer-von 
Mises
Watson
Anderson 
Darling

Cramer-von 
Mises
Watson
Anderson 
Darling

Theo-Value Stat-Value P P P PTheo-Value Stat-Value Theo-Value Stat-Value Theo-Value Stat-Value

Theo-Value Stat-Value P P P PTheo-Value Stat-Value Theo-Value Stat-Value Theo-Value Stat-Value

Normal distribution Extreme Value Min Extreme Value min Logistic

Table 4. Dependence tests of the indices
 

Event/Driven Long/Short/Managed Future Event Driven/Managed Future

Person correlation 0,7433 0,086 – 0,0066

Spearman's rho 0,7711 0,2101 0,179

Kendall's tau 0,5849 0,1431 0,1236



Bankers, Markets & Investors nº 110 january-february 2011 57

VAR AND OMEGA MEASURES FOR HEDGE FUNDS PORTFOLIOS: A COPULA APPROACH

distribution fi ts better for all indices. For the Event Driven 
Index, the parameters to be retained are: μ

ED 
= 1,02 % and 

sigma
ED 

= 1,19%. For the L/S equity index μ
L/S 

= 0,83% 
and sigma

L/S 
= 1,95%, and fi nally for the Managed Futures 

index: μ
F 

= 0,77% and sigma
F 

= 3,76%.

II.2. DEPENDENCE 
STRUCTURE ANALYSIS
Three dependance measures are calculated for the 

three hedge funds indices: Pearson correlation (ρ), 
Spearman’s correlation (ρ

s
) and Kendall’s tau (τ). We 

examine monthly return scatter plots of the indices. 
We use the return ranking (as suggested by Genest and 
Favre, 2007).

The Event Driven and L/S Equity Indices have the highest 
correlation coeffi cient (ρ = 0.74). We conclude that they 
are dependent. The results show no signifi cant depen-
dence between the Event Driven and the Managed Futu-
res indices. Relations between the different indices are 
plotted in Figure 3. Indeed, the Kendall’s tau coeffi cient 
between these two indices is equal to 0.1236. Therefore, 
we suggest that Event Driven and Managed Futures indi-
ces are independent.

The fi rst scatter plot (see Figure 3) shows a linear rela-
tionship between Event Driven and Long/Short indices. 
The strength of this linear relationship should be limited 
at the extremes. Moreover, the slope of this line seems 
to be positive. This refl ects the existence of a positive 

correlation between these two indices. (Kendall’s tau is 
equal to 0.5849). The second scatter plot confi rms the 
existence of positive dependence between the L/S Equity 
and Managed Futures indices. A priori, the structure of 
dependence looks like an Archimedean one (it empha-
sizes positive dependence).

II.3. COPULA ESTIMATION 
AND BEST FITTING COPULA
We search for the best dependence structure. The 

parameters to be estimated depend on the chosen family 
of copulas. In the case of the normal copula, we estimate 
the correlation matrix ρ. The Student copula is determined 
by two parameters: the correlation matrix ρ and the degree 
of freedom v. For the meta-elliptical distribution such as 
multivariate Student, we have:

ρ
∧

ij = sin
π
2
τ

i, j

⎛

⎝⎜
⎞

⎠⎟
, where τ

i,j
 is the Kendall’s tau 

between the 2 series R
i,1

,R
j ,1( ),..., R

i,n
,R

j ,n( ).

