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Abstract

The task of the present study was the axial compression of and subsequent stress relaxation in
glass cylinders made of the vitreous silica type Suprasil 1 at temperatures ranging from
1000°C to 1375°C and at nominal strain rates from -10-5 to -10-2 per second in a servohydraulic press. Earlier, the method had been applied thoroughly at the Technical University
of Berlin while it did not find wide appreciation elsewhere. An overall critical review of
published work, however, reveals many areas of deficiencies in glass upsetting and comes up
with a reinterpretation of the reported nonlinear viscosity. The former experimental and
analytical approaches are proven untenable. The present procedure embraces experimental
studies stringently analyzed by a dual analytical and numerical approach along rational
guidelines which in the end clearly reveal consistency, but firmly contradict hitherto
uncontested research. Building upon a few previous studies glass upsetting is shown to be an
accurate and reliable method. The present study relies to a minor extent on literature data, but
these are not critical for the technique.
A persuasive case is built to demonstrate that the previously reported distinct 'stress
generation modulus' is not physical. This modulus does not markedly develop if provisions
are made to establish firm interface contact between the specimen and the pistons.
The different analytical approaches for upsetting purely viscous substances suggested in the
literature are reviewed. The consequences radial friction restraint on the interface has on the
inner stress field in upset samples is discussed. A theory of Nadai on the inner stress state in
axially compressed viscous bodies while bulging must be rejected.
Instead, the concept of viscoelasticity is accepted and closed-form solutions are derived to
demonstrate that the interpretation as a single-element Maxwell model renders Young's
modulus readily measurable along with the viscosity. This concept had been applied in a few
earlier studies, but is here extended to measure the Young's modulus and the viscosity as a
function of temperature and stress. Thus, the deformation resistance in glass is not exclusively
determined by viscosity. The significant contribution of elasticity, found to be inherent in
glass even at elevated temperatures, can not be neglected. This very distinct behavior does not
appear to have received widespread explicit recognition. The interpretation as a singleV

element Maxwell model is capable of adequately describing glass behavior to a sufficient
approximation and opens up the possibility to compute both Young's modulus and the tensile
viscosity. The condition of a homogeneous deformation occurring under perfect interface
slippage is shown not to be a strong one if the degree of compression is small.
The analysis reveals that the Young's modulus decreases with a rise in temperature when the
nominal strain rate is held fixed and with a reduction in nominal strain rate at constant
temperature. The Young's modulus has been neglected in the majority of earlier studies on
glass upsetting. The viscosity can be characterized either by a VFT-fit or by an Arrhenian fit
where one parameter is load-dependent. Thus, nonlinearities are manifested by a nonHookean elasticity and a non-Newtonian viscosity. Both nonlinear coefficients – Young’s
modulus and viscosity – are fitted by linear functions to the stress as the simplest approach to
nonlinearity. This procedure may be revised if theoretical fit formulas become available.
The analytical treatment implicitly assumes that the deformation can be taken as isothermal.
A heat balance between the internally generated heat and heat losses was carried out
demonstrating that the assumption of an isothermal state is justified. The applicability of this
algorithm is proven with reference to an earlier study.
The stress relaxation behavior has also been analyzed without reference to the interpretation
as a Maxwell model and found to be load-dependent. The relaxation ability is influenced by
the temperature and the stress attained. All stress relaxation functions normalized to the initial
stress can be superposed by renormalizing the time scale depending on the temperature and
the stress. A statement on whether or not relaxation curves are truly superposable needs
further experimentation as data scatter and the slightly varying strain rate impede the analysis.
To explain the phenomenon of 'bollarding', which is a reverse barreling, consideration must
be given to an ongoing modification of the specimen in the course of the experiment due to
surface crystallization.
The pronounced decrease of the viscosity with increasing strain rate, labeled a ‘nonlinear
effect’ in earlier studies, follows from overlooking the elastic behavior of the sample. Yet
another implication of this study is that the 'normalized viscosity' and its insensitivity to
temperature and composition when plotted versus 'normalized strain rate' is a direct
VI

consequence of Maxwellian behavior. The present findings can not dispel the controversy
over the cause for stress overshoot in rapid straining reported in earlier studies.
Three different methods are implemented to simulate the experiments with the FiniteElement-program ABAQUS using the experimental data of Young’s modulus and the
viscosity. Most successful is the implementation via a UMAT subroutine with constant
coefficients. Its derivation is provided with full detail. The scheme works quite well,
disregarding minor discrepancies introduced by nonlinearity in the coefficients. From the two
alternative simulations (using elasticity and a CREEP subroutine) the one with stressdependent coefficients (Young’s modulus and viscosity) performs mostly better in the
reconstruction of the measured force history (force measured as a function of time).
In summary, the rheological behavior of fused silica in upsetting can be well described by the
Maxwell model and analysis with a load-dependent Young’s modulus and a load-dependent
viscosity. Upsetting shows potential to be established as a standard procedure. The study
together with a few references which are given due credit allow glass upsetting to be
mastered.
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Zusammenfassung

Gegenstand der vorliegenden Arbeit ist die axiale Kompression und anschliessende
Spannungsrelaxation

von

Glaszylindern

aus

dem

Kieselglastyp

Suprasil

1

im

Temperaturbereich von 1000°C bis 1375°C bei nominellen Dehnungsraten von -10-5 bis -10-2
pro Sekunde in einer servohydraulischen Presse. Die Methode wurde bereits ausführlich an
der Technischen Universität Berlin angewendet, während sie sonst nur selten aufgegriffen
wurde. Eine umfassende kritische Betrachtung publizierter Arbeiten fördert jedoch viele
Mängel im Zylinderstauchen von Glas zutage und führt zu einer Neuinterpretation der
“nichtlinearen Viskosität“. Die früheren experimentellen und analytischen Vorgehensweisen
erweisen sich als unhaltbar. Die hier vorgeschlagene Vorgehensweise beinhaltet
experimentelle Studien, die nach streng rationalen Richtlinien mittels einer analytischen und
numerischen Methode analysiert werden und konsistent sind, aber sich im Gegensatz zu
bisher unbestrittenen Publikationen befinden. Ausgehend von einigen früheren Studien wird
gezeigt, dass es sich beim Zylinderstauchen von Glas um eine genaue und verlässliche
Methode handelt. Die vorliegende Studie bezieht in geringem Masse Literaturdaten ein; diese
sind jedoch nicht entscheidend für die Methode.
Es wird demonstriert, dass der früher deutlich auftretende 'Spannungsaufbaumodul' keine
physikalische Grösse darstellt. Dieser Modul tritt nicht merklich auf, wenn Vorkehrungen für
einen engen Kontakt an der Grenzfläche zwischen Probe und Stempel getroffen werden.
Die in der Literatur vorhandenen verschiedenen analytischen Formeln für das Stauchen rein
viskoser Substanzen werden zusammengestellt. Das innere Spannungsfeld in einer
gestauchten Probe aufgrund einer Behinderung des radialen Flusses durch Reibung an der
Grenzfläche wird diskutiert. Eine Theorie von Nadai über den inneren Spannungszustand in
sich ausbauchenden axial gestauchten viskosen Körpern wird widerlegt.
Stattdessen wird das Konzept eines viskoelastischen Verhaltens angesetzt und geschlossene
Lösungen entwickelt, um zu demonstrieren, dass mit der Interpretation als ein einzelnes
Maxwell-Modell der Elastizitätsmodul zusammen mit der Viskosität leicht messbar wird.
Dieses Konzept wurde bereits in einigen früheren Studien angewendet, ist aber hier erweitert
worden, um den Elastizitätsmodul und die Viskosität als Funktion der Temperatur und der
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Spannung zu messen. Somit ist der Widerstand des Glases während der Deformation nicht
allein durch die Viskosität bestimmt. Der bedeutende Beitrag der Elastizität, welcher dem
Glas auch bei hoher Temperatur eigen ist, darf nicht vernachlässigt werden. Dieses stark
abweichende Verhalten scheint bisher kaum beachtet worden zu sein. Stattdessen vermag die
Interpretation als einzelnes Maxwell-Modell das Glasverhalten mit ausreichender Genauigkeit
zu beschreiben und eröffnet eine Möglichkeit, sowohl den Elastizitätsmodul als auch die
Zugviskosität zu ermitteln. Die Einschränkung einer homogenen Verformung unter
vollständigem Gleiten an der Grenzfläche ist unbedeutend, solange das Ausmass der
Stauchung gering ist.
Die Analyse zeigt, dass der Elastizitätsmodul bei fester nomineller Dehnungsrate mit
steigender Temperatur und bei fester Temperatur mit einer Verringerung der nominellen
Dehnungsrate sinkt. Der Elastizitätsmodul wurde in der Mehrheit der früheren Studien zum
Zylinderstauchen von Glas vernachlässigt. Die Viskosität kann entweder durch eine VFTKurve oder durch einen Arrhenius-Ansatz angepasst werden, wobei ein Parameter
lastabhängig ist. Somit zeigen sich Nichtlinearitäten durch eine nicht-Hooke’sche Elastizität
und eine nicht-Newton’sche Viskosität. Beide nichtlinearen Koeffizienten – Elastizitätsmodul
und Viskosität – werden mit linearen Funktionen der Spannung angepasst als einfachster
Ansatz für eine Nichtlinearität. Diese Vorgehensweise kann überarbeitet werden, wenn
theoretische Fitformeln verfügbar werden.
Die analytische Behandlung unterstellt implizit, dass die Verformung als isotherm angesehen
werden kann. Eine Bilanz der intern generierten Wärme und der Wärmeverluste wurde
aufgestellt. Sie zeigt, dass die Annahme eines isothermen Verformungsprozesses gerechtfertigt ist. Die Anwendbarkeit dieses Algorithmus wird mittels einer früheren Studie bestätigt.
Die Spannungsrelaxation wurde auch ohne Vorgabe eines Maxwell-Modells analysiert und
stellte sich als lastabhängig dar. Die Relaxation wird durch die Temperatur und die erreichte
Spannung beeinflusst. Alle auf die Anfangsspannung normierten Spannungsrelaxationsfunktionen können überlagert werden durch eine Umnormierung der Zeitachse in
Abhängigkeit von der Temperatur und der Spannung. Eine Aussage, ob Relaxationsfunktionen streng überlagerbar sind, erfordert weitere Untersuchungen, da die Streuung der
Messdaten und die geringfügig variierende Dehnungsrate die Analyse einschränken.
IX

