
2b. 

Hypothesis test: 
Confidence interval method 

Confidence interval for the mean: 
Review 

•  Confidence interval 
– We are 95% sure that µY is between 

$27,3841 and $30,284 
•  Confidence intervals like this  

–  fail to contain µY only 5% of the time. 

Interpretation 

•  We rejected the idea (H0) 
–  that new sociology Bas make no more, on average, than 

students at UPS 

 
•  We accepted the idea (H1) 

–  that new sociology Bas make more, on average, than 
students at UPS 

•  Confidence intervals give the same 
information (and more) than hypothesis tests… 



Rejecting H0 

•  The confidence interval (CI) 
•  contains plausible values of µY 

• One of these plausible values is right 

• in 95% of all samples 

•  None of the values in H0 are in the CI 
•  So we reject H0 as implausible 

Hypothesis tests: 
Confidence interval method 

•  Draw, on a number line, 
–  the hypotheses 
–  the confidence interval 

•  If the confidence interval overlaps H0 
–  then H0 is plausible  
–  you don’t reject H0 

•  If the confidence interval doesn’t overlap H0 
–  then H0 is implausible  
–  you reject H0  in favour of H1 
 

Duality with hypothesis tests.  

Null value 95% confidence interval 

Null hypothesis: Average weight is 150 lbs. 

Alternative hypothesis: Average weight is not 150 lbs. 

P-value < 0.05       (α level = 5% = 0.05) 

150   151  152  153  154   155   156   157   158   159   160 161 162 163 

Summary:  
Confidence interval method 

•  On a line representing parameter values (µY) 
–  Draw the hypotheses (H1 vs. H0) 
–  Draw the confidence interval (CI) 

µY 
150 

H1 H0 

163  157 
CI 

•   If CI overlaps H0 

– Don’t reject H0 (it’s plausible) 

•   Otherwise, if CI does not overlap H0 

– Reject H0 (it’s implausible) 
 



Confidence interval and hypotheses 

   150 

H1 

H0 

H0: µY  =150 
H1: µY > 150 

 163 157 
Reject H0 with a 5% error: it is implausible that the average weight of 
the population of doctors is 150 lbs  
contains µY 

CI 

  

µY 

Duality with hypothesis tests.  

Null value 99% confidence interval 

Null hypothesis: Average weight is 150 lbs. 

Alternative hypothesis: Average weight is not 150 lbs. 

P-value < 0 .01     (α = 1% = 0.01) 

150   151  152  153  154   155   156   157   158   159   160 161 162 163 

Example (2) 

Research question 
•  Should you finish college?  
•  Should you delay graduation for part-time work? 
•  UPS offers $9/hour plus $3000 a year for books and tuition 

$9/hour * 2000 hours/year + $3000 = $21,000 per year 
•  Will you do better than that when you graduate? 



Null vs. research hypothesis: 
Symbols 

•  Let Y be the starting salary for a sociology BA 
•  µY is the average salary for the population of sociology 

BAs 
•  H1: µY > $21K 

–  The average is more than that you could make at UPS. 
–  one tail or two? 

•  H0: µY <= $21K 
–  The average is no more than what you could make at UPS. 

Sample pertinent data 
•  National Association of Colleges and Employers 
•  Sample of n=92 Sociology BAs, graduating 2000-01  
•  Variable: starting salary in thousands 

–  Cases: 38.0, 28.0, 28.0, 24.6, … 

–  The sample mean is greater than $21K 
–  But the hypothesis asks about the population mean 

•  which is probably different (sampling error) 

Y = 28.834
!Y = 7.095

2b. 

Hypothesis test: 
Sampling distribution method 

1. Assume, provisionally, that H0 is true 

•  Suppose H0: µY = $21K is true 



2. Draw the sampling distribution 

•  Assume, provisionally, that H0: µY = $21K is true  
•  If H0 was true, then across all possible samples of 

size n=92 would have 
•  mean 

•  and standard deviation 
–   standard error of the mean 

KYY 21$== µµ

!Y =!Y / n = 7.095 / 92 = $0.74K
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•  If H0 was true, then this would be the sampling distribution 

 
•  called the null sampling distribution 

2. Draw the null sampling distribution 
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3. Where does our sample  
 fall in the null distribution? 