In the case of elliptical copula, we obtain:

1st case: Normal Copula

  

ρ
N

=
1 0.7805 0.1314

− 1 0.1458

− − 1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

Figure 3. Monthly return ranking scatter plot
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2nd case: Student Copula

ρ
S

=
1 0.7949 0.1930

− 1 0.2229

− − 1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

The freedom degree v is equal to 8.1348. In the case of 
Archimedean copulas (Clayton, Frank and Gumbel), only 
one parameter θ should be estimated. θ is estimated by 
the Inference Functions for Margins method (IFM), which is 
detailed in Joe (1997). We get:

                                         , and

 

II.3.1. Best Fitting Copula
The graphical comparison of the different Kendall’s 

functions (Genest et al., 2006) is used to discriminate all 
chosen copulas: Clayton, Frank, Gumbel, Normal and 
Student. The empirical Kendall’s function K(θ), which 
corresponds to our three selected indices, is displayed 
in Figure 4. For normal and Student copulas, Kendall’s 
functions are not explicit. However, we can estimate them 
by simulation. The procedure consists in generating 
large samples, that are distributed according to copulas 
(n times) and in calculating the empirical Kendall’s func-
tion (Barbe et al., 1996).

The comparison of different Kendall’s functions shows 
that the Archimedean copula which is the closest to the 

empirical copula is the Frank copula, and, for the elliptical 
copulas, it is the Student copula. We choose the copula

which minimizes the distance dn C
∧

,C
k

⎛

⎝
⎜

⎞

⎠
⎟  between the

empirical and asymptotic Kendall’s functions. The results 
are provided in Table 5.

We conclude that the Student copula is optimal to 
model dependency of our sample, since it corresponds 
to the lowest distance between the parametric and non-
 parametric estimated Kendall’s functions.4

To confi rm our choice, we proceed by the bootstrap of 
goodness-of-fi t method. The calculation of asymptotic 
values of S

n
 and T

n
 is based on the choice of the fol-

lowing parameters: the number of bootstrap iterations 
(10 000 times in the case of elliptical copulas). Thus, we 
obtain results summarized in Table 6.

Table 6 shows that only the Student copula would be 
chosen. Indeed, we have

  
S

n
estimated = 58.6097 < S

n
asymptotic = 39.8250  and 

  
T

n
estimated = 0.5739 < T

n
asymptotic = 0.6030 .

II.3.2. Fitting portfolio 
distribution with copulas
In this section, we apply copula approach to provide 

accurate estimation of portfolio cdf. We compare port-
folio cdf estimated from copula with those obtained by 
using standard empirical cdf. This illustration highlights 
the adequacy of parametric cdf determined by the copula 
method to the empirical ones. This procedure allows to 
take account of the best dependence structure between 
asset returns in order to calculate accurately the quantiles 
of portfolio returns for different confi dence levels.

We propose to illustrate this property for some typical 
portfolios: those invested on only one index, the equally 
weighted and four optimal portfolios corresponding to 
the static maximization of four performance measures. 
These measures are the Return-on-VaR (RoVaR), the 
Return-on-CVaR (RoCVaR), the Sharpe and Omega ratios, 
considered in Hentati et al. (2010). These latter ones are 
selected to show how the choice of performance meas-
ure can infl uence the ranking of hedge fund portfolios. 
Such problem has been previously examined by Eling and 
Schumacher (2007) for single hedge funds. The objective 

θ
∧

Clayton = 0.5767,θ
∧

Frank = 0.3334

θ
∧

Gumbel = 2.6663.

Table 5. Distance calculation between 
empirical and theoretical Kendall’s functions

