
Lecture 10 

Correlation and Regression 

Correlation 
!  measures and describes the strength and direction 

of the relationship between variables 
!  Bivariate techniques require values of two variables 

from the same individuals (dependent and 
independent variables) 

!  Multivariate when more than two independent 
variables (e.g effect of advertising and prices on 
sales) 

!  Variables must be ratio or interval scale 

Types of Correlation 

r: Index of Correlation 



Example (1) 
!  People tend to marry other people of about the same 

age.  
!  Table 1 below shows the ages of 10 married couples.  
!  Husbands and wives tend to be of about the same age, 

with men having a tendency to be slightly older than 
their wives.  

!  How good is the correspondence?  

Example (1) 
!  Display the bivariate data in a graphical form that maintains the 

pairing.  
!  Figure 2 shows a scatter plot of the paired ages. The x-axis 

represents the age of the husband and the y-axis the age of the 
wife.  

Example (1) 
!  it is clear that there is a strong relationship between 

the husband's age and the wife's age: the older the 
husband, the older the wife. When one variable (Y) 
increases with the second variable (X), we say that X 
and Y have a positive association.  
!  Conversely, when y decreases as x increases, we 

say that they have a negative association. 
!  Second, the points cluster along a straight line. When 

this occurs, the relat ionship is cal led a 
linear relationship.  

Example (2) 
!  Figure 3 shows a scatter plot of Arm Strength and Grip Strength 

from 149 individuals working in physically demanding jobs 
including electricians, construction and maintenance workers, 
and auto mechanics.  

!  The stronger someone's grip, the stronger their arm tends to be.  
!  There is therefore a positive association between these 

variables. Although the points cluster along a line, they are not 
clustered quite as closely as they are for the scatter plot of 
spousal age. 
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Correlation 

!  Measures the relative strength of the linear 
relationship between two variables 

!  Unit-less 

!  Ranges between –1 and 1 

!  The closer to –1, the stronger the negative linear 
relationship 

!  The closer to 1, the stronger the positive linear 
relationship 

!  The closer to 0, the weaker any positive linear 
relationship 



Recall: Covariance 
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!  cov(X,Y) > 0       X and Y are positively correlated 
!  cov(X,Y) < 0       X and Y are inversely (negatively) 

correlated 
!  cov(X,Y) = 0       X and Y are independent 

Pearson�s Correlation Coefficient 

!  It is a standardized covariance (unitless): 
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Recall dice problem… 

Var(x) =     2.916666 
Var(y) =  5.83333 
Cov(xy) = 2.91666 

707.
2
1

8333.591666.2
91666.2

===r

R2 = 0.7072 = 0.5
∴ Interpretation of R2: 50% of the total variation 
in the sum of the two dice is explained by the roll 
on the first die.  Makes perfect intuitive sense! 

R2=�Coefficient of 
Determination� = 
SSexplained/TSS 

0.707 

Pearson’s correlation coefficient (r) 
!  It is a measure of the strength of the linear relationship 

between two variables. 
!  If the relationship between the variables is not linear, then 

the correlation coefficient does not adequately represent 
the strength of the relationship between the variables. 

!  The symbol for Pearson's correlation is "ρ" when it is 
measured in the population and "r" when it is measured in 
a sample.  

!  Pearson's r can range from -1 to 1. An r of -1 indicates a 
perfect negative linear relationship between variables, an r 
of 0 indicates no linear relationship between variables, and 
an r of 1 indicates a perfect positive relationship between 
variables.  



Pearson’s correlation coefficient 

as X increases, Y decreases. 

Scatter Plots of Data with 
Various Correlation Coefficients 
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Properties 
"  Its possible range is from -1 to 1.  

"  A correlation of -1 means a perfect negative linear 
relationship,  

"  A correlation of 0 means no linear relationship 
"  A correlation of 1 means a perfect linear relationship. 

"  Pearson's correlation is symmetric:  the correlation of X with 
Y is the same as the correlation of Y with X.  

"  r is unaffected by linear transformations. This means that 
multiplying a variable by a constant and/or adding a constant 
does not change the correlation of that variable with other 
variables.  
"  For instance, the correlation of Weight and Height does 

not depend on whether Height is measured in inches, feet, 
or even miles.  

