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•  Assumptions 

–  Population Standard Deviation Is Known 

–  Population Is Normally Distributed 

–  If Not Normal, use large samples 

•  Confidence Interval Estimate 

Confidence Intervals  

n
ZX

n
ZX σ

µ
σ

αα ⋅+≤≤⋅− −− 2/12/1
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•  Data Variation  

•   measured by σ 

•  Sample Size 

•  Level of Confidence  
 (1 - α) 

  Intervals Extend from 
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Factors Affecting 
Interval Width 

nXX /σσ =

X ! Z "! X   a   X + Z "! X
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Sample Size 

   Too Big: 
•  Requires too 
much resources 

 Too Small: 
•  Won�t do  
    the job 
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What sample size is needed to be 90% confident 
of being correct within   ± 5?  A pilot study 
suggested that the standard deviation is 45.  

                        (+\- 5 is the margin of error, i.e., 
the width of the interval) 

 

 

   

n 
Z 

5 
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2 
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σ# . 
. 

 Example: Sample Size for Mean 

Round Up 

X
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Examples/Exercises 
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Exercise (1) 
Waiting times (in hours) at a popular restaurant are believed to be  

approximately normally distributed with a variance of 2.25 hr. 

during busy periods.  

a.  A sample of 20 customers revealed a mean waiting time of 
1.52 hours. Construct the 95% confidence interval for the 
estimate of the population mean. 

b.   Suppose that the mean of 1.52 hours had resulted from a sample 
of 32 customers. Find the 95% confidence interval. 

c.  What effect does larger sample size have on the confidence 
interval? 

d.  Why do we also need confidence intervals?  
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Answer (a) 

   A sample of 20 customers revealed a mean waiting 
time of 1.52 hours. Construct the 95% confidence 
interval for the estimate of the population mean. 

)17.2 ,87(.65.52.1

)33(.96.152.1
20
25.296.152.1

=±=

±=±
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Answer (b, c) 

   b. Suppose that the mean of 1.52 hours had resulted from 
a sample of 32 customers. Find the 95% confidence 
interval. 

   c. What effect does larger sample size have on the 
confidence interval? 

 

 

).052 ,99(.53.52.1

)27(.96.152.1
32
25.296.152.1

=±=

±=±

Makes the confidence interval narrower (more precision). 



A point estimate by itself is of limited 
usefulness because it does not reveal the 
uncertainty associated with the estimate; you 
do not have a good sense of how far this 
sample mean may be from the population 
mean.  
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Answer (d) 
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Exercise (2) 
•  A business analyst for cellular telephone company takes a random 

sample of 85 bills for a recent month and from these bills 
computes a sample mean of 153 minutes.  

•  If the company uses the sample mean of 153 minutes as an 
estimate for the population mean, then the sample mean is being 
used as a POINT ESTIMATE. Past history and similar studies 
indicate that the population standard deviation is 46 minutes.  

•  A confidence level of 95% has been selected. Find and interpret 
the 95% confidence interval. 
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Answer 
•  The confidence interval is constructed from the point estimate, 

153 minutes, and the margin of error of this estimate, + / - 9.78 
minutes.  

   153 + /- 1.96( 46/ √ 85)                  143.22 ≤ µ ≤ 162.78 

•  The resulting confidence interval is    143.22 ≤ µ ≤ 162.78. 

•  The business analyst of the cellular telephone company is 95% 
confident that the average length of phone calls in the population 
is between 143.22 and 162.78 minutes. 
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Answer 
•  For the previous 95% confidence interval, the following 

conclusions are valid: 

•  I am 95% confident that the average length of phone calls in 
the population, named µ, lies between 143.22 and 162.78 
minutes. 

•  If I repeatedly obtained samples of size 85, then 95% of the 
resulting confidence intervals would contain µ and 5% would 
not.  

•  QUESTION: Does this confidence interval [143.22 to 162.78] 
contain µ?  

•  ANSWER: I don�t know. All I can say is that this procedure 
leads to an interval containing µ 95% of the time. 

•  I am 95% confident that my estimate of µ [namely 153 
minutes] is within 9.78 minutes from the actual value of µ. 
RECALL: 9.78 is the margin of error.  
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Be Careful! 
 The following statement is NOT true for 

interpreting a confidence interval: 

�The probability that µ lies between 
143.22 and 162.78 is .95.� 

 

    Once you have inserted your sample 
results into the confidence interval 
formula, the word PROBABILITY can 
no longer be used to describe the 
resulting confidence interval. 
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Exercise (4) 

•  National Association of Colleges and Employers 

•  Sample of n=92 Sociology BAs, graduating 2000-01  

•  Variable: starting salary (Y) in thousands 

–  Cases: 38.0, 28.0, 28.0, 24.6, … 

•  Find and interpret the 95% confidence interval. 