Copula type
dn C

∧

,C
k

⎛

⎝
⎜

⎞

⎠
⎟

Copula type
dn C

∧

,C
k

⎛

⎝
⎜

⎞

⎠
⎟

Clayton 0.4576 Gaussian 0.2368

Frank 0.2334 Student 0.2033

Gumbel 0.6836

Table 6. Goodness-of-fi t tests for copula

Sn asymptotic
vs estimated

Tn asymptotic vs
estimated

Frank 58.6677 ; 58.6803 0.5242 ; 0.8997 Reject H0

Clayton 58.6726 ; 58.666 0.0748 ; 0.9034 Reject H0

Gumbel 58.6658 ; 58.6799 0.2133 ; 0.9008 Reject H0

Student 58.6388 :58.6097 0.6030 ; 0.5739 Accept H0

Gaussian 58.6336 ; 58.6323 0.1093 ; 0.6030 Reject H0

Table 7. Optimal 
Porfolio Allocations

EvenDriven LongShort Futures

Omega 0.4672 0.3898 0.1430

RoCVaR 0.1262 0.2577 0.6161

Sharpe 0.8945 0.0000 0.1055

RoVaR 0.7611 0.0722 0.1667
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Figure 5. Empirical distribution vs cdf via copula
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is to evaluate the risk of optimal portfolios composed by 
the three indices. For this purpose, fi rst we calculate the 
portfolio allocations. Optimal weights are summarized 
in Table 7. Second, we plot the cumulative distribution 
functions (cdf ) of these optimal portfolios using selected 
dependence structure (Student copula).

Figure 5 illustrates two properties:
 The fi rst one shows the global adequacy of the chosen  ■

dependence structure. Indeed, the distribution 
functions, obtained by using the copulas, are close 
to the empirical ones.
 The second point concerns the adjustment of the  ■

lower and upper tails of the distribution function. 
Figure 5 shows that the cdf estimated by copula 
approach are smaller than the empirical cdf for 
positive returns (except for the RoCVaR case). It 
means that, for gains, the copula approach indicates 
higher probability. Thus, the distribution function 
determined via copulas overestimate the probability 
of winning: for Sharpe, RoVaR and Omega optimal 
portfolios, this is true from 3%, while, for the 
RoCVaR portfolio, it is verifi ed from 6%. The 
RoCVaR portfolio provides the highest probability 
to get a return higher than 5% (almost equal to 18%). 
Looking at lower tails, we note that the probability 
that returns lie between – 10% and – 5% is higher 
when computed by using the empirical cdf, whereas, 
the probability to get extreme losses is higher when 
computed by using the copula cdf (for the lower tails 
comparison, see section II.4).

Note that for the equally weighted portfolio, the cdf 
estimated from copula approach is very close to the 
empirical one.

II.4.RISK AND PERFORMANCE 
MEASURES FOR PORTFOLIOS
In this section, we propose to calculate some risk and 

performance measures (such as VaR, CVaR and Omega) 

using selected dependence structure (Student copula). 
The objective is to evaluate the risk of the eight previous 
portfolios composed by the three indices.

II.4.1. Value-at-Risk 
and Conditional Value-at-Risk
VaR is calculated with four different approaches: his-

torical, Student copula, Normal and Cornish & Fisher 
estimation.5 Denote by R

1
, R

2
 and R

3
 the selected index 

returns. Let f
i
(x

i
) and F

i
(x

i
), i = 1, 2, 3, be respectively 

the pdf and cdf of the marginal distributions of each 
return and F(x

1
, x

2
, x

3
) be the multivariate distribution 

function. The VaR corresponding to each portfolio w 
with return R

w
, for a confi dence level equal to α in ]0,1[ 

is given by:

VaR α( ) = −min s : P R
w
≤ s⎡⎣ ⎤⎦ ≥ α{ }.

Assuming that the hedge fund return vector has a pdf 
f

R1,R2,R3( ), we have also:

F
w

s( ) = P R
w
≤ s⎡⎣ ⎤⎦ =

I
w

i
x

i
≤s

i=1

3

∑
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

∫∫∫ f
R

1
,R

2
,R

3( ) x
1
,x

2
,x

3( )dx
1
dx

2
dx

3
,

where the pdf 
  
f

R
1
,R

2
,R

3( )  is given by:

  

f
R

1
,R

2
,R

3( ) x
1
,x

2
,x

3( ) =
∂3

∂u
1
∂u

2
∂u

3

C F
1

x
1( ),F2

x
2( ),F3

x
3( )( ) × f

1
x

1( ) f
2

x
2( ) f

3
x

3( ).