Pearson�s correlation coefficients 
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Pearson�s correlation coefficients 

Computation 
!  The              and               are colled deviation.  
!  Create a new column by multiplying the two deviation 

scores: 
                           
!  The sum of this column reveals the relationship between X 

and Y. 
!  no relationship between X and Y: negative values of   
    are as likely as positive values of            ,  and the sum  
    would be small.  
!  positive relationship: X deviations and Y deviations are 

both positive or both negative. The product is positive, 
resulting in a high total for the xy column.  

!  negative relationship: X deviations are negative and Y 
deviations are positive, or viceversa. This would lead to 
negative values for xy  

X !µX( )

Y !µY( )

xy = X !µX( ) Y !µY( )

X !µX( )

Y !µY( )
Computation 

!  Pearson's r is designed so that the correlation between two variables 
doeas not depend on the units of measure of these variables.  

!  To achieve this property, Pearson's correlation is computed by 
dividing the sum of the xy column (Σxy) by the square root of the 
product of the sum of the x2 column (Σx2) and the sum of the y2 
column (Σy2). The resulting formula is:  



Computation 

!  therefore 

Simple Linear Regression 

Response and independent Variables  

Independent Variable (X) 
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Simple Linear Regression 
!  We predict values on one variable (Y) from the values on a 

second variable (X).  

!  The variable we are predicting is called the response variable 
and is referred to as Y.  

!  The variable we are basing our predictions on is called the 
predictor variable and is referred to as X.  

!  When there is only one predictor variable, the prediction 
method is called simple regression. 

!  In simple linear regression, the predictions of Y, when plotted 
as a function of X, form a straight line. 

 



Example 

!  The example data in Table 1 are plotted in Figure 1.  
!  There is a positive relationship between X and Y. If you were 

going to predict Y from X, the higher the value of X, the higher 
your prediction of Y.  

!  Linear regression consists of finding the 
best-fitting straight line through the points.  

!  The best-fitting line is called a regression 
line and consists of the predicted value on Y 
for each possible value of X.  

!  Vertical lines from the points to the 
regression line represent the errors of 
prediction.  

!  Red point (very near the regression line):  
the error of prediction is small.  

!  Yellow point (much higher than the 
regression line): the error of prediction is 
large.  

Simple Linear Regression 

Least squares regression 
            (method for finding the best-fitting straight line )   
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What is �Linear�? 

!  Remember this: 
!  Y=bX+A? 
!  b = slope 
!  A = intercept 

A 

b 



What�s Slope? 

A slope of 2 means that every 1-unit change in X 
yields a 2-unit change in Y. 

 

 

Example 
!  Error of prediction for a point = Y value of the point minus the 

predicted value (the value on the line).  
!  Table 2 

!  The first point has a Y value of 1.00 and a predicted Y (Y' ) 
of 1.21. Therefore its error of prediction is -0.21.  

!  The most commonly used criterion for the best fitting line is 
the line that minimizes the sum of the squared errors of 
prediction.  
!  The sum of the squared errors of prediction shown in Table 2 is lower 

than it would be for any other regression line.  

Example 
!  The formula for a regression line is 

    Y' = predicted value; 
    b = slope of the line 
    A = Y intercept.  
!  The equation for the line in Figure 2 is 

!  For  X = 1:  the predicted value is  Y' = (0.425)(1) + 0.785 = 1.21. 
!  For  X = 2:  the predicted value is  Y' = (0.425)(2) + 0.785 = 1.64. 

Example 
!  The slope (b) and intercept (A) can be calculated as follows: 
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Example (4) 
!  How we could predict a student's university GPA if we knew his or her 

high school GPA. 
!  Figure 3 shows a scatterplot of University GPA as a function of high 

school GPA. You can see from the figure that there is a strong positive 
relationship. The correlation is 0.78. The regression equation is 

!  Therefore a student with a high school GPA of 3 would be predicted to 
have a university GPA of 

 

Example (4) 

The linear regression model: 

Love of Math =  5 + 0.01*math SAT score 

intercept 

slope 

P=0.22; not 
significant 

Prediction 
     If you know something about X, this knowledge helps 

you predict something about Y.   