•  Our sample would look  
–  extreme  
–  improbable 

Y

4. Conclusion 

•  When we assumed that H0 was true 
–  under the null sampling distribution, our sample looked 

extreme and improbable 
•  Maybe our sample really is extreme and improbable 
•  More likely H0 is false 
•  We reject H0 with a certain probability of error (α 

level) 



Interpretation (again) 
•  We rejected the idea (H0) 

–  that new sociology Bas earn, on average, no more than 
students at UPS 

•  We accepted the idea (H1) 
–  that new sociology Bas earn, on average, more than 

students at UPS 

The z statistic 

•  In practice, we do not really look at the sampling distribution of  
•  Assuming a normal distribution                                under H0 , we 

transform      to the standard normal: 

•  z is the standardized sample mean 
–  The number of standard errors that separate our sample mean from the 

population mean under H0 

nYz YY
Y

Y /  where σσ
σ
µ

=
−

=

Y
N(µY , !Y / n )

Y

The z statistic 
•  In our sample, n = 92,     =28.834,   σY=7.095 
•  If    H0: µY = 21   was true,  

–  then Z  would be 
   

z = Y !µY
!Y

 where !Y =!Y / n

z = 28.834! 21
!Y

 where !Y = 7.095 / 92 = 0.74

z = 7.834
0.74

 =10.59
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The null sampling distribution 

•  Under H0  true, we look 
where the z value is 
located in the standard 
normal distribution 

    N(0,1).  
•  Any z score greater than 

2, or lower than -2, will 
look extreme 

z 



 Where is our sample in the null distribution? 

•  Our sample looks  
–  extreme  
–  improbable 
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Conclusion and interpretation 

•  When we assumed H0 was true 
–  our sample looked extreme and improbable 

•  So we reject H0 
•  We reject the idea (H0) 

–  that new sociology BAs earn no more, on average, than 
students at UPS 

“Extreme”? “Improbable”? 

•  Under H0, it is obvious that our sample is 
–  extreme 
–  improbable 

•  But how much is it extreme? 
•  How much is it improbable? 
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How much improbable? 
The p value 

•  If H0 was true 
–  only one out of 10 quintillion samples would have a value z=10.59, 

•  which is what we got 

•  This is the p value: p=10-16 (1 in 10 quintillion) 
–  the probability of a sample as extreme as ours 
–  if H0 is true 

•  Typically we reject H0 
–  if p<0.05 (or p<0.01) 
–  0.05 (or 0.01) is a conventional  
    significance level (α) 

z 



Conclusion and interpretation 
(using p value) 

•  We observed a very rich sample, with average salary 
$28.8K, and the corresponding p=10-16    

•  If H0 was true (if new sociology BAs had an average salary 
of $21K), 
–  then we would have seen a sample as rich as this one, or 

richer, in less than 5% of all samples (p<0.05)    
•  So we reject H0  in favor of H1  

–  We think that new sociology BAs average salary is higher than 
$21K 

Summary:  
Confidence interval method 

•  On a line representing parameter values (µY) 
– Draw the hypotheses (H1 vs. H0) 
– Draw the confidence interval (CI) 

µY 
$21K 

H1 H0 

$30K $27K 
CI 

•  If CI overlaps H0 

– Don’t reject H0 (it’s plausible) 

•  Otherwise 

– Reject H0 (it’s implausible) 
 

Summary:  
Sampling distribution method 

•  Assume H0 is true 
–  draw the sampling distribution of 

z 
–  Calculate z for the sample 
     and draw it 

•   If z is extreme/improbable — i.e., if p is very small (less than α 
level) 

– Reject H0 (it’s implausible) 

•   Otherwise 

– Don’t reject H0 (it’s plausible) 
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Hypothesis test  
for a proportion 

 



Overview 

•  You have learned hypothesis tests 
–  for a mean 

•  Now you will learn hypothesis tests 
–  for a proportion 

•  Connection 
– A proportion is the mean of a dummy variable 

1. 