Results are summarized in Table 8. For a confi dence 
level of 5%, we note that the copula method is the clos-
est to the historical method (0.0275 vs 0.0292). This 
justifi es the interest to proceed by copulas and proves 
the adequacy of the structure, which is determined by 
the goodness-of-fi t bootstrap method. This property 

Table 8. VaR for optimal portfolios

RoVaR RoCVaR Omega Sharpe

5% 0.0275 0.0649 0.0326 0.0255 0.0373 0.0647 0.0363 0.0313

4% 0.0325 0.0702 0.0355 0.0278 0.0347 0.0693 0.0391 0.0338

3% 0.0354 0.0778 0.0395 0.0320 0.0379 0.0750 0.0426 0.0369

2% 0.0403 0.0870 0.0454 0.0360 0.0420 0.0825 0.0472 0.0410

1% 0.0457 0.1015 0.0520 0.0490 0.0487 0.0944 0.0545 0.0475

0.5% 0.0549 0.1154 0.0962 0.0457 0.0547 0.1053 0.0612 0.0534

5% 0.0292 0.0733 0.0349 0.0279 0.0321 0.0679 0.0392 0.0318

4% 0.0352 0.0768 0.0361 0.0350 0.0428 0.0728 0.0441 0.0458

3% 0.0404 0.0813 0.0381 0.0382 0.0502 0.0789 0.0507 0.0563

2% 0.0451 0.0942 0.0438 0.0441 0.0609 0.0868 0.0601 0.0722

1% 0.0722 0.1052 0.0763 0.0784 0.0803 0.0991 0.0768 0.1016

0.5% 0.1225 0.1073 0.1189 0.1469 0.1007 0.1100 0.0944 0.1337

VaR using Copula VaR using normal assumption

Historical VaR VaR using Cornish and Fisher formulation

RoVaR RoCVaR Omega Sharpe

RoVaR RoCVaR Omega Sharpe

RoVaR RoCVaR Omega Sharpe
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is validated for other levels of confi dence (see Table 8). 
At the level 0.5%, we notice that the VaR estimator, 
determined by using copula, is higher than the normal 
VaR. For the Omega portfolio, normal VaR is equal to 
0.0612 while the VaR based on copula is equal to 0.0962. 
Indeed, the “Normality” assumption underestimates the 
probability of high losses, and thus overestimates the 
effects of diversifi cation (for instance, for the Omega 
portfolio, 0.0962 vs 0.0612). It is also often higher than 
those calculated with other methods, except for the 
RoVaR portfolio. Cornish Fisher VaR is not always the 
highest VaR, as proved for both the RoCVaR and Omega 
portfolios at the level 0.5% when looking at VaR based 
on copula. For the Omega portfolio, Cornish Fisher 
VaR is equal to 0.0944 while the VaR based on copula 
is equal to 0.0962.

We recall that the Omega portfolio is more diversifi ed 
and more sensitive to the probability of a drawdown than 
the RoCVaR portfolio (see Hentati et al., 2010). This is 
confi rmed by the comparison of all their VaR. 

To better quantify the risk and to take more account of 
extreme losses beyond a given level of confi dence, we 
calculate the CVaR measure (see Acerbi and Tasche, 2002; 
Szegö, 2004). In Table 9, we compare CVaR estimations 
provided by using copulas (CVaRcop) to those obtained 

under the normality assumption of returns (CVaRN) and 
those obtained using historical data (CVaRH).

Results are in line with those obtained for the calcula-
tion of VaR. The fi rst fi nding highlights the supremacy of 
CVaRcop over CVaRN. This latter one seems to underesti-
mate risk for all optimal portfolios and for all confi dence 
levels studied (especially for the two optimal portfolios: 
RoVaR and Sharpe). However, note that these portfolios 
are similar from the allocation point of view. For example, 
for the RoVaR optimal portfolio and for alpha = 0.5, we 
have CVaRcop = 0.1475 >> CVaRN = 0.0646. 