095.7
834.28

=

=

Y

Y
σ
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Answer 

If we want 95% confidence, then Z=1.96. 

30.284 and 7.3842between  is 
450.128.834in  is 

)7397(.96.128.834in  is 
7397.92/095.7 e      wher96.128.834in  is 

/ where                    in  is 

Y

Y

Y

YYY

YYYY nZY

µ

µ

µ

σσµ

σσσµ

±

±

==±
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Confidence z
… …
95% 1.96
… …
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Answer 

   We are 95% sure that the interval $27.384K and 
$30.284K contains the average salary in the population 
of new soc BAs, 2000-01 

Just an average.  
Doesn�t mean 95% of  individual salaries are in the 
interval. 
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Confidence intervals  

for proportions 
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Example:         1936 election 

•  Literary Digest poll 

–  unrepresentative sample of 10 million voters  

–  wrong: called election for Landon 

•  Gallup poll 

–  �quota sample� of 50,000 voters 

–  right: called election for Roosevelt 

•  Sociology 549 poll 

–  simple random sample of 100 voters 

–  right or wrong? 

•   Let Y be a dummy variable  

   (1=Roosevelt, 0=not). 

43 

Sampling distribution of the proportion p 

•  Across all possible samples 

 p (    )   has a normal distribution with 
•  Mean 
 
•  and Standard error 

–  of the sample proportions 

Y
YY µµ =

nYY /σσ =

µp = π#

np /)1( ππσ −=

π is a parameter:  the proportion of “successes” in the population #

44 .50 .55 .60 .65 .70 .75
pHRooseveltL

0.02

0.04

0.06

0.08

0.1
Probability

95% of samples

p

Example 1:  
Sampling distribution of a sample proportion 

•  Distribution of p across all possible samples 

– when π = 0.61 and n =100 

π 
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Margin of error 

•  Poll�s �margin of error� is typically ~2 SE�s  

•  Using normal distribution, 

–  In 95% of all samples  

–  the sample proportion p are within 1.96 standard errors  

    of population proportion 

•  Here, in 95% of samples, we will get 

0.61 +/- 1.96 (0.05) = 0.51 to 0.71, or 51% to 71% 

voting for Roosevelt 
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Confidence Interval Proportion 
 •  The confidence interval is computed based on the mean and standard 

deviation of the sampling distribution of a proportion. The formulas 
for these two parameters are shown below 

 

 

•  Since we do not know the population parameter π, we use the sample 
proportion p as an estimate. The estimated standard error of p is 
therefore 

µp = !

" p =
! ! (1"! )

n

n
pp

p
)1(ˆ −⋅

=σ
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Normal confidence interval 

•  With a certain % of Confidence 

NSSZSY YYYY / ere        whin  is =±µ
π# p ZSp NppSp /)1( −=

Confidence z
90% 1.64
95% 1.96
99% 2.58
99.9% 3.29
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•  Assumptions 

–  Population Follows Binomial Distribution 

–  Normal Approximation Can Be Used 

–        n·p ≥ 5     &     n·(1 - p) ≥ 5 
•  Confidence Interval Estimate 

Normal Confidence Interval 

p! Z1!! /2 "
p " (1! p)

n
# " # p+ Z1!! /2 "

p(1! p)
n
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Probability

p

Example: Drawing a sample 
•  We ask n=100 voters if they�ll vote for Roosevelt 

–  With π=0.61, one likely result is p=0.63 

π
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Calculating a confidence interval 

!  is in p± Zsp                 where sp = p(1! p) / n

!  is in 0.63±1.96sp         where sp = 0.63(1! 0.63) /100
!  is in 0.63±1.96(0.048)
!  is in 0.63± 0.095
!  is between 0.535 and 0.725

If  we want 95% confidence, then Z=1.96. 
Confidence z

94% 1.88
95% 1.96
96% 2.05
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Interpretation of the confidence interval 

•  We are 95% sure  

–  that Roosevelt will get 
– between 53.5% and 72.5% of the votes. 

•  Or: Assuming our sample was not in the most extreme 5% of the 
sampling distribution 

–  Roosevelt will get 53.5%-72.5% of the votes 

•  Is our prediction right? 

•  Could we call the election? 

52 

.50 .55 .60 .65 .70 .75
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p

Drawing another sample 
•  We ask n=100 voters if they will vote for Roosevelt 

–  With π =0.61, one likely result is p=0.59 

π 
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Calculating a confidence interval 

If we want 95% confidence, then Z=1.96. 

!  is in p± Zsp                 where sp = p(1! p) / n

!  is in 0.59±1.96sp         where sp = 0.59(1! 0.59) /100
!  is in 0.59±1.96(0.049)
!  is in 0.59± 0.096
!  is between 0.494 and 0.686

Confidence z
94% 1.88
95% 1.96
96% 2.05
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Interpretation of the confidence interval 

•  We are 95% sure  

–  that Roosevelt will get between 49.4% and 68.6% 
of the vote. 