Um das Phänomen des 'Bollarding', einer umgekehrten Tonnenbildung, zu erklären, muss
eine fortschreitende Modifizierung der Probe im Laufe eines Experimentes durch
Oberflächenkristallisation in Betracht gezogen werden.
Die starke Abnahme der Viskosität mit anwachsender Dehnungsrate als nichtlinearer Effekt,
wie er in früheren Arbeiten oft beschrieben wurde, beruht darauf, dass das elastische
Verhalten der Probe übersehen wurde. Eine weitere Schlussfolgerung der vorliegenden Studie
ist, dass die gegen die 'normierte Dehnungsrate' aufgetragene 'normierte Viskosität' und ihre
Unempfindlichkeit auf Temperatur und Zusammensetzung eine direkte Konsequenz des
Maxwell-Modells ist. Auch mit den vorliegenden experimentellen Ergebnissen kann die
Kontroverse über den Grund der Spannungsüberhöhung bei sehr schnellem Stauchen, über die
in früheren Arbeiten berichtet wurde, nicht beigelegt werden.
Drei verschiedene Methoden werden angewendet, um die Experimente mit dem FiniteElemente-Programm ABAQUS unter Verwendung der experimentellen Daten für den
Elastizitätsmodul und die Viskosität zu simulieren. Am erfolgreichsten ist die Beschreibung
durch eine UMAT – Subroutine mit konstanten Koeffizienten. Ihre Herleitung wird in allen
Details beschrieben. Das Verfahren funktioniert recht gut, wenn geringe Abweichungen
aufgrund der Nichtlinearitäten in den Koeffizienten vernachlässigt werden. Von den beiden
alternativen Simulationen (welche Elastizität und eine CREEP – Subroutine beinhalten) liefert
jene mit spannungsabhängigen Koeffizienten (Elastizitätsmodul und Viskosität) meist eine
bessere Übereinstimmung mit der gemessenen Kraft.
Zusammenfassend kann festgestellt werden, dass das rheologische Verhalten von Kieselglas
beim Zylinderstauchen durch das Maxwell-Modell und der Analyse mit lastabhängigem
Elastizitätsmodul und lastabhängiger Viskosität gut beschrieben werden kann. Das
Zylinderstauchen kann daher potentiell als Standardverfahren etabliert werden. Zusammen
mit

einigen

gebührend

gewürdigten

Referenzen

Zylinderstauchen von Glas zu beherrschen.
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1 Introduction
1.1 Background and state of the art
Cylinder compression – or ‘upsetting’ – is of widespread use to characterize the shaping of
materials. Its purpose is to come up with material properties from the recorded stress-strain
curve. In the present study this method as applied to glass at elevated temperatures is explored
in detail.
As compared to tests involving different exposure to loading, cylinder compression has
important advantages: the compressive strength of glasses is far greater than their tensile
strength so that experiments can be carried out to larger stresses. Its prime advantage is the
fact that contrary to tensile testing no grips are needed to load the specimen and necking does
not occur. As common glass forming operations are more likely to apply compressive
stresses, results are potentially transferable into industrial practice. In principle, the hot tensile
strength can be ascertained. However, this meets with difficulties to be laid out in section 3.2
Strain and stress distribution in compressed cylinders. Considering these facts it becomes
apparent that cylinder compression is of high relevance to glass shaping. Further, the ease in
machining cylindrical samples by drilling reduces specimen preparation to a minimum.
The mechanical coefficients have to be known for designing and simulating glass shaping
processes. The elastic component has very often been ignored in describing viscoelastic
effects, resulting in a description based on viscosity only. In another approach, the elastic
coefficients are assumed to be constant. The latter leads to discrepancies between experiment
and simulation as shown by a simulation of the sagging of a glass sheet on a mold [1]. The
discrepancy is resolved by temperature-dependent elasticity. In fact, researchers at SCHOTT
GLASS, Mainz, found the modulus of elasticity of a borosilicate glass to drop at temperatures
of about 100°C above the transformation temperature, providing a high-quality match in the
mentioned simulation of sagging [1]. Only few authors tackle the temperature-dependence of
elastic constants. Numerical values are scarcely disclosed.
Along with elastic constants viscosity is of vital interest in glass technology. A large number
of methods have been engineered to measure the viscosity. One method is the so-called
parallel-plate viscometry. In this test a cylindrical specimen is axially compressed between
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flat parallel dies. In spite of its simplicity, however, this technique of upsetting does not
appear to have been widely appreciated by the glass community. The procedure as applied to
glass was investigated at length and in numerous publications in the institute in which also the
present study was performed. Only a selection of these previous publications is referred to in
the present study. The experimental procedure employed at the time was laid out in a manualtype publication [2] onto which a series of papers followed dealing mainly with curve fits to
the data obtained by that technique (see section 7.14 Nonlinear viscosity revisited). All but
Mann’s publications on this subject from that institute comprise misconceptions in the
experimental procedure (see section 2.1 Contact quality). In addition, just one data point of
the stress-strain curve was analyzed (see section 7.14 Nonlinear viscosity revisited) and an
unsubstantiated theory on the inner stress state within the specimen (see section 3.3 Nadai’s
theory on the stress state in barreled cylinders of a viscous substance) requires improvement.
Only the viscosity was evaluated in these studies and found to be rate-dependent whereas the
elastic deformation has been ignored or assumed to have faded away. It was also overlooked
that stresses begin to rise from zero which rules out purely viscous behavior. A significant
improvement was provided by Sakoske [3] who described glass upsetting, including
elasticity, by a numerical approach using the Finite-Element-program ABAQUS. A few
studies, most recently by Meinhard, Fränzel and Grau [4,5], included elastic stresses in their
analysis and successfully extracted data on the temperature dependence of Young’s modulus
and viscosity.
A number of terms are in use for the process studied here: free upsetting, upset forging, opendie forging, disk forging, push-rod dilatometry, parallel-plate viscometry, parallel-plate
viscosimetry, parallel-plate rheometry, parallel-plate plastometry, parallel-plate squeezing
flow technique or simply cylinder compression method. In this terminology, ‘parallel-plate’ is
replaceable with ‘compression’. The respective usage depends on the material being
investigated. The specification ‘free’ or ‘open-die’ indicates that the workpiece may freely
deform radially without being constrained by tools. A historical survey of the technique with
an emphasis on elastomers is available in [6]. Studying rubbery materials the term ‘Williams
plastimeter’ is also in use [6,31]. With glass, only hot upsetting is feasible. The version of free
(unconfined) deformation without a mold into which the product may be pressed is employed
here. For metals a vast amount of literature has accumulated over the years and will be
referred to where appropriate to demonstrate analogies.
2

1.2 Objective
The present study is by no means novel in the method employed, but has the task of critically
reviewing experimental, theoretical and complementary numerical studies on the subject and
at the same time to combine the innovative approaches of numerical modeling and
consideration of elastic stresses. A unified experimental, analytical and computational
methodology permits elastic and viscous properties to be simultaneously measured while all
other relevant data are available in the literature. The study presents relevant information from
both theory and experiments performed on a variety of materials and points out shortcomings
in the literature on glass shaping.
It will be demonstrated that meaningful material properties can be determined by orderly
interpretation of suitably designed tests. In this context, the method employed allows
convenient viscometric studies. Unfortunately the full capacity of upsetting went unnoticed in
many previous investigations, whereas in reality a wealth of information can be extracted
from the experiments. All aspects of the present work are in harmony with each other, but at
variance with the major part of publications on glass upsetting and nonlinear viscosity. Since
diverse glass systems had been investigated before with the technique it was opted to go for
fused or vitreous silica [13].
The hardware for the study and its usage is described in Chapter 2. Chapter 3 gives an
overview of the past various analytical approaches to study the rheological processes in the
sample when subjected to this kind of loading. It also demonstrates that many aspects from
upsetting elastic specimens are reflected in viscoelastic specimens. Furthermore, internal
stress states in upsetting are considered. Chapter 4 provides the literature data needed for the
analysis. The step-by-step recipe for the data reduction is tabulated in Chapter 5. Chapter 6
details the implementation of the numerical code. Finally, the wealth of information that can
be gained from the data and the implications the present study has on glass behavior is
presented in Chapter 7. The account in Chapter 8 is a very brief summary of the gist of the
present study, reiterating the main ideas and results and states why continued research efforts
with even more detailed analyses are required to further understand the nature of glass. The
mathematical proofs for the inadequacy of Nadai’s theory constitute Appendix A. Details on
the finite-element implementation are assembled in Appendix B. The literature cited is
compiled in Appendix C.
3
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2 Experimental procedure
2.1 Contact quality
The previously described and evaluated ‘maximum elastic modulus’ [2], ‘maximum
relaxation modulus’ [2] or ‘stress generation modulus’ [7] – ostensibly a point of inflection in
the rising part of the force vs. time recording – is not an intrinsic material property; in fact, it
is due to the experimental procedure employed: data acquisition was started before proper
contact was established between sample and pistons. Hence, the boundary conditions were
undefined. This also occurs in the present study in the preloading stage.
The slowly rising portion of the force signal is an expression of gradually establishing
contact: the specimen traversing the clearance to the piston, flattening the surface roughness
of the specimen and of the steel shims (in [2], resp. of the alumina platens in the present
study) interfaced between specimen and pistons to prevent sticking. To support this
interpretation a numerical study was run in which the piston has to cross the initial gap and
flatten the shim before contact is established. From Fig. 7a in [2] the distance traveled by the
piston to establish firm contact can be read as approximately 60 µm. The initial piston
position above the specimen was taken as this clearance plus the shim thickness of 0.1 mm.
The shim was modeled as a straight line (in the cross-section) stretching from the piston
center to the specimen end face rim and as being elastic (E = 175 GPa, ν = 0.25). The higher
piston speed from that figure was chosen and assumed to remain 32 µm/s. The glass was
coded with E = 20 GPa, ν = 0.2 and a shear viscosity of 1011 Pa·s at this temperature and
strain rate. The simulation was assumed isothermal. The simulation results are shown in
Figure 2.1-1. The point of inflection in the force curve coincides in time with the minimum in
the force rate. Under these conditions the slope of the stress-strain curve will inevitably
feature an extremum somewhere. Hence, the stress generation modulus at the beginning of
loading is an experimental artifact without any physical significance.
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Figure 2.1-1: Force (F, full line) and derivative of the force with respect to time (F’, broken
line), both as a function of time in a finite-element simulation of cylinder compression with a
steel shim to prevent sticking, leaving a clearance between specimen and shim and generating
the ‘stress generation modulus’ as a point of inflection. The point of inflection in the force
curve coincides in time with the minimum in the force rate.

Even though displacement readings were vitiated by the initial gap, the crossing of this gap
was interpreted as part of the specimen deformation. The consequence of this initial gap is a
misinterpretation of the strain the specimen has undergone. Thus, it is obvious that the
maximum rate of the force occurs prior to any meaningful force signal in this analysis (Fig. 7
in [2]). Consequently, the statement of this modulus being a measure of glass ‘stiffness’ and
‘workability’ [116] must be questioned. Negating this modulus entails the same consequences
for the stiffness resistance (or ‘brittleness’ in their wording) of glass given as the derivative of
that stress generation modulus with respect to strain rate [8].
To avoid this disadvantage in the present study the specimen was placed on the lower pushrod
which was then lifted so that the specimen just slightly touched the upper piston (for more
details see section 2.3 Testing machine, pistons and raw data recording). In this configuration
parallelism of the specimen with respect to the pistons was checked by visual inspection from
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the camera output (see section 2.5 Digital image processing and system deformation). Hence
it can reasonably be stated that a parallel arrangement is obtained when contact is first made.
Sakoske’s concept of preloading was also adopted as it allows to properly evaluate the data
[3] b. In order to start out from completely even contact surfaces, sufficient time was allowed
for the preload to relax fully. Imposing this preload, the sample engages with the interface
plate and intimate contact is established which provides a good contact quality and precludes
an initial contact-free interval followed by a sigmoidal rise of the force signal. This method
generates a force signal that rises sharply at the onset and thereafter more gradually. A sample
of the force history incorporating preloading and its relaxation followed by the main load as
recorded in the present study is displayed in Figure 5.1-1: the main load force rises
instantaneously and monotonically without point of inflection in contrast to the period of
preloading which is not incorporated in the analysis. In spite of the preload, the force rise was
gradual in some experiments (see section 5.1 Raw data).