Example (5) 
!  The distribution of baby weights at Stanford  
    ~ N(3400, 360000) 
  Your �Best guess� at a random baby�s weight, 

given no information about the baby, is what?   
3400 grams 

   But, what if you have relevant information? Can 
you make a better guess? 



Predictor variable 
!  X = gestation time 

!  Assume that babies who gestate for longer are 
born heavier, all other things being equal.   

!  Pretend (at least for the purposes of this example) 
that this relationship is linear.   

!  Example: suppose a one-week increase in 
gestation, on average, leads to a 100-gram 
increase in birth-weight 

Y depends on X 

Y=birth- 
weight 

(gr) 

X=gestation time (weeks) 

Best fit line is chosen such 
that the sum of the squared 
(why squared?) distances of 
the points (Yi�s) from the line 
is minimized: 

Or mathematically… 
Derivative[Σ(Yi-(bx+A))2]=0 

Prediction 

!  A new baby is born and he/she had 
gestated for just 30 weeks.  What�s 
your best guess at the birth-weight?  

!  Are you still best off guessing 3400? 
NO! 

Y=birth- 
weight 

(g) 

X=gestation 
time (weeks) 

 
At 30 weeks… 

3000 

30 



Y=birth 
weight 

(g) 

X=gestation 
time (weeks) 

 
At 30 weeks… 

(x,y)=(30, 3000) 
3000 

30 

At 30 weeks… 

!  The babies who gestate for 30 weeks 
appear to center around a weight of 
3000 grams. 

!  In Math-Speak… 
!  E(Y/X=30 weeks)=3000 grams 

Note the conditional 
expectation 

But… 

Note that not every Y-value (Yi ) sits on the line.  
There is variability. 

Yi = 3000 + (random error)i 

!  In fact, babies who gestate for 30 weeks 
have birth-weights that center at 3000 
grams, but vary around 3000 with some 
variance σ2 

!  Approximately what distribution do birth-weights 
follow?  Normal.  Y/X=30 weeks ~ N(3000, σ2) 

Y=birth- 
weight 

(g) 

X=gestation 
time (weeks) 

 
 And, if X=20, 30, or 40… 

20 30 40 



Y=baby 
weights 

(g) 

X=gestation 
times (weeks) 

 
 If X=20, 30, or 40… 

20 30 40 

Y/X=40 weeks ~ N(4000, σ2) 

Y/X=30 weeks ~ N(3000, σ2) 

Y/X=20 weeks ~ N(2000, σ2) 

Y=baby 
weights 

(g) 

X=gestation 
times (weeks) 

20 30 40 

The standard error of Y given X is the average variability around the 
regression line at any given value of X.  It is assumed to be equal at 
all values of X. 
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Mean values fall on the line 

!  E(Y/X=40 weeks)=4000 
!  E(Y/X=30 weeks)=3000 

!  E(Y/X=20 weeks)=2000 

E(Y/X)= µ Y/X = 100 grams/week*X weeks  
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 Least squares 

estimation gave us the 
line (β) that minimized 
C2 
  

αβ += ii xŷ

    A2                                             B2                                                  C2 

  SStotal                    
Total squared distance of 
observations from naïve 
mean of y 
 Total variation 

 

SSreg          
Distance from regression line to 
naïve mean of y  
 Variability due to x (regression)!
  
  
  

 

SSresidual 
Variance around the regression line  
 Additional variability not explained 
by x—what least squares method 
aims to minimize!

 

The Regression Picture 

R2 = Ssreg  / SStotal 



Residual 

Residual = observed value – predicted value 

At 33.5 weeks gestation, 
predicted baby weight is 
3350 grams 

33.5 weeks 

This baby was actually 3380 
grams. 

His residual is +30 grams:  

3350 
grams 

Results of least squares… 
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Regression line always goes through the point: 
 

Relationship with correlation 
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In correlation, the two variables are treated as equals.  In regression, 
one variable is considered independent (=predictor) variable (X) and 
the other the dependent (=outcome) variable Y.  
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Residual 
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We fit the regression coefficients such that sum 
of the squared residuals were minimized (least 
squares regression). 