•  Is our prediction right? 

•  Could we call the election? 
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Sampling variation 

•  From the same population (π =0.61) 

– Take different samples 

–  get different sample proportions p  
•  0.63 
•  0.59 
•  … 

–  get different confidence intervals 
•  (0.535, 0.725) 
•  (0.494, 0.686 ) 
•  … 

56 .50 .55 .60 .65 .70 .75
pHRooseveltL0.02

0.04

0.06

0.08

0.1

Probability

CI Ex. 2

CI Ex. 3

Unlikely CI
p

In both examples the CI includes the population proportion π 
–  but only one CI lets us call the election 

•  95% of CIs include the population proportion π 

–  but only about half these CIs let us call the election 

Sampling variation 

π 
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Technical summary 

•  Sampling distribution of the proportion p 

–  Across all possible samples 
  p has a normal distribution with 

– mean    
where π  is the population proportion 

– and standard deviation 
 standard error (SE) 

•  Confidence interval (CI) for a proportion 

–  In 95% of all samples 
•  the CI 

•  contains the population proportion π. 

np /)1( ππσ −=

nppSZSp pp /)1( ere        wh −=±

µp = !

58 

Summary 
•  Sampling distribution of the proportion 

– The sample proportion is usually close to the 
population proportion 

–  especially if the sample is large 

•  Confidence interval (CI) for a proportion 

– You can usually give a range that contains the 
population proportion 

•  but not always 

– Sometimes the range is too wide to be useful 
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Sample Size 

   Too Big: 
Requires too 
much resources 

 Too Small: 
   Won�t do  
    the job 
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Example: Sample Size for Proportion 
 

What sample size is needed to be within p ± 0.05 with 90% 
confidence? We randomly selected 100 of which 30 were 
defective. 

       

Round Up 228 

n = Z
2p(1! p)
0.052

=
1.6452(.30)(.70)

0.052
= 227.3
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Examples/Exercises 
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Exercise 

   A study of 87 randomly selected companies with a 
telemarketing operation revealed that 39% of the 
sampled companies had used telemarketing to 
assist them in order processing. 

    Using this information, how could a researcher 
es t imate the popula t ion propor t ion of 
telemarketing companies that use their 
telemarketing operation to assist them in order 
processing? 
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Answer 

•  The sample proportion = 0.39.  

•  This is the point estimate of the population proportion, π. 

•  The Z value for 95% confidence is 1.96.  

•  The value of (1-p) = 1 - 0.39 = 0.61. 

•  The confidence interval estimate is: 

 0.39 – 1.96√(0.39) (0.61) / 87 ≤  π ≤ 0.39 + 1.96√(0.39) (0.61) / 87 

 0.39 - 0.11 ≤ π  ≤ 0.39 + 0.11 

     0.28 ≤ π ≤  0.50 

nppSZSp pp /)1( ere        wh −=±
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Answer 

    Interpretation: We are 95% confident that the 
population proportion of telemarketing firms that 
use their operation to assist order processing is 
somewhere between 0.28 and 0.50.  

 

   There is a point estimate of 0.39 with a margin of 
error of +/- 0.11. 
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Exercise 

A random sample of 400 voters showed that 32 voters 
preferred Candidate A. Set up a 95% confidence interval 
estimate for the proportion of voters of Candidate A. 

 

Answer: 
n

)p(pZp ss
/s

−
•+ α

1
2

0.053! ! ! 0.107
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Exercise  

•  A clothing company produces jeans. The jeans are made and 
sold with either a regular cut or a boot cut.  

•  The company wish to estimate the proportion of sold boot-cut 
jeans out of the total sales in Oklahoma City. Then, the analyst 
takes a random sample of 212 jeans sales from the company�s 
two Oklahoma City retail outlets. 

•   Only 34 of the sales were boot-cut jeans. 

•  Construct a 90% confidence interval to estimate the proportion 
of the population in Oklahoma City who prefer boot-cut jeans. 
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Answer 
p = 34/212 =  0.16 

A point estimate for boot-cut jeans is 0.16 or 16%. 

The Z value for 90% level of confidence is 1.645. 

The confidence interval estimate is: 

 

0.16 – 1.645√(0.16) (0.84) / 212 ≤  π ≤ 0.16 + 1.645√(0.16) (0.84) / 212 

 0.16 - 0.04 ≤  π  ≤  0.16 + 0.04 

  0.12 ≤ π ≤ 0.20 

     We are 90% confident that the proportion of boot-cut jeans is 
between 12% and 20 %. 

NppSZSp pp /)1( ere        wh −=±
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Exercise 
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Exercise 
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Exercise 