2.2 Specimen material
The use of vitreous silica monocomponent glass is anticipated to facilitate the interpretation
of the results thanks to its simple structure. A great variety of vitreous silica types are known
depending on the processing route. Depending on the route different impurities may be
introduced and therefore modify the properties of the base material. Diverse properties of
vitreous silica are detailed in several compilations [9,10,11,12,13,14,15,16,122]. In order to
restrict the anticipated force required for compression, a type had to be chosen that is made up
of a relatively loose network. The fused silica type Suprasil 1® from Heraeus was selected as
specimen material. Heraeus Suprasil 1 is a clear high-purity vitreous silica manufactured by
flame hydrolysis of SiCl4. It contains admixtures, most importantly a high amount of OH (up
to 1000 ppm) and Cl (up to 50 ppm), making it comparatively ‘soft’, but it is virtually free
from metallic impurities and is classified as a type III fused silica glass [10,12,13,14]. It is
practically void of bubbles and inclusions. Equivalent trade names from other manufacturers
and a listing of trace contaminants in some fused silica glass types are compiled in
comprehensive descriptions of fused silica glass [13,14].

b

Some recorded force histories in Sakoske’s publication do display a gradual increase instead.
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Long cylinders of fused silica glass were core-drilled from a block of material using a
diamond hollow drill bit and then clamped into a saw with an abrasive diamond-equipped
saw-blade wheel for slicing. Mechanical inhomogeneities could be noticed when drilling. At
times the drill bit went through easily, at times not. However, all specimens were considered
identical prior to testing. Deviations from the homogeneity may partly explain the scatter in
the data points. During both drilling and sawing the specimen was cooled with water. Finally,
the end faces of the specimens were plane-parallel ground using abrasive 150 grit silicon
carbide powder and rinsed whereas the lateral faces were left as-drilled. Flat and parallel end
faces make sure that inadvertent bending moments are not introduced during loading (see
section 2.3 Testing machine, pistons and raw data recording). The dimensions of the
specimens were measured at room temperature with an electronic dial micrometer capable of
taking accurate readings of 1 µm. The diameters were found to be almost constant throughout
with 1.04 to 1.05 cm, whereas the actual heights varied slightly from sample to sample and
ranged from 0.95 to 1.1 cm. Both height and diameter of each sample are the average of seven
readings each. Only one experiment was run on any one sample. Specimens are assumed
isotropic and homogeneous. All specimens were machined from one single piece from the
donated stock. Thus, scattering of the data due to different charges of the material is
minimized and differences in the properties of various specimens can evolve only in the
course of an experiment.
Specimens were placed in the furnace only after the temperature had stabilized. Specimens
were exposed to the testing temperatures for as brief a period as possible so that the
possibility of their properties experiencing modifications during testing is minimized. After
completion of pressing a thin milky layer of cristobalite is observed on the surface of the
specimens. Devitrification is enhanced by both high hydroxyl and impurity content in the
glass or the presence of water. Crystallization is relevant in the current context to explain the
phenomenon of ‘bollarding’ (see section 7.13 Bollarding). However, data obtained from
specimens that experienced a high temperature and/or a long exposure time (i.e., those that
might be expected to have developed relatively more cristobalite) did not deviate from the
overall trend for all data.
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2.3 Testing machine, pistons and raw data recording
The testing machine was a servohydraulic universal testing machine from MTS (MTS
Systems Corporation, Eden Prairie, Minnesota, USA). The load frame capable of exerting a
force of 100 kN was interfaced with a MicroConsole (MTS type 458.20) and a MicroProfiler
(MTS type 418.91) to program the experiment. Experiments were run under the operating
mode with the hydraulic pressure set to “high”. The displacement transducer (LVDT, Linear
Variable Differential Transformer) was calibrated for 7.5 mm displacement full scale. The
load transducers were calibrated to sense a full load of 5, 10, 20, 50 or 100 kN from a 100 kN
load cell type LeBow 661.21B-03. The full scale limit of each transducer range corresponded
to a 10 V signal. A water-cooled disk is installed in the load train between load cell and upper
piston to protect the load cell from overheating.
At the start of the loading the displacement voltage output for the starting point was zeroed to
enable use of a small amplifier range in the oscilloscope (CRT) in order to attain a high
resolution. The upper limit of the selected amplifier range for the displacement signal was
chosen according to the intended total displacement. To make use of beneficial
simplifications (see section 3.4 Maxwell model) the displacements were limited to one
millimeter at most. The displacement output was recorded only to determine the system
deformation when compared with the true specimen deformation (see section 2.5 Digital
image processing and system deformation). After initial guessing, the force transducer
appropriate for each experiment was chosen based on experience from previous experiments
to minimize ripple in the force signal.
The pistons were made of sintered alumina (AlSint 99.7 %, polycrystalline, manufacturer: W.
Haldenwanger, Technische Keramik GmbH & Co. KG, Berlin, Germany) with lateral faces
and end faces accurately ground parallel. They had a diameter of 45 mm and were 40 cm
long. Initially, their close parallelism was revealed by sandwiching a sheet of carbon paper
and white paper in between and observing the imprint after exerting a small force. Before
inserting the specimen into the furnace prior to an experiment the parallelism of the pistons
was checked by inspecting an image from the camera output (see section 2.5 Digital image
processing and system deformation). Non-parallel loading blocks and specimen end faces
enforce eccentric loading and therefore bending moments onto the specimen [17]. Being
employed as a high-strength refractory material even under adverse conditions the mechanical
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properties of sintered alumina are optimized to withstand high stresses at elevated
temperatures and were studied over a wide temperature range [18, 19, 20,21]. Being sensitive
to thermal shock the pistons were maintained at high temperatures throughout all experiments
and muffled into insulation wool (Altra B 72, manufacturer: Rath GmbH, Meissen, Germany).
To exert caution and not overloading the pistons the experimental program was begun at low
strain rates. To prevent sticking of the glass specimens to the pistons overhanging flat platens
of the piston material (alumina) were concentrically inserted in between. These were 20 mm
in diameter and 3 mm thick.
All experiments were run under displacement control, i.e., the displacement of the lower
piston was ramped at a constant rate preset in each experiment to effect a reduction in height
of the sample. Thereby the piston movement becomes the independent variable. The desired
piston speed (displacement rate of the LVDT actuator) fed into the MTS electronics was
calculated as the product of the desired strain rate and the initial height. The upper piston is
held fixed in place by refractory cement inside a metal tubing screwed in the upper crosshead.
The experiments are assumed quasistatic, meaning that experiments are carried out slowly
enough for steady-state conditions to rule.
The hydraulic testing machine provides two measured quantities: the force signal from the
load cell as the specimen response and the displacement signal from the LVDT as the pistons
converge, both of which are gathered in a digital storage oscilloscope and then fed into a PC
for data processing. The oscilloscope has a signal resolution of 12 bits and a sample rate of
500 kHz. It is equipped with twin preamplifiers and multiplex memory modules. The memory
capacity is 32 kbyte (32768 bytes) words. Irrespective of temperature and programmed strain
rate the LVDT signal corresponds to the intended ram speed. This confirms earlier studies
performed on the same machine [2,22]. However, the reference point for this signal is the
actuator deep in the machine, so system deformation must not be neglected, otherwise the
specimen deformation is not determined correctly. The true compression of the specimen is
accessible through image processing (see section 2.5 Digital image processing and system
deformation). When compared with the LVDT signal the system deformation can be
calculated (see section 7.16 System deformation).
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2.4 Furnace
The interior of the self-built furnace was heated by a pair of 0.2 m tall Kanthal Superthal SHC
100 V muffles with an outer diameter of 30 cm and their original heating element windings
removed so that the inner diameter was increased to 10 cm to accommodate two vertically
hinged Kanthal Super 1800 heating elements (Kanthal Super 1800 two-shank elements with
straight terminals, heating zone diameter 6 mm, terminal diameter 12 mm, heating zone
length 220 mm, terminal length 200 mm, distance between shank centers 50 mm) spaced 180°
apart. The muffles were located centrically on 0.3 m x 0.3 m insulating bricks on a steel base
plate. The compression cage assembly housing two halves was sealed by insulating refractory
fiber material to minimize heat losses, held together by steel grids and rests on water-cooled
steel pads. Each piston reaches about 0.15 m into the chamber and exerts the force onto the
specimen. The atmosphere was ambient air. The furnace remained stationary. Optical
observation, specimen insertion and removal was through a front viewport closed with a
removable sapphire window of 3 cm diameter.
The temperature was controlled prior to specimen insertion. A calibrated type S thermocouple
reaches into the furnace with its tip near the specimen to provide feedback to an Eurotherm
analog temperature controller (PID-controller model 812) interfaced with a self-built
transformer powering the Kanthal windings (9.5 V, 166 A). The sample temperature was
monitored during the experiment from another type S thermocouple (with its tip closer to the
specimen) wired into a digital voltmeter. This thermocouple is movable along the horizontal
axis of the furnace to measure the temperature field after specimen removal.
The temperature gradient at the location of the sample can be assumed quite small:
•

The furnace temperature was persistently held high and allowed to equilibrate for at
least twenty minutes after regulating prior to beginning an experiment.

•

Asymmetric specimen deformation due to a piston having a possible lower or higher
temperature than the other [2] was never observed.

•

Both pistons being at a considerably lower temperature than the sample induces
barreling of the sample (see section 3.2 Strain and stress distribution in compressed
cylinders) that may add to barreling on the grounds of friction alone [2]. Barreling did
not occur.

•

Both pistons being at a considerably higher temperature than the sample induces
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bollarding (see section 3.2 Strain and stress distribution in compressed cylinders). The
necessary temperature gradient is discussed in section 7.13 Bollarding.
The full furnace profile was measured after completion of an experiment by a movable
thermocouple through the rear viewport stuffed with insulation wool while the front viewport
was closed. The hot zone was found wide enough (Figure 2.4-1) to presume temperature
uniformity in the specimen area.

Figure 2.4-1: Furnace profile at different nominal temperatures: temperature normalized to
nominal temperature vs. horizontal position from center. The nominal temperature is colorcoded.

A special device for placing the specimen-platen-sandwich concentrically in the preheated
furnace between the rams in the line of load application was used to prevent off-center
loading. Insertion was carried out by manual guidance through the front optical viewport. The
specimen rests on the piston at the preset temperature for a dwell time of at least twenty
minutes to reach thermal equilibrium before starting the experiment (see section 2.2 Specimen
material). The time for preloading and preload relaxation can be added to the heat soaking
time.
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Upon removal of the specimen-platen-sandwich from the furnace – which was done utilizing
a pair of tweezers and dropping into a cavity in a refractory brick covered with insulation
wool – the difference in thermal expansion between the specimen (or more precisely its
coating with cristobalite) and the alumina platens causes the end faces to crack and part of the
sample remains adhered to the alumina platens.

2.5 Digital image processing and system deformation
The displacement signal (LVDT output) must be split into two parts to separate the machine
response from the true specimen response. Digital image processing enables a contact-free
deformation sensing in contrast to previous correction functions for the finite stiffness of the
apparatus [2,3]. Image evaluation in connection with platen separation measurement in
parallel-plate viscosimetry on glass was first reported in 1960 [23]. Its purpose is to prevent
misinterpretation of machine displacement (which incorporates system deformation) as the
specimen deformation. In the present study the specimen deformation was sensed using a
CCD-camera (JAI Corporation CV-M10RS, resolution 768H x 574V pixels, monochrome). It
is mounted on an optical bench with an interference filter (central wavelength 632 nm, peak
transmission approx. 50%), a lens (focal length 100 mm), an iris diaphragm and a heat
absorbing glass (colored glass filter KG1 from SCHOTT) in front of it. Observation of the
specimen was through a sapphire window three centimeters in diameter in the furnace wall
with its center coincident with the specimen center plane prior to the start of the displacement.
Before the start of each experiment the camera position was adjusted using a level. In the
undeformed configuration the specimen was approximately 320 pixels high and 350 pixels
wide which translates into a resolution of roughly 30 µm per pixel. Before the start of the
experiment the undeformed configuration was recorded as a gray image by reducing the iris
diaphragm diameter. This particular photograph is needed to check the machine vision output
during analysis.
The image recording interval was adapted for each particular experiment in accordance with
the need to obtain a sufficient number of frames (at least 50) during application of the main
load to detect the deformation. Frames were recorded in bitmap format, sharpened and
converted to a numerical value representing the luminosity at each pixel, and subsequently
(after completion of the experiment) analyzed using a self-written edge detection algorithm to
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extract both the height of the specimen and its diameter along each horizontal row. That way
image processing serves the double purpose of measuring the specimen height and
simultaneously monitoring the specimen contour required to justify the assumption of a
homogeneous stress state (see section 3.4 Maxwell model). To establish image processing as
a reliable shape sensing system a double-check was programmed by tracing out the contour
data along the black/white-transition and overlaying over the frame for visual inspection.
The proposed method when combined with the LVDT signal (see section 2.3 Testing
machine, pistons and raw data recording) provides the determination of system deformation
as a fringe benefit, without the need to run any additional experiment. The resulting system
deformation is given in section 7.16 System deformation.
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3 Theory
3.1 Force in parallel-plate upsetting
To evaluate the compression test it is desirable to have ideal (i.e., homogeneous) stress and
strain conditions. Friction-induced inhomogeneity causes complicated conditions such as a
multiaxial stress state to be discussed in the following section. In general, the problem is in
analyzing a test as if it were uniaxial even though the actual test is not truly homogeneous.
Upsetting was first studied on metallic specimens. A well-known formula for the required
force F was given by Siebel [24] as