The second finding concerns the adequacy of the 
choice of the dependence structure. Results obtained 
by integrating the dependence structure are very close 
to the values obtained empirically. Thus, the choice of 
the Student copula is signifi cant because it emphasizes 
tails leptokurticity of hedge fund indices.

We examine now the equally weighted portfolio  composed 
by the three indices.

In this case, from Table 10, fi rst we note that the VaR 
based on copula is the highest one for confi dence levels 
equal to 2%, 1% and 0.5%. Second, the CVaR based on 
copula is always highest than the others. This result is 
similar to previous one (see Table 9) for confi dence levels 
equal to 1% and 0.5%.

Table 9. CVaR for optimal portfolios

Historical CVaR

alpha RoVaR RoCVaR Omega Sharpe

5% 0.0433 0.0860 0.0506 0.0455 0.0526 0.0829 0.0524 0.0547

4% 0.0527 0.0873 0.0529 0.0541 0.0584 0.0935 0.0574 0.0610

3% 0.0581 0.0940 0.0633 0.0713 0.0623 0.0965 0.0609 0.0654

2% 0.0771 0.0970 0.0907 0.1022 0.0724 0.1019 0.0718 0.0787

1% 0.0948 0.1324 0.1186 0.1193 0.0975 0.1062 0.0976 0.1126

0.5% 0.1475 0.1343 0.1448 0.1392 0.1225 0.1073 0.1189 0.1469

CVaR using Copula

Normal CVaR

5% 0.0423 0.0831 0.0476 0.0413

4% 0.0474 0.0871 0.0502 0.0437

3% 0.0474 0.0921 0.0533 0.0464

2% 0.0514 0.0990 0.0577 0.0503

1% 0.0579 0.1102 0.0643 0.0567

0.5% 0.0646 0.1211 0.0710 0.0632

alpha RoVaR RoCVaR Omega Sharpe

RoVaR RoCVaR Omega Sharpe

Table 10. VaR and CvaR for equally weighted portfolio

alpha VaR using 

Copula

Normal 

assumption

Historical 

VaR

Cornish & 

Fisher

CVaR using 

Copula

Normal 

assumption Historical

5% 0.0427 0.0424 0.0468 0.0433 0.0652 0.0552 0.0535

4% 0.0438 0.063 0.0501 0.0496 0.0806 0.0580 0.0549

3% 0.0486 0.0495 0.0508 0.0498 0.0727 0.0616 0.0557

2% 0.0557 0.0544 0.0534 0.0548 0.0748 0.0663 0.058

1% 0.067 0.0613 0.0597 0.0630 0.0954 0.0740 0.0615

0.5% 0.0775 0.0670 0.0633 0.0706 0.1011 0.0816 0.0633

VaR for Equally Weighted Portfolio CVaR for Equally Weighted Portfolio
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We complete our analysis by providing VaR and CVaR 
for the three indices. From Figure 5 and Table 11, Event 
Driven exhibit the lowest VaR and CVaR while Managed 
Futures has the highest ones.

II.4.2. Omega Function
Keating and Shadwick (2002) have introduced the Omega 

performance measure to take asymmetric returns into 
account. Additionally, this measure allows to take account 
of all the moments of the return distribution, including 
skewness and kurtosis. The Omega measure has been 
applied across a large range of models in fi nancial ana-
lysis, in particular to evaluate performance of hedge fund 
styles or equity funds (see, e.g., Bacmann and Scholz, 
2003). The Omega measure is defi ned as the ratio of the 
expectation of gains upon the expectation of losses with 
respect to a given threshold.

We use the following formula for Omega (L) (Keating 
et al., 2002 and Kazemi et al., 2004).Omega

L( ) =
E

P
R

w
− L( )+⎡

⎣⎢
⎤
⎦⎥

E
P

L − R
w( )+⎡

⎣⎢
⎤
⎦⎥

.