What are the hypotheses? 

Research question 

•  Who will win in Ohio? 
•  Bush or Kerry? 

Parameter 
•  Hypothesis = Claim about a parameter 

– Here, claim about the population proportion π. 
•  E.g., proportion of voters that favors Bush 
•  Population: Voters choosing Bush or Kerry 

–  need a majority to win the state 
 

•  Two alternatives:  
!   H0 :  π = 0.5                                                                              
    The null Hp. is: the proportion  π voting Bush in Ohio is 0.5 
!   H1 :  π ≠ 0.5                                                                                
    The research Hp. is: either Bush or Kerry is winning 
     

     •  One tail or two? 



2. 

Hypothesis tests 

Hypothesis test: Definition 

•  Given evidence from a sample, we test (decide 
whether to reject) the null hypothesis about a 
proportion in the population 

Sample 
 
•  Sample of 500 likely Ohio voters, March 14-16, 2004 

–  Bush 41%, Kerry 45%, Other 4%, Not Sure 10% 
–  Ignore “other”, “not sure” 
–  Remaining: n =430,  p =0.477 favor Bush, 1-p =0.523 Kerry 
 

•  Most of the sample favors Kerry 
–  But the hypothesis asks about the population 

•  which is probably different (sampling error) 

2a. 

Hypothesis test: 
Sampling distribution method 



Hypothesis test: 
Sampling distribution method 

•  If H0 was true 
–  what would the sampling distribution look like (null 

distribution)? 
–  Where would your sample fall in the null distribution? 

•  If your sample looks extreme (unusual) 
–  then the sampling distribution is implausible 
–  so you reject H0 

1. What if H0 were true? 

•  Is p = 0.50 consistent with the sample? 
•  Let’s see….  

H0 :! = 0.5
H1 :! ! 0.5

2. Draw the sampling distribution 
If H0 was true, then across all possible samples  of 
size n=430, p  would have a normal distribution, 
with 

•  mean 

•  and standard deviation 
–  i.e., standard error 

! = 0.50

! p = " (1!" ) / n = 0.50(0.50) / 430 = 0.024

.45 .475 .50 .525 .55
pHBushL
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If H0 was true, then the [null] sampling distribution is: 

2. Draw the sampling distribution of p 

Our sample is no too extreme. So it does not rule out H0. 

π 



The Z statistic 
•  We don’t really look at the sampling distribution of  p 
•  We look at the sampling distribution of Z 

•  Z is the standardized sample proportion 
– The number of standard errors σp that separate our 

sample proportion p from the population proportion   
π, if H0 were true 

Z = p!!
" p

 where " p = ! (1!! ) / n

The Z statistic in our sample 
•  In the sample, n=430,  p =0.477 
•  If    H0: p = 0.50 was true, then: 

Z = p!!
" p

 where " p = ! (1!! ) / n

Z = 0.477! 0.50
" p

 where " p = 0.50(0.50) / 430

Z = !0.023
0.024

 = -0.97

If H0 was true, then the [null] sampling distribution is: 

2. Draw the sampling distribution of Z 

Again, our sample is not too extreme.  So it does not rule out H0. 
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p-value 
•  If H0 was true 

–  how unlikely would our sample be? 
•  Consult the standard normal table 
       
                                p-value 
                   ---------------------------------- 
                     one-tailed         two-tailed 
           Z      --------------------------------- 

      0.97             0.166                 0.332 



Interpreting p values 

•  If the null hypothesis was true, 
–  there would be a  

•  <insert p value> 

–  chance of seeing a sample at least as extreme as 
this 

•  i.e., a sample proportion at least this far from the 
population proportion 

p value 
•  Two-tailed:   If H0: π ≠ 0.5 was true, 33% of samples would have Z < -0.97 and Z > 0.97 
     Our sample doesn’t rule out H0 (p-value = 0.33 > 5%) 
 
•  One-tailed:    
     If H0: π < 0.5 was true,  over 16.5% of samples would have Z< -0.97  
     If H0: π > 0.5 was true,  over 16.5% of samples would have Z< -0.97 
     Our sample doesn’t rule out H0 (p-value = 0.166 > 5%)       

         p-value 
         ------------------------------ 
            one-tailed     two-tailed 
    Z      --------------------------- 
    0.97      0.166           0.332 

16.5% 16.5% 

Our 
sample 

4-5. Conclusion and interpretation 

•  If H0:  π =0.50 was true, our sample (p=0.477, n=430)  
wouldn’t be that unlikely 

•  In fact, 33% of all samples (p value) would be at least that 
far from a tie 

•  In sum, our sample does not rule out the idea (H0) that Ohio 
is tied. 