⎛ 1 d⎞
F = Ak f ⎜1 + μ ⎟ .
⎝ 3 h⎠

(1)

Many more were proposed [25]. In this equation μ is the friction coefficient between sample
and piston,

h
the aspect ratio (slenderness ratio) height/diameter, A is the cross-section and
d

k f is the yield stress in homogeneous compression. The derivation starts from the assumption

that friction effects are distributed uniformly along the cylinder height. For elastic specimens
Δh ⎛⎜ 1 ⎛ r ⎞
F = 3Gπr
1+ ⎜ ⎟
h ⎜⎝
2⎝h⎠
2

2

⎞
⎟
⎟
⎠

(2)

has been derived with the shear modulus, G , specimen radius, r , and height, h , and the
extent of compression, Δh [26]. In addition, [26] provides formulas for computing the
required forces for compressing a stretched rectangle, an elliptical cylinder and hollow
circular and elliptical cylinders, all taken as elastic. For purely viscous substances, a number
of investigators described isothermal parallel-plate viscometry of a straight-sided disk by
analytical formulas relating force, strain rate, viscosity and sample dimensions while the
exterior general shape is assumed unchanged. The predicted respective pressing forces are
listed in Table 1. Several references therein apparently do not have received much attention.
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Author(s)

Formula

Stefan

F = 3ηV

dh 1 V
1
2
3
dt h 2πh 1 + 6 β
h2
Reynolds
3πη a 3c 3 dh
F= 3 2
h a + c 2 dt
or using V = π a c h
ac dh 1 V
F = 6ηV 2
a + c 2 dt h 2 2πh 3
Healey, Scott,
dh 1 V
Nadai, Dienes F = 3ηV dt h 2 2πh 3
and Klemm,
Krause, more
references listed in [29]
Gent
dh 1 ⎛
V ⎞
1+
F = 3ηV
⎟
2 ⎜
dt h ⎝
2πh 3 ⎠
Kent/Rawson,
Schumacher,
Rijsmus
Wang/McLay

F = 3ηV

dh 1 ⎛ 2
V ⎞
+
⎟
2 ⎜
dt h ⎝ 3 2πh 3 ⎠

F = 3ηV

dh 1
dt h 2

Geometric
limitations
h << R

Reference(s), remarks

[27], β inversely proportional to friction

h<<R, cross-sec- [28], lubrication theory
tion elliptic

‘extremely short
cylinder’ [32], h is
the ‘smallest dimension’ [115],
h <<R [33,23]

[30,31,32,115,33,23];
in [32] particular cases
of a general stress-flow
relationship are treated;
discussed in [45]

‘applicable to a [34], using elastic – viswide range of cous analogy; shape is
thicknesses’
assumed preserved
[35,36,37]; in [37] the
h ≈ R [35],
geometric ratio is not a
h << R [36],
limitation, but taken
R ≈ 2.6 h [37]
from an example
h >> R
[38], homogeneous deformation

Table 1: Various analytical formulas for the pressing force in upsetting a viscous substance.
Symbols: force F , Newtonian shear viscosity η , volume V , specimen height h ,
deformation speed

dh
, cylinder radius R . The geometry of the sample is cylindrical except
dt

in Reyonlds' formula wherein a and c are the half axes of an ellipse.

The factor three in the equations in this compilation hints at the dominance of normal stress
instead of shear stress (thus, the viscous force is related to the ‘elongational viscosity’, see Eq.
(10)). Irrespective of the type of specimen behavior (be it plastic, elastic or viscous) all given
formulas have an identical structure in that the required force equals the inherent flow
resistance to compression multiplied by a flow resistance term in brackets which grows with
decreasing aspect ratio at constant volume. The latter will be referred to again in the following
section with the term ‘size effect’. This flow resistance term contributes the ‘redundant work’
to manufacturing and expresses the additional expenditure of energy in comparison to
homogeneous deformation. Consequently, the force required for compression exceeds the
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force for homogeneous forming because of growing shear deformation. The inherent flow
resistance during homogeneous deformation (where force is spent on overcoming axial
resistance only) in a viscous substance [38] can be rewritten as stress equals three times shear
viscosity times strain rate; an equation known as the ‘fiber (or rod) elongation equation’.
Accordingly, the flow resistance term is unity in homogeneous deformation. The fiber
elongation equation can be expected to hold if the specimen is capable of ‘perfect slip’ along
the pressing tools while all other formulas relate to ‘no slip’ conditions.
The best analysis of experiments on glass can be expected to be a function which takes into
account solutions for the limiting high and low aspect ratio cases and combines a vertical
compressive force and a horizontal force that preserves the cylinder shape. In a comparative
study of different approaches for upsetting a viscous material Manns [39,40] lists also the
limitations of these deductions [39]. He concluded that the resultant piston force is best
described by Gent’s formula [34] when comparing the measured force with the predictions
using a standard glass with certified viscosity-temperature values. Thus, he substantiated the
assumption used in a previous investigation [41]. Manns’ conclusion was confirmed by other
investigators who also experimented with a standard reference glass [42]. Gent’s equation
was also found applicable to experiments imposing minute forces to trace structural relaxation
on a standard glass [43]. It was demonstrated to hold not only for inorganic glasses, but for
polymeric materials as well [44]. The elastic-viscous analogy onto which Gent based his
formula [34] could equally well have been derived from Equation (2).
Under high-speed deformation, the analysis may require the consideration of inertia. Inertia
can be taken into account by a perturbation approach [29,45,46]. The effect is so small as to
be negligible, in particular in the present study with its slower deformation rates.
In general, the authors of the analytical formulas in Table 1 were aware that their solutions do
not hold for the initial portion of the experiment, but only for steady-state purely viscous
flow. If not, they would imply that all strain corresponds to viscous strain entailing non-zero
stress right at the beginning of the loading process. However, from the elementary equation
•

(3)

σ (t ) = 3η ε
•

for viscous flow one must conclude that for a given deformation rate ( ε ≠ 0 ) the stress must

necessarily be larger than zero already at the start of loading which is in contradiction to the
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experimental data where the stress clearly rises from zero (see Figure 5.1-1). The assumption
of purely viscous behavior to describe glass deformation is untenable which is most
persuasively demonstrated by stress relaxation. Relaxation of glass is usually described by
Maxwell's model as the simplest model to describe viscoelasticity. The Maxwell model is
composed of a spring and a dashpot in series. Purely viscous behavior during the deformation
requires Young's modulus E → ∞ . It can be definitively excluded, since its time constant
( τ = η / E ) would be zero. The implication is that stresses should not build up during loading

resp. the specimen should relax immediately – even from a state of pure viscous flow – after
stopping the movement of the piston. This contradicts experimental observation (see Figure
5.1-1). Instead, Maxwell already stated: “In mobile fluids [the time of relaxation] is a very
small fraction of a second, and [the coefficient of elasticity] is not easily determined
experimentally. In viscous solids [the time of relaxation] may be several hours or days, and
then [the coefficient of elasticity] is easily measured” [47]. Elasticity has been ignored in
most studies on glass upsetting which misled into the derivation of the ‘nonlinear viscosity’
(see section 7.14 Nonlinear viscosity revisited). The earliest reference found pointing at the
elastic contribution in upsetting is the one by Griffiths [30]. He states: “From experiments so
far made it is not possible to say what is the significance of the initial deviation during the
first 15 minutes, it may be due to the elastic forces in the rubber, or to the fact that in the early
stages of compression the sample cannot be regarded as a true cylinder”. Thus, the equations
given in Table 1 may apply for purely viscous behavior only, respectively for viscoelastic
materials in the fully relaxed state.
The incorporation of initial elasticity into the analysis is more realistic than identifying glass
behavior as purely viscous. Dienes [48] seemingly pioneered proper interpretation and
numerical evaluation of the initial elastic behavior inherent also to viscoelastic materials as
their name demands. That way the full range of the recorded force, including the transient
startup, can be analyzed which has been done on glass cylinders at different temperatures by
Meinhard, Fränzel and Grau [4,5] and other authors [49,50,51,52,53,54] who exposed glass
test pieces of square cross-section to a constant load at different temperatures. The evaluation
method conceived “provides a very simple means of measuring the modulus of elasticity”
[49], but in the first publication [49] values are given only for the viscous flow range. More
detailed results were published subsequently [50] reporting long-time experiments that lasted
up to several months due to viscosities of up to 1018 Pa·s. Accordingly, Young’s modulus
drops with a rise in temperature and relaxation is properly described by a series of
18

exponentials. Later on this concept seems to have fallen in oblivion in the glass community.
As will be laid out in the remainder of the present study the elastic component in glass
deformation has not received adequate attention in the intervening years (see section 7.14
Nonlinear viscosity revisited). It was not until the notable exceptions of Sakoske [3] and
Meinhard, Fränzel and Grau [4,5 reporting measurements up to 1015 Pa·s and 55 K below the
glass transformation temperature] that the elasticity was considered again in the interpretation
of this type of experiment on glass. Elasticity was also mentioned to be of concern in studies
on other viscoelastic substances [29,45].

3.2 Strain and stress distribution in compressed cylinders
The previous section dealt with analytical approaches for the force needed to compress the
sample. These approaches, however, do not consider the inner stress state within the
specimen. At first glance cylinder compression is a test easy to evaluate. Though simple to
perform experimentally, its analysis entails some intricacies. If meaningful material properties
are to result from the recorded data the stress state in the specimen must be sufficiently
uniform for which it is necessary that the bearing blocks of the testing machine transfer the
load evenly onto the specimen. A couple of papers have dealt with a mathematical approach
to tackle the stress distribution in deformed specimens. At the origin of these was a formula
by Boussinesq [55]. When impressing an elastic half-space of a semi-infinite elastic body in a
manner that leaves the end face plane by a load P transmitted through a rigid circular
indentor of radius R , the normal stress

σ=

P
2πR R 2 − r 2

(4)