Using copula, it yields to:

Omega
L( ) =

max
L

∞

∫ s − L( ),0⎡⎣ ⎤⎦dF
w

s( )
max

−∞

L

∫ L − s( ),0⎡⎣ ⎤⎦dF
w

s( )

=
s − L( )dF

w
s( )

L

∞

∫
L − s( )

−∞

L

∫ dF
w

s( )
.

Figure 6 outlines the two functions Omega obtained by 
using the Student copula and the empirical method. It 
shows that, around a threshold equal to 0%, the two cur-

Table 11. VaR and CVaR for indices

Managed Future

alpha
Normal 
assumption

Historical 
VaR

Cornish 
& Fisher

5% 0.0495 0.0347 0.0571 0.0694 0.0431 0.0671 0.1151 0.1196 0.1191
4% 0.0522 0.0331 0.0681 0.0733 0.0430 0.0737 0.1221 0.1182 0.1273
3% 0.0554 0.0318 0.0831 0.0781 0.0403 0.0826 0.1374 0.1098 0.1308
2% 0.0598 0.0246 0.1059 0.0845 0.0374 0.0957 0.1423 0.1033 0.1511
1% 0.0666 0.0195 0.1489 0.0945 0.0344 0.1198 0.1604 0.0921 0.1732

0.5% 0.0729 0.0157 0.1965 0.1037 0.0325 0.1460 0.1770 0.0828 0.1940

Event
Driven Long/Short

Managed
Future

0.0642 0.0756 0.1468
0.0607 0.0720 0.1436
0.0555 0.0664 0.1382
0.0529 0.0639 0.1353
0.0484 0.0598 0.1297
0.0462 0.0580 0.1266

VaR For indices

CVaR

Event Driven Long/Short

Normal 
assumption

Historical 
VaR

Cornish 
& Fisher

Normal 
assumption

Historical 
VaR

Cornish 
& Fisher

Figure 6. Omega function plots
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ves are indistinguishable. This shows also the  suitability 
of the chosen dependence structure.

Conclusion ■

Due to the non-normality of hedge fund returns, we 
have introduced accurate statistical methods to both 
estimate marginal and joint return of their distributions. 
The identifi cation of marginal distributions is impor-
tant to be able to calculate performance measures. For 
each hedge fund index, we have found that the logistic 
distribution provides the better fi t. Having tested the 
non-normality of univariate returns, we have examined 
the multidimensional distribution by using copulas to 
better take account of return dependence. Indeed, stan-
dard correlation coeffi cients cannot describe the whole 
dependence between funds. We have introduced good-
ness-of-fi t bootstrap method to validate the choice of the 
best structure of dependence, which is quite relevant for 
such statistical problems. Indeed, the graphical method 
can lead to errors since, for example for elliptical copula, 
the Kendall’s function is not explicit and thus it requires 
simulations. We have rejected the multivariate normality 
assumption: the Student copula is the most suitable. The 
joint distribution function built using copulas is quite 
similar to that obtained empirically.

To examine portfolio performances and risk, we have 
considered three measures: VaR, CVaR and Omega. 
As a by-product, we have shown that copulas are more 
adequate to estimate VaR than other previous methods 
since estimation of multivariate distribution by copulas 
allows greater fl exibility and better data modeling. We 
then carried out a comparative study: calculate VaR and 
CVaR by the most used methods in practice. We have 
found that copulas tend to provide higher values for VaR 
and CVaR, for small probability levels. Copulas also pro-
vide better estimations to evaluate Omega  performance 
measure. ■

1. The construction of multivariate Archimedean copulas is rather simple and quite 
explicit by using their generator functions.

2. We refer to Nelsen (1999) and Roncalli (2004) for more details about copula 
families, in particular their graphical representation.

3. As illustrated by Fromont (2008) in the case of single hedge fund indices, we have 
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