2b. 

Hypothesis test: 
Confidence interval method 



Hypothesis tests: 
Confidence interval method 

•  Draw, on a number line, 
–  the hypotheses 
–  the confidence interval 

•  If the confidence interval overlaps H0 
–  then H0 is plausible  
–  you fail to reject H0 

•  If the confidence interval doesn’t overlap H0 
–  then H0 is implausible 
–  you reject H0 

Confidence interval for a proportion 

•  Suppose we calculated a 95% confidence interval 
for π, the proportion favoring Bush 

 
•  Would the interval contain π =0.50? 

Our sample’s confidence interval 
If we want 95% confidence, then Z=1.96. 

!  is in p± ZSp                 where Sp = p(1! p) / n

!  is in 0.477±1.96Sp         where Sp = 0.477(0.523) / 430
!  is in 0.477±1.96(0.024)
!  is in 0.477± 0.047
!  is between 0.430 and 0.524

Confidence z
94% 1.88
95% 1.96
96% 2.05

Interpretation 

•  We are 95% sure that between 43% and 52.4% 
of voters were in favour of Bush. 



Confidence interval and hypotheses 

��

H1 

H0 

CI 

H0 :! = 0.5
H1 :! ! 0.5

H1 

0.50 

0.524 0.430 

•   The confidence interval includes π =0.50. 

•   So we can not rule out H0.  

•    We can not rule out a tie in Ohio. 

1 0 

Summary:  
Hypotheses and hypothesis tests 

•  Hypothesis: claim about a (population) parameter 
–   µY  (mean) 
–   π   (proportion) 
 

•  Research hypothesis vs. null hypothesis (H1 vs. H0) 
–  research hypothesis can be  

•  one-tailed  
•  or two-tailed  
 

•  Hypothesis test 
–  using sample to evaluate H1 and H0 
–  Does the sample provide enough evidence to reject H0? 

Summary:  
Sampling distribution method 

•  If H0 was true 
–  look at the null sampling distribution N(0,1) of Z 
–  where would the sample’s value Z=(p- π )/        fit in 

that distribution? 
–  what is the probability of Z at least that extreme? 

•  p-value 

•    If Z is extreme (p small) 

     (i.e., if p-value is small) 

– reject H0  

•    Otherwise 

– do not reject H0  
 

! p

Summary:  
Confidence interval method 

•  On a line representing parameter values (π) 
–  Draw the hypotheses (H1 vs. H0) 
–  Draw the confidence interval (CI) 

•   If CI overlaps H0 

– Don’t reject H0 (it’s plausible) 

•    Otherwise 

– Reject H0 (it’s implausible) 
 

π 

H1 

H0 

CI 

H1 

0.50 

0.52 0.43 



Sample size in hypothesis tests 

•  If we increased the sample size, 
– would we be more likely 
–  or less likely  
–  to reject H0? 

Confidence intervals and 
hypothesis tests 

•  Suppose this is the CI 

•  Will we reject  H0:   π1-π2= 0 ? 

-.02 0 

H0 

point 
estimate 

 
CI 

π1- π2 

Sample size 

•  Larger sample 
– " smaller standard error 
– " narrower confidence interval 
– " fewer plausible parameter values 
– " H0 less likely to seem plausible 

Confidence intervals and 
hypothesis tests 

•  Suppose we had a larger sample size 

•  Would the CI be narrower or wider? 
•  Would we be more or less likely to reject H0: π1-π2=0? 

-.02 0 

H0 
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estimate 

 
CI 

π1- π2 