becomes infinite along the indentor perimeter ( r = R ) on the end face if the interface friction
is infinite. In this idealized case, the stress intensity rises from one half of the nominal
(average) stress on the axis to infinity at the rim. Inhomogeneous stress conditions and edge
singularities occur as well in square cross-sections where localized yielding is initiated in the
corners [56]. Upsetting rectangular transparent blocks renders the stress state accessible by
photoelasticity [57,58] which shows that the theoretical solution [59] describes the actual
behavior quite well. The spatial evolution of the interior stress state can further be visualized
using chromoplasticity [60]. Additionally, Nadai's summary [61] on the interior stress state of
cylindrical and square specimens is to be mentioned. Edge singularities occur both in the
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specimen (using chromoplastic paraffin) and equivalently in the pressure zones of rigid
punches. The stress profile has also been visualized using photoelasticity and recrystallization
annealing in the punch indentation zone [61].
Several reviews summarize the work of investigators who endeavored to calculate the inner
stress state throughout the volume of an elastic cylinder under compression with the boundary
condition of full radial restraint at the end face [62,63,64]. The most recent of these is by
Chau [63] whose solution for a cylinder subjected to arbitrary surface loads is adaptable for
use with displacement boundary conditions. All theoretical stress distributions do agree on a
sharply rising normal stress in the vicinity of the indentor end face perimeter as predicted by
Boussinesq whereas the various analytical approaches disagree with respect to the distribution
of shear, radial and circumferential stresses. For details see the references quoted.
Full comprehension of the stress state in an elastic specimen requires the influence of surface
tribology and interface frictional restraint be known as a prerequisite. However, friction is an
intricate process and unsolved so far. Chau’s aforementioned elasticity solution for surface
loading with fully or partially constrained radial end displacements can be modified for use
with prescribed displacements. When combined with the correspondence principle [65], this
allows the solution to be transferred into strain and stress in viscoelastic specimens under
imposed displacements. Nevertheless, such a transfer was not yet published. Anticipating
results from the present study (see Chapter 5 Analysis regarding radial restraint and sections
7.3 Modulus of elasticity (Young’s modulus) and 7.7 Viscosity concerning non-constant
coefficients) fused silica is not a material of choice for calculating the inner stress state
analytically, since the material parameters depend on the inner stress state which renders such
an analytical approach too complicated. In addition, data on internal straining in viscoelastic
media are not available for comparison. An experimental-analytical-numerical study would be
an optimum. On the experimental side it can be thought of tomographic means or interior
strain gages (provided the interior straining is left unaffected). Another technique for
experimentally visualizing the inhomogeneous interior strain field in non-homogeneous
upsetting is a node trajectory study by properly placing and tracing position markers having
different colors. For representative results the markers have to cause a resistance to
deformation as similar as possible to the material under study. Plasticine is often used as a
model material [66]. Flow visualization studies were performed using very diverse materials
[67,97], including glass [36]. Internal straining can become so severe as to be labeled
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‘fountain effect’, i.e., the flow front squeezes the leading edge of radial tracers out which is
then swept back, ending up at the wall and folds back onto itself [68,69]. The internal loading
state in plastic specimens was tackled using a semi-empirical approach for a strain-hardening
material with substantial success [70].
The normal stress distribution between die and workpiece as a component of the inner stress
state was not only assessed analytically, but also by experiments. The distribution of the
normal stress on the end faces can be experimentally studied using the slit technique [71] and
the pressure-sensitive pin technique where stress sensors are embedded in and protrude
through the tool to resolve locally the normal and shear stress distribution and the friction
coefficient [72,73,74, possible sources of error in 75]. Stout specimens feature a ‘friction
hill’-type distribution (i.e., the highest normal stress is at the specimen center and decays
towards the perimeter), whereas slender ones show a ‘friction valley’-type profile (i.e., the
highest normal stress develops at the periphery and the lowest at the center). The profile
varies with time in the course of the deformation. Additional experimental studies are
reviewed elsewhere [62,76,77].
Aside from the evident influences of friction and lubrication, the results clearly demonstrate
an aspect ratio (original ratio height/diameter) or size effect on the normal stress profile. This
effect describing the discrepancy in measured stress [102] or strength [64] caused by different
specimen height is also reflected by the formulas for the required pressing force (see section
3.1 Force in parallel-plate upsetting). The friction-induced stress field is more inhomogeneous
the shorter the cylinder and this results in overlapping triaxial stress fields induced by radial
end restraint, causing increased strength [64,86,78,79]. The pressing force decreases as the
stress field becomes more homogeneous with increasing aspect ratio. Possible size effects
were not discussed by the analytical investigations mentioned above for the interior stress
profile. The stress-strain curve deludes into the derivation of an ‘apparent Young’s modulus’
that differs from the true one by the influence of the end restraint. The difference is
mathematically treatable in pure elasticity for both axisymmetric specimens under various end
friction conditions [80,81,82] and rectangular blocks in plane strain and plane stress loading
without end slippage [83] provided Poisson’s ratio and the initial aspect ratio are known.
Increasing the sample height may cause buckling. Some intermediate aspect ratio must be
chosen so as to prevent the deleterious effects of over- or undersizing. The size effect does not
show in glass specimens of an aspect ratio between 0.4 and 1.2 [39,40].
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The size effect and the stress singularity can be computed using finite elements. In the realm
of elasticity and for complete radial restraint with unlubricated contact at the end faces, the
normal stress distribution qualitatively resembles Boussinesq’s prediction, but with about
90% of the average stress in the center of the end face [84,85] and 140% [84] resp. 170% [85]
at the circumference. A study on concrete [86] came up with similar stress profiles and
suggests the use of geometrically matched loading plates to assess the strength at failure. The
numerically computed stress profiles differ from Boussinesq’s solution because the indentor
is not rigid. The finite element program ABAQUS used in the present study predicts the
normal stress profiles over the end face (normalized with respect to the average stress) shown
in Figure 3.2-1 for a true strain of 30% c. The stress varies only slightly except in the
immediate vicinity of the outer rim. Also shown is the theoretical solution predicted by
Boussinesq. The dependence of the normal stress distribution on aspect ratio and Poisson’s
ratio in numerical studies was reported before [85] and confirms statements derived from
experiments (see above). The changeover from ‘friction hill’ to ‘friction valley’-type profiles
with aspect ratio becomes apparent. Slender specimens – like the one with an initial aspect
ratio of two in Figure 3.2-1 – feature a double bulge d. On the midplane perpendicular to the
axis the axial stress is maximum at the specimen center and falls off towards the free surface.
Additional numerical investigations are reviewed in [62,77]. Numerically evaluated stress and
strain patterns in an upset viscoelastic specimen can be calculated for any instant with the
finite-element code provided in this study (see section 6.5 Simulating upsetting with friction).

c

Data are not available for the axis since stresses are computed at the integration points of the elements which do
not coincide with the nodes. The respective simulations used only standard ABAQUS commands and thus did
not have to rely on the UMAT code developed in this study. The finite-element results from these simulations
confirm the concept of an apparent Young’s modulus and its numerical value to within 1.3% deviation from the
theoretical prediction at most at zero strain in the simulations where data for the aspect ratio are given in the
relevant publications (see discussion of the size effect above). The non-smoothness of the numerically computed
curves arises as the discretization of the mesh in the present study (with equal element size throughout the
domain, see Figure 6.1-1) is too coarse to resolve stress concentrations.
d
It is stressed again that this statement is given for elastic specimens. Sakoske did not report double bulging for
a wide range of temperatures and strain rates in glass test pieces having an initial aspect ratio of 2.1 [3]. Double
bulging in metallic specimens was reported by Siebel [24].
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Figure 3.2-1: Normal stress profile normalized with respect to average stress on the end face
vs. normalized radius (radial position divided by initial radius) as predicted by finite-elementcalculations compared with Boussinesq’s theoretical solution shown in black: case of full
radial restraint, specimen purely elastic, initial height 1 cm, Young’s modulus 5 GPa, color
code gives initial aspect ratio/Poisson’s ratio. Aspect ratio is initial height/initial diameter.

The platen diameter and its material parameters exert an influence on the stress state. In
reality, neither loading block nor specimen can be perfectly rigid and their interaction is
affected by their respective diameters. Coinciding diameters of the platens and the specimens
are believed to induce a more homogeneous stress profile than overhanging platens. This
problem is known as ‘loading block size mismatch’ [17]. Discussion of the choice of platen
material follows Table 2.
Proper lubrication enhances interface slipping and is thus able to render the inner stress state
more uniform. Low frictional stresses at the end faces promote a nearly homogeneous
deformation. Various inserts between platen and specimen cause ‘perfect slip’ and are capable
to induce tensile stresses in the interface, thereby counteracting restraint and inducing a more
or less uniform stress state which can become so large as to produce ‘bollarding’ (see Figure
3.2-3) [62,64]. However, lubrication is not the only means to enhance gliding capability at the
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interface. Studying Plasticine as a model material it was demonstrated both experimentally
and numerically that ultrasonically activated tools can markedly reduce the resistance of the
sample to upsetting by a superposition of stresses and a reduction of interface friction due to
temperature increase [87,88].
Well-known is the observation of ‘barreling’ (also called ‘bulging’) in upsetting. The
barreling of metal samples is discussed in the literature [89,90,91]. While the specimen is
being axially compressed it tends to expand both radially and circumferentially because of
Poisson's effect. Barreling evolves as the interface friction between the specimen and the dies
acts radially inwards, retards the radial expansion of the end faces and causes the specimen to
take on a barrel-shaped contour (hence ‘barreling’). This induces a heterogeneous
deformation and the prevalence of a triaxial state of stress inside a convex body. While the
portion in the vicinity of the symmetry plane bulges out, gliding (partial slip) occurs at the
interface (provided friction is not assumed ‘infinite’ or ‘sticking’, causing ‘no slip’
conditions) and more and more material from the initially free surface folds onto the dies,
thereby increasing the contact area. The latter process is labeled ‘foldover’, ‘folding’ or
‘rollover’ and entails a modification of mechanical and thermal contact properties. Because of
the squeezing-out of the barreled faces they eventually end up as part of the plane end faces of
the specimen. The end face thus consists of the original end face surrounded by a ring of
rolled material. Further deformation occurs under the combined influence of contact and
friction at the die–workpiece interface. The contour of metal specimens experiencing this
deformation mode takes on a shape that closely fits a circular arc [92,103]. The radial strain
depends primarily on friction. The more material is being radially displaced the more intense
circumferential tensile stresses develop. Consequently, the stress distribution within the
specimen is non-uniform and any result obtained from analyzing such an experiment depends
on the friction on the interface. In bulging metal cylinders the distinction into three
deformation zones is appropriate (see Figure 3.2-2):
I.

material abutting the platens remains almost unaffected and forms slow-deforming
zones (conical ‘dead metal’ zones, ‘false head’ zones, conical wedge [103], ‘rigid
cone’),

II.

the bulk of the plastic deformation is concentrated in the heavily deforming inner xshaped region (in a cross-sectional view) between opposing edges of the workpiece,

III.

lateral zones near the outer surface are being pushed radially outward and move
predominantly laterally.
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This pattern of inhomogeneous internal loading can be revealed by hardness measurements
[74] or recrystallization studies [93] on a bisected specimen.

Figure 3.2-2: Cross-sectional view of the inhomogeneous internal deformation state in a
barreled, plastically deformed metallic specimen (schematic representation, picture taken
from [92]). Zones I, II, III are described in the text.

Lubrication evidently minimizes friction and the extent of barreling. It is therefore able to
delay premature fracture. If friction is unequal on both end faces, mirror symmetry about the
midplane is lost. Taking friction as a fact, bulging can be compensated by geometric
considerations. Instead of machining cylindrical and thus producing barreled specimens by
upsetting, the inverse problem may be an option. It consists in designing and upsetting a
properly non-cylindrical preform shaped like a bollard (with enlarged diameter towards the
end planes) so as to minimize barreling in the final product; i.e., a circular cylinder with no
barreling as a result of upsetting a bollard-shaped body, thereby eliminating the detrimental
effect of friction [201].
While many studies on the more conventional upsetting of metallic specimens exist, the
technique has found less application for glasses. Barreling is also the usual deformation mode
in upset glass cylinders [2,3,39,40] and many phenomena are similar to those discussed for
metals under plastic deformation. The presence of interface friction causes the end faces to
feature a peripheral ring indicative of foldover [2,39,116]. A sticking end face was also
observed when the specimen rests on colder steel base plates [36]. However, as glass is brittle
at room temperature upsetting is applicable only at elevated temperatures where glass is
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capable of stress relaxation. If the pistons drive the deformation faster than the ‘critical
deformation rate’, stress relaxation may not catch up with the stress buildup so that the
exterior surface may not sustain tensile circumferential stresses any longer and is ripped apart
starting from the equator plane as soon as the induced stress exceeds the strength [39,40]. The
circumferential tensile stress on the surface at mid-height at the moment when the surface
cracks is interpreted as the ‘high-temperature tensile strength’ or ‘high-temperature fracture
strength’. Depending on the forming speed this phenomenon occurs also at temperatures far
above the glass transition temperature. The moment of rupture can be detected when a
conducting silver stripe helically coiled around the lateral cylinder surface from top to bottom
end face is interrupted due to breaking [39,40]. The high-temperature fracture strength seems
to be a volume property as strength did not depend on the quality of the surface [116]. It puts
an upper bound on the deformation rate. The concept of ‘formability’ or ‘workability’ denotes
the maximum (‘critical’) temperature-dependent axial strain rate which the sample is able to
sustain without fracture. Glass is workable (deformable) as long as this critical strain rate has
not been surpassed; otherwise it is brittle. However, glass is capable of viscous flow also at
temperatures below the glass transition temperature if deformed slowly under highly
concentrated stress [4,5,94]. Either circumferential cracks or meridional cracks may occur
during loading depending on temperature and strain rate. Further, unloading cracks have been
observed upon immediate release from the peak stress [39]. Besides these ‘pressing cracks’
that are unsensed in the force recording, cracking can be audible at high deformation rates
depending on temperature. This cracking is accompanied by a discontinuity in the force
history as smithereens break off [3,39,40]. At the temperatures employed in glass upsetting
contact methods to measure surface strains would be intricate, so non-invasive techniques are
preferable. Since there is no theory available for the inner stress state yet (the one in section
3.3 Nadai’s theory on the stress state in barreled cylinders of a viscous substance is disproved)
only numerical methods may provide values of the high-temperature fracture strength
provided the model (including the elusive friction) and material data plugged in are reliable.
The inner stress field during upsetting in barreled glass samples has not yet been dealt with
except by Sakoske using finite elements [3]. The own results on this problem are shown and
discussed in section 6.5 Simulating upsetting with friction. Sakoske pictorially represents
integrated birefringence in ‘quenched’ samples measured using an index matching fluid [3].
Far less known than barreling is the inverse and anomalous effect that the specimen might
spread more in contact with the pistons than in the center plane (see Figure 3.2-3), thereby
26

featuring a concave shape with the ends flared out reminiscent of a capstan. References
thereto are scarce. It is reported in several papers on metal and rock samples, but only two
authors refer to glass. A number of terms have been coined for this phenomenon. They are
compiled in Table 2.

Figure 3.2-3: Shadow photograph of a specimen shaped as a bollard. Alumina platens are
visible on top and bottom. Temperature 1091°C, initial height 9.68 mm, initial diameter 10.51
mm, current displacement 2.14 mm, piston speed 9.7·10-8 m/s, nominal strain rate -10-5/s.
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Term

Material

End splaying

Pb

Déformation en diabolo

Bollard shape, bollard-shaped
<none>

Reverse of barreling
Bollarding
Bollarding

Gradual pressing away of the
graphite
around
cylinder
edges; end face center
indentation of 0.01 to 0.05 cm
Reversed Barreling

Explanation

lubricant
entrapped
in
grooves
Al under high-speed absence
of
impact
using
glass friction
and
lubrication
additional
unspecified degree
of freedom
Cu; lubricant: two sheets see main text
of PTFE e at each end
steel, granite; neoprene radial expansion
causing more radial flow of insert, shear
than teflon
stress
transmission
Ti, Ti alloys at high strain frictional resisrate using graphite grease tance not significant
steel
see main text
bollarding not observed in not given, but
Al-alloy with multiple refers to [99]
PTFEe sheets; theoretical
contour analysis
NBS 710 soda-lime-silica trapped central
standard glass at slow pool of lubrirates of pressing using cation
liquid
sheet graphite as lubricant [105] leaving an
indentation
in
the end face
steel, no interface friction, shear bands
finite-element study
vitreous
silica
types see section 7.13
Bollarding
Infrasil and Suprasil

Umgekehrte Doppelkegelform
(German for ‘inverted double
cone shape’)
Inverse
Barreling,
Hour- Ta
glassing (not to be confused
with
'Hourglassing'
or
'Waisting' in the distortion of
metal powder mixtures during
sintering [109].)

texture banding

References
and remarks
[95]; see [113]
for review of
the method
[96]; no bollarding in steel
using glass
lubricant at
1100°C [97]
[98,99]

[100]

[101]
[102]
[103,104]

[106, p. 77
and 86 in 3];
end face
centers yield
first (stress not
uniaxial)
[107]
[108] f
[110]

Table 2: Equivalent terms for bollarding.

e
f

PTFE: polytetrafluoroethylene, trade name teflon.
The spread coefficient (ratio of end face diameter to midplane diameter) is given as 1.05 at 30% compression.
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In the following, the term ‘bollarding’ is chosen to denote this mode of deformation. Two
explanations have been advanced in relation to metals and geologic materials struck between
flat surfaces:
•

An extrudable interfacial material like graphite or a low-friction polymeric solid is
interposed as a lubricant between the specimen and the piston and is then radially
spreading outwards. The process can be split into two stages [98,99,102]. First, the
lubricant is extruded and flows between the specimen and the platen. Later on, the
specimen edge cuts through and punctures the sheet; trapping it as a circular film
inside a disk-shaped crater. Adjacent to this annular area the specimen is then in direct
contact with the platen along a raised peripheral rim. Upon further compression this
pressurized lubricant produces a net outward force on the ‘lips’ of that crater;
overcoming opposing friction restraint. While maintaining a fixed aspect ratio
(preserving geometrical similarity) an experimentally determined ratio of optimum
sheet thickness to specimen diameter produces a near-homogeneous deformation in
steel and eliminates the size effect in metal upsetting [102].

•

Radial spread under compressive stress is determined by the ratio of Poisson’s ratio to
Young’s modulus. Should this be larger for the piston material than for the specimen
then this ‘loading block compliance mismatch’ of transverse compliances produces
transverse tensile stresses in the interface [17]. To suppress them, lateral compliances
must be equal. Alternatively, an interface material can be chosen possessing a ratio of
Poisson’s ratio to Young’s modulus identical to that of the actual specimen. This
approach is known as ‘platen material matching’. The decisive impact of interface
material on the deformation mode has been clearly demonstrated [64,100]. The
‘loading block size mismatch’ [17] discussed previously can be termed ‘platen
geometry matching’ instead.

However, the aforementioned explanations for bollarding are not applicable in the present
case because no lubricant is used and the ratio of Poisson’s ratio to Young’s modulus is larger
for the glass specimen than for the alumina platens (see section 2.3 Testing machine, pistons
and raw data recording). The phenomenon in fused silica can be adequately explained by
crystallization and formation of a cristobalite layer on the sample surfaces (see section 7.13
Bollarding).
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Concerning violations of ideal boundary conditions one must mention the eccentricity
(misalignment of the specimen with respect to the piston axes) [17] and contact problems in
stress and strength testing due to lack of end flatness and lack of parallelism [17,79].
Finally, odd specimen shapes may develop under special conditions. Among them is the
‘mushrooming’ effect on metal disks under impact conditions [89] which are also able to
induce a bollard-like shape [111]. A ‘collar’ at the end faces can be formed provided these
experience significant cooling by contact with the pressing tools [112]. Upsetting was also
studied on prismatic blocks of cross sections other than circular [90,91].
Modifications to the conventional upsetting test to derive true material constants were
proposed to minimize end effects [62,99,113]. Common is also the geometry named after
Rastegaev with flat recesses on the end faces to accommodate a lubricant [114].
Summing up, it must be stated that the stress state in upsetting is in reality seldom uniform or
uniaxial. Only under limited conditions the ideal uniaxial test can be approximated.
Nonetheless, in the present study a uniaxial state of stress is assumed on the grounds of
observations laid out in Chapter 5 Analysis.

3.3 Nadai’s theory on the stress state in barreled cylinders of a
viscous substance
Nadai developed a theory for axially symmetric flow of a purely viscous substance under noslip conditions, causing barreling when compressed between parallel plates [115]. The
solution was also rederived by Sakoske, starting from fundamental fluid mechanics [3].
Nadai’s analysis comes up with the axial and radial velocities and all stress components. For
symmetry reasons, three normal stresses and a shear stress in the r-z-plane develop. However,
this theory is not adequate for the case studied because the elastic component of the specimen
is neglected. But even if glass were purely viscous the theory entails decisive erroneous
consequences. Mathematical, numerical and purely phenomenological reasons and proofs of
its inadequacy are itemized in the following compilation whilst the detailed discussion is
reserved for the appendix (see Appendix A Nadai’s theory, consequences and deficiencies):
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•

Nadai’s equations can be converted into a form that describes the curvature of the
external lateral surface as a function of axial strain and axial position [116]. According
to that formula the volume of the sample increases considerably in the course of the
deformation (see Appendix A.1 Volume increase) even though the condition of
continuity is one of Nadai’s starting equations. Nevertheless, when juxtaposing
measured and predicted shapes, it seems that the proposed contour line fits
experimentally observed shapes well provided the compression is below about 30%
[2] resp. 40% [116]. It is experimentally observed that the flow shape is a function of
the pressing rate (p. 127 in [3]), an observation not predicted by Nadai’s analytical
solution. A flow shape independent of pressing rate is observed in finite element
simulations if the internal heat generation is suppressed (p. 287 in [3]).

•

The contour equation [116] provides the diameter of the midplane as a function of
axial compression under no slip. In reality, the mid–plane diameter is between the
limiting values predicted by no slip and perfect slip [2].

•

Integrating the axial stress over any cross section perpendicular to the axis of the
rotational symmetry of the cylinder gives the external force exercised by the pistons.
However, in Nadai’s theory the axial force transmitted through the specimen depends
on the axial position (see Appendix A.2 Dependence of axial force through the
specimen on axial position).

•

Nadai’s analysis predicts that the value of the radial stress equals that of the hoop
stress at any location and any time. Finite element simulations disprove this statement
[3 and section 6.5 Simulating upsetting with friction; both relate to viscoelastic bodies,
not to purely viscous ones]. Sakoske [3] presents graphs for the stress histories at a
particular element in finite-element studies. The author, however, makes no reference
to this discrepancy compared to Nadai's theory in the text.

•

On the end face the values of all three normal stresses are equal according to Nadai’s
analytical solution. This, however, violates the preceding equations (11-14) (p. 353 in
[115]).

Nadai's theory contradicts Gent's equation for the pressing force on the end face (see
Appendix A.3 Comparison of forces on the end faces as predicted by Gent and Nadai), so
they should not both be used in a self-consistent study.
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Consequently, all statements regarding the inner stress state from previous publications –
which are based on Nadai's theory – require revision. The same applies to the hot tensile
strength which was derived from that theory [2]. Previously published values of the hot
tensile strength are additionally questionable by being evaluated in conjunction with the
‘stress generation modulus’ (see section 2.1 Contact quality) since the displacement in these
studies on workability incorporates closing the gap between piston and sample prior to
establishing contact, thereby misinterpreting strain.

3.4 Maxwell model
For reasons discussed in section 6.3 Subroutine UMAT: implementation of the constitutive
equation the analytical approach starts out from the differential equation for a so-called
'Standard Linear Solid' in its Maxwell form, or 'Maxwell-Zener (resp. Zener-Maxwell)
standard model'. It is composed of a spring arranged in parallel with a Maxwell element as
depicted in Figure 3.4-1.

Figure 3.4-1: Maxwell-Zener model. The legend inscribed in the elements indicates the
characterizing mechanical coefficients (see text).
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In its three-dimensional form the constitutive equation reads g
•
⎛
G ⎞ • 1⎛ K
G ⎞
G
G ⎞
1⎛K
⎜⎜1 + e ⎟⎟ ε ij + ⎜⎜ e − e ⎟⎟δ ij tr (ε ) + e ε ij + ⎜⎜ e − e ⎟⎟δ ij tr (ε ) =
3 ⎝ K Me G Me ⎠
ηs
3 ⎝ ηb η s ⎠
⎝ G Me ⎠
•

σ ij
2G Me

1⎛ 1
1
+ ⎜⎜
−
3 ⎝ 3K Me 2GMe

•
σ
⎞
1⎛ 1
1
⎟⎟δ ij tr (σ ) + ij + ⎜⎜
−
2η s 3 ⎝ 3ηb 2η s
⎠

⎞
⎟⎟δ ij tr (σ )
⎠

(5)

where the indices i and j denote the tensor component under consideration of the mechanical
strain tensor ε and the stress tensor σ . The dot represents the derivative with respect to time
and the operator tr (x ) defines the trace of the tensor x whereas δij is the Kronecker symbol.
Elastic coefficients are symbolized by the shear modulus G and the bulk modulus K, and the
equivalent viscous coefficients are the shear viscosity ηs and the bulk viscosity ηb. The index
denoting the purely elastic arm of the model is ‘e’, whereas ‘Me’ stands for the elastic element
in the Maxwellian arm of the model. Stresses and strains are understood to stand for ‘true’
quantities, i.e., they relate to the instantaneous cross-sectional area and height, respectively.
The above equation yields the more familiar textbook equation
•

⎛
E ⎞• E
σ
σ
⎜⎜1 + e ⎟⎟ ε + e ε =
+
E Me ⎠
3η s
E Me 3η s
⎝

(6)

for the one-dimensional case if Poisson’s ratio of both springs is set to zero and the
perpendicular tensor components are ignored.
Meinhard, Fränzel and Grau [4] have demonstrated that a single Maxwellian element is
appropriate for glass under the given loading conditions. With K e = Ge = 0 for the purely
elastic arm Equation (5) simplifies to
•

•

ε ij =

σ ij
2G Me

1⎛ 1
1
+ ⎜⎜
−
3 ⎝ 3K Me 2GMe

•
σ
⎞
1⎛ 1
1
⎟⎟δ ij tr (σ ) + ij + ⎜⎜
−
2η s 3 ⎝ 3ηb 2η s
⎠

⎞
⎟⎟δ ij tr (σ ) .
⎠

(7)

In the present study cylinder coordinates are appropriate. The problem has a rotation
symmetry around the cylinder axis, i.e., straining in the circumferential direction is nonzero
whereas the corresponding velocity vanishes. With perfect interfacial slip and the specimen
remaining cylindrical during the deformation (see Figure 5.2-1) the stress state is a purely
uniaxial one over the whole cross-section with stresses prevailing only in the axial direction,

g

My sincere thanks are due to Dr.-Ing. C. Alexandru for procuring this relation.

33

hence ‘homogeneous’ deformation is realized (see, however, section 6.5 Simulating upsetting
with friction on whether this condition is indeed material for the analysis and the quality of
data). Circumferential (hoop), radial and shear stresses vanish. This further avoids the
complicating influences of end face radial restraint on the stress distribution. With the interior
of the sample being in a state of homogeneous stress all elements experience the same stress
and strain (neglecting minutely differing thermal boundary conditions). Planes initially
perpendicular to the axis of symmetry move uniformly and remain plane throughout the
deformation process. All volume elements expand radially and contract axially in equal
amounts. All points on a cylinder move outward at a uniform speed. This conveys the notion
that the elements at any particular axial coordinate are being displaced at the same radial
strain rate, be they at the interface or deep in the bulk of the sample.
However, if friction is not negligible, large deformations would result in a violation of
uniaxiality. It must be cautioned against a state of multiaxial stress inside the specimen as the
inner stress state is as yet unknown because Nadai's theory on the inner stress state must be
refuted (see section 3.3 Nadai’s theory on the stress state in barreled cylinders of a viscous
substance). The more the sample is compressed the more significant become shear stresses
that can be calculated only if the appropriate coefficient is known. Extracting material
properties seems pointless when the deformation is driven to such a degree that the specimen
contour deviates substantially from the ideal cylindrical shape. In that sense, the deformation
in most earlier studies on glass upsetting was too large.
If the stress state is homogeneous throughout the specimen, the above constitutive law for the
Maxwell model (Eq. (7)) under simple uniaxial compressional flow in the axial (loading)
direction (labeled ‘2’) simplifies to
•

•

ε 22 =

σ 22
E

+

σ 22
ηt

(8)

where indices on the elastic component are dropped and use was made of the
interrelationships of elastic coefficients in an isotropic body
for the shear modulus G =

E
E
and for the bulk modulus K =
(9)
2(1 + ν )
3(1 − 2ν )

expressed through Young’s modulus E and Poisson’s ratio ν. The viscous analogue yields
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1
for the shear viscosity η s = ηt
3

(10)

as one third of the tensile viscosity ηt (synonymously longitudinal, elongational, extensional
or axial viscosity even though ‘compressive’ would be more precise in this context, Trouton
viscosity [117]) under the condition that the ‘viscous Poisson’s ratio’ is one half which is
another way of stating that viscous flow is isochorous (volume preserving). It follows that the
bulk viscosity ηb is infinite. Strictly speaking, the longitudinal viscosity enters into these
equations, which was pointed out before [118].
The strain rate enters into the constitutive equation as a function of time because the
experiments are run under displacement control. Given the small displacements imposed in
the present study the strain rates implemented here increase linearly with time as given by
•

(11)

ε 22 = a + b ⋅ t .
Thus, the constitutive equation for the axial stress has the solution

⎛
⎝

σ 22 (t ) = ⎜ aη t −

⎛
b 2 ⎞ ⎛⎜
E
η t ⎟ ⋅ ⎜1 − exp⎜⎜ − t
E ⎠ ⎝
⎝ ηt

⎞⎞
⎟⎟ ⎟ + btη t
⎟
⎠⎠

(12)

provided the mechanical coefficients are constant. Physically, this equation states that the
resistance to deformation is initially mainly elastic. After the initial transient elasticity, the
stress gradually levels off by simultaneous stress relaxation and viscous flow prevails when
some steady-state stress is reached (provided the strain rate is constant, b=0). This is a
fluidlike characteristic because the material is apparently able to flow indefinitely under
continued loading. However, in the present study the ever increasing strain rate causes the
stress not to reach a plateau level while flowing even if the experiments were run up to a
relaxed state (with the e-function leveled off) in contrast to Meinhard, Fränzel and Grau [4,5]
where a constant strain rate was achieved. In that case (b=0) the long-term stress is not
affected by elastic contributions and the purely viscous 'fiber (resp. rod) elongation equation'
(discussed after Table 1) holds in case of uniaxial stress. When deformation ceases after the
loading time tL, stress relaxation for t > t L in a Maxwell model with constant coefficients is
given by the exponential decay
⎛

σ 22 (t ) = σ 0 exp⎜⎜ − (t − t L )
⎝

E⎞
⎟
η t ⎟⎠

(13)

where σ0 is the peak stress attained in loading. With the force recorded by the load cell in
conjunction with both specimen height and diameter from image processing Equations (12)
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and (13) provide a means to get both Young’s modulus and the tensile viscosity from curve
fits to the experimental stress curves. Other relaxation formulas (compilation in [119],
generalized Maxwell model yielding a series of exponentials [50,51,120], KohlrauschWilliams-Watt (KWW) function or stretched exponential function or b-function with a
fractional exponent [203]) were not tested against the data since the results of their fitting
parameters can not be interpreted by simple physical models.
The ratio

τ elong =

ηt

(14)

E

is known as the elongational (or: tensile, here actually ‘compressive’) Maxwell relaxation
time. Correspondingly, with the above interconversions the shear relaxation time is

τ shear =

ηs
G

=

2(1 + ν )
τ elong ,
3

(15)

again subject to the constraint of constant coefficients which does not truly hold.
The equations for the radial (labeled ‘1’) and circumferential (labeled ‘3’) strain rates (Eq.
(7)) are reduced to
•

•

•

ε 11 = ε 33 = −ν

σ 22
E

−

σ 22
2η t

(16)

which makes the Poisson’s ratio, ν, accessible after plugging in the radial strain rate from
image analysis together with Young’s modulus and the tensile viscosity from preceding curve
fits to the axial loading.
It is emphasized once more that Young’s modulus, Poisson’s ratio and the tensile viscosity
are the measured mechanical coefficients while the calculation of the others by the
interconversions above is required because the constitutive behavior is coded using shear and
bulk coefficients (Eq. (5)). These conversions hold only if the elasticity is Hookean, i.e.,
Young’s modulus and Poisson’s ratio are constant and if the viscosity is Newtonian, i.e., the
shear viscosity is constant. It will later be demonstrated that Young’s modulus and the
viscosity should not be treated as being constant in this investigation, but rather depend on
stress (see section 7.2 Evidence of nonlinearity). The recipes in Chapter 5 Analysis mention
two approaches that may provide more quantitative predictions to uncover the stress
dependence of Young’s modulus and the tensile viscosity at a fixed temperature in the course
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of an experiment:


The differential analysis is a simultaneous solution of the simple uniaxial
compressional flow equation (Equation (8)) in the axial direction for two consecutive
intervals for which the data for stress and stress rate were previously determined from
the measured stress values. The coefficients arrived at are assumed representative for
the interval in between.



The two-point analysis assumes that the coefficients depend exclusively on stress at a
given temperature. In this case, the Young’s modulus follows from a subtraction of the
simple uniaxial compressional flow equation in the axial direction (Equation (8)) for
loading and relaxation at the same measured stress level σ :
•

during loading ε loading

⎛ dσ ⎞
⎜
⎟
⎝ dt ⎠ loading σ
=
+ ,
E
ηt

⎛ dσ ⎞
⎜
⎟
⎝ dt ⎠ relaxation σ
during relaxation 0 =
+ ,
E
ηt

and hence E =

The differential quotients

⎛ dσ ⎞
⎛ dσ ⎞
−⎜
⎜
⎟
⎟
⎝ dt ⎠ loading ⎝ dt ⎠ relaxation
•

ε loading

(17)

.

dσ
are determined from a numerical differentiation of the
dt

registered stress curves. The tensile viscosity as a function of stress is determined from
Equation (8) with E inserted from Equation (17) for the respective stresses and stress
rates (for details see Chapter 5 Analysis).
A point of concern is the extent of viscous heating. The power density dissipated in the
specimen is given by the total power minus the power stored elastically. In the Zener model
only the stress in the Maxwell arm contributes to viscous heating. The relevant strain rate is
the viscous strain rate. It can be drawn upon earlier investigations [4,5] that established a
single element Maxwell body as an adequate representation for glass viscoelasticity. This
model is tantamount to a Zener model with elastic coefficients of zero in the single elastic
arm. For each tensor component the power density needs to be split into power density stored
•

elastically and power density dissipated in the system Wd ,ij given by
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•

•

Wd ,ij = σ ij (ε ij ) viscous =

1 ⎛ 2 1
⎞
⎜ σ ij − tr (σ )δ ijσ ij ⎟
2η s ⎝
3
⎠

(18)

which upon summation over all components results in the rate of power dissipation
•

Wd =

1
2η s

⎛ 3 2 1
⎞
1
⎜ ∑ σ ij − (tr (σ ) )2 ⎟ = − J 2 s ≥ 0 .
⎟
⎜
ηs
3
⎝ i , j =1
⎠

(19)

Heating will be implemented in the finite-element code in the summation form of this
equation (see Appendix B.3 Internal heat generation). The term J2s stands for the second
invariant of the deviatoric stress tensor which is not positive [121]. The analytical procedure
relies on a uniaxial state of stress where the above relation simplifies to

σ 222
Wd =
.
ηt
•

(20)

During loading the stress is given by Equation (12) and during relaxation by Equation (13).
Integrating this rate of power dissipation over time and dividing the result by the specimen
mass and the heat capacity yields the adiabatic temperature rise. In reality, heat flow out of
the sample must be taken into account and subtracted from this internal heat generation. They
combine into a net temperature rise which is small enough to regard the coefficients obtained
from the curve fits as isothermal (see section 7.9 Dissipative heating).
The final contour in upsetting is not the end-of-loading-contour. In the relaxation stage (Eq.
(13)) the total axial strain is kept constant and thus
•

•

0 = ε 22,elastic (t ) + ε 22,viscous (t ) .

(21)

This equation together with the elementary constitutive equations for both the elastic and the
viscous components
•

σ 22 (t ) = E ⋅ ε 22,elastic (t ) = ηt ⋅ ε 22,viscous (t )

(22)

implies that the elastic strain is gradually converted into viscous strain. This permanent
conversion has two implications regarding shape instability in upsetting.
Upon premature removal of the pressing tools the end face moves instantly upwards.
‘Premature’ is understood as an instant before stress relaxation – respective full conversion of
elastic strain into viscous strain – is completed. This tendency for the body to recoil (‘elastic
recovery’, ‘spring back’) after a deformation has been imposed is due to the instantaneous
disappearance of elastic strains and the final height is not the intended height. However, if the
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deformation is imposed and the piston maintained for some time the stress fades away and the
tendency to recoil diminishes. This phenomenon was not studied here because the piston
remained in place (it would have turned out insignificant in the experiments as the small
changes of the contour could not have been sensed and sticking to the alumina platens avoids
the process in reality). What is more, if friction is present at the interface the top face does not
remain flat because of a nonuniform stress and strain profile along the end face (see Figure
6.5-1 to Figure 6.5-8), causing locally varying relaxation capabilities.
The lateral surface continues to move outwards during the stress relaxation stage (with the
piston in place) which can not be suppressed without restraining tools. The slope of the
diameter increase during relaxation correlates with the current stress. The constitutive
equation for perpendicular straining (Eq. (16)) can be combined with Eq. (13) and cast into
•

•

ε 11 = ε 33 =

σ 22 ⎛
1⎞ E
1⎞ •
1⎞
⎛
⎛
⎜ν − ⎟ = ε 22,elastic ⎜ν − ⎟ = ε 22,viscous ⎜ν − ⎟ ≥ 0 .
ηt ⎝
2 ⎠ ηt
2⎠
2⎠
⎝
⎝

(23)

This equation, which is confirmed in all FEM-simulations, states that radial and
circumferential strain rates also decay exponentially. The ongoing lateral spread thus
originates from the same cause as the axial recoil, but occurs also when the piston remains at
its position. Under interface friction the process is rendered more intricate as the lateral
surface always comes out curved and stresses and strains (and hence relaxation capabilities)
are nonuniform throughout the volume (see Figure 6.5-1 to Figure 6.5-8).
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4 Literature data
4.1 Density
The density of fused silica glass was assumed to be constant with a value of 2.2 g·cm-3
throughout the experiments. This literature value was taken to calculate the specimen mass
from its volume; a value needed for both the heat balance in the analysis (see Chapter 5
Analysis) and for the finite-element-analysis. In the current study specimens at room
temperature after the experiment had a density between 99.4% and 100.8% of the initial
density with more samples having increased density. These changes are, however, hard to
interpret because of numerous cracks throughout the volume and volume loss up to 13% even
in one experiment as part of the glass remained attached to the alumina platens.

4.2 Specific heat capacity
Sosman’s [122] tabulated data set – an average of previously measured data – extending over
a wide temperature interval up to 1973 K was picked for the present work. This publication
lists both true and mean specific heat capacity values which can be interconverted readily
[123]. In addition, Sosman’s mean specific heat data corroborate Wietzel’s work [124]. The
discrepancies to more recent data [125, data compilation in 126] are only minor. Trace
elements introduced into samples and different processing routes have only a negligible
impact on specific heat data [14,125]. The data used here are ‘true’ specific heat capacity
values, not averaged values.
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Figure 4.2-1: True specific heat capacity of fused silica glass as a function of absolute
temperature [122].

4.3 Thermal conductivity
A large thermal conductivity coefficient favors temperature homogenization inside the sample
to compensate locally varying energy dissipation and thermal boundary conditions. Emphasis
must be laid on the distinction between two mechanisms of heat flow. Thermal radiation
within the material must not be neglected in addition to pure thermal conduction. As
temperature increases the photonic conduction (radiation) becomes dominant over the phonon
conduction (true conduction). For both mechanisms data are available. The ‘true’ thermal
conductivity, excluding radiation, was taken from [127, data from the run labeled ‘CQ 4 Run
1’] and is displayed in Figure 4.3-1. The total thermal conductivity – or ‘effective’ or
‘apparent’ [123] conductivity – constitutes the sum of both contributions and was assessed by
Kingery [128] (for comparison with others see a NBS compilation [129] and Brückner [10]
for lower temperatures) over a narrower temperature interval (thick line in Figure 4.3-2).
Extending these data to higher temperatures with a curve fit yields the thin line in Figure
4.3-2 and these data are plugged into the analysis. The reasoning for this procedure is based
on the fact that the conductivity by radiation calculated from these two data sets is
42

approximately proportional to the third power of the absolute temperature in the temperature
interval of interest as predicted by theory [123] if the absorption coefficient is independent of
wavelength. The effective thermal conductivity coefficient obeys the empirical equation

λeff

2
⎛
⎞ W
T
⎛ T ⎞
⎜
− 4.2364 ⋅
+ 2.6277 ⎟
.
= 4.5458 ⋅ ⎜
⎟
⎜
⎟ m⋅K
K
K
1000
1000
⎠
⎝
⎝
⎠

(24)

As it stands, the fit predicts incorrect values in the low-temperature range which is, however,
immaterial in the present investigation. For the sake of completeness it must be stated that the
aforementioned references for thermal conductivity were contested in [130].

Figure 4.3-1: True thermal conductivity coefficient of fused silica glass as a function of
absolute temperature [127].
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Figure 4.3-2: Total (‘effective’ or ‘apparent’) thermal conductivity coefficient of fused silica
glass as a function of absolute temperature. Thick line: measured data [128], thin line:
measured data extended by a curve fit to higher temperatures (Equation (24)).

4.4 Emissivity
The emissivity of silica glass depends on impurities. Since data for the specific type of fused
silica studied here have not been available, data of a different specification (type KI, an
electrically melted anhydrous fused silica glass of type I) [131] were taken as representative.
The data for the 5.74 mm thick specimen in that paper were considered the most appropriate
for the geometry investigated here. Emissivity values ε displayed in Figure 4.4-1 obey the law
2

T
⎛T ⎞
+ 1.546 .
⎟ − 0.00147 ⋅
1K
⎝ 1K ⎠

ε = 4.37 ⋅ 10 −7 ⋅ ⎜
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(25)

Figure 4.4-1: Emissivity of fused silica glass as a function of absolute temperature. Thick line:
measured data [131]; thin line: curve fit to measured data with extrapolation.

4.5 Thermal expansion
Few publications tackle the delicate question of thermal expansion of fused silica up to high
temperatures [10,14,132]. Its measurement is difficult due to its small value. Given the
resolution of the CCD-camera (see section 2.5 Digital image processing and system
deformation) this small expansion translates into a change of the contour below the sensitivity
of the experimental setup. If at all, the variation of the height and the diameter could be
detected only at the highest temperatures. Therefore, thermal expansion is assumed zero in the
analysis of the experiments and in the numerical model. This conforms to the assumption of
conserving density in spite of different temperatures (see section 4.1 Density).

4.6 Viscosity and thermal conductivity of air
The axial deformation generates internal heat by viscous dissipation in the sample. Part of it is
removed into the surroundings by conduction into the pistons, by radiation into the furnace
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chamber and by air convection. The heat balance is detailed in Chapter 5 Analysis. To
incorporate convection reliable data on the viscosity and thermal conductivity of air are taken
from [133].

4.7 Cristobalite
Any influence of a cristobalite layer had to be neglected in extracting data from the
experiments; however, such a layer of cristobalite provides a means to interpret bollarding
(see section 7.13 Bollarding). The influence on the deformation of a cristobalite layer on the
glass surface can be assessed provided its characteristics and the intrinsic cristobalite
properties are known. Along with the layer thickness the mechanical properties are most
crucial. Experimental data of these are, however, not available and so recourse had to be taken
to a molecular dynamics study [134]. The occurrence of a negative Poisson’s ratio in a quasiisotropic cristobalite assembly is an established fact in the literature [135,136,137,138,139]
and is labeled ‘auxetic’ behavior. For simplicity, the density and the thermal properties of
cristobalite were assumed identical to those of fused silica which are given in the previous
sections of the current chapter.

4.8 Elastic constants of fused silica
Elastic constants from the literature are listed in Table 3. Many references agree that the
rigidity increases with the temperature (most have an upper limit in the vicinity of 1000°C),
which therefore seems to be an established fact. The term 'ill-behaving' was coined for the
unexpected trend of modulus increase with a rise in temperature whereas the opposite – which
is conform to expectations – was labeled 'well-behaving'. Some of the references report a
positive temperature coefficient of moduli even beyond 1000°C. As seen very little
information on decreasing moduli is available in the literature [154,155]. Often, the source of
the specimen material is only vaguely defined.
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Type(s)
of Temperature
fused silica
range
‘prepared from 20°C..1000°C
different crystals
of quartz’, ‘free
from
air
bubbles’

not specified

Method

Results

Reference

‘a new method of
timing by means
of
“coincidences”‘ (Poynting)

G(T) increasing first
linearly with temperature,
then
with
diminishing slope up
to 880°C, then rapidly
decreasing
E(T)
rises
with
temperature up to
about 700°C, then
decreases; contested
in [142]
E(T)
continuously
increasing with temperature
E(T)
continuously
increasing with temperature
E(T) linearly increasing with temperature
E(T)
increases
linearly with rising
temperature beyond
room temperature
E(T), G(T), ν(T)
growing with increasing temperature
E(T) growing with
increasing temperature up to 750°C, then
decreasing;
E(T)
slightly larger for firepolished
surface
above 700°C
E(T) growing with
increasing temperature up to 1175°C,
then tiny decrease

[140]

room
tempera- beam bending
ture..900°C

molten quartz of -183°C..700°C
geologic origin

beam deflection

0°C..780°C
manufacturer:
Thermal Syndicate
not specified
15°C..450°C

electrostatic
method

transparent, 99.9 -170°C..1000°C
wt% silica

electrostatic excitation of vibrations
piezoelectric driver-gauge method

not specified

room temperature resonance method
..900°C

commercial
fused silica

room temperature sound velocity
..870°C

not specified

-190°C..1220°C

dynamic
resonance method

[141]

[142]
[143]
[144]
[145]

[146]
[147]

[148]

Table 3: Literature survey on elastic constants of fused silica h.

h

E: Young’s modulus, G: shear modulus, M: longitudinal modulus, ν: Poisson’s ratio, ‘(T)’ denotes: as a
function of temperature.
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Type(s)
of
fused silica
four
different
types, metallic
impurities spectrograhically determined

not specified

not specified

Herasil I
Homosil

not specified
KV, KI

produced
hydrolysis
SiCl4

by
of

Temperature
Method
Results
range
room
tempera- resonance method E(T), G(T), ν(T)
ture..1270°C
growing with increasing temperature; E(T)
and G(T) feature a
maximum
between
1050°C and 1200°C,
then slightly decaying
20°C..1000°C
’dynamic method E(T) growing with
similar to that increasing
tempedescribed
by rature
Spinner’ [149]
room
tempera- ultrasonics
E(T), ν(T) growing
ture..1050°C
with increasing temperature;
G(T)
roughly constant
room
tempera- ultrasonics
E(T), G(T) growing
ture..900°C
with increasing temperature
room
tempera- Brillouin
light M(T) growing with
ture..1700°C
scattering
increasing
temperature; G(T) growing
with
increasing
temperature
till
1000°C, then decreasing
800°C..1325°C
vacuum
low- G(T) roughly constant
frequency relaxo- up to 1050°C, afterwards decreasing
meter
1000°C..1350°C
torsion pendulum G(T) decreasing with
growing temperature,
influence of raw
material for fibers
room
tempera- acoustic spectro- E(T), G(T), ν(T)
ture..1000°C
meter
growing with increasing temperature; E(T)
up to 1000°C, G(T)
and ν(T) up to 500°C
100°C..1500°C
Brillouin
light M(T) growing with
scattering
increasing
temperature

Cabo-sil fumed
silica
(99.8%
pure) melted and
homogenized
Table 3 (continued): Literature survey on elastic constants of fused silica.
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Reference

[149]

[150]

[151]

[152]
[153]

[154]
[155]

[156]

[157], for
fumed silica
see
[158,159]

Type(s)
fused silica
Homosil

of Temperature
range
1200°C..1710°C

Method

Brillouin
scattering

Results

light compressibility
different but constant
under
static
and
dynamic conditions
T-1030
25°C..1400°C
ultrasonic pulse E(T), G(T), K(T),
sing-around
ν(T) growing with
method
increasing
temperature
not specified
room
tempera- Brillouin
M(T), G(T) growing
ture..1500°C
scattering
with increasing temperature
longitudinal velocity
RayleighPuropsil
A, 27°C..1427°C
Brillouin
light increases with inSuprasil W, solcreasing temperature:
scattering
gel silica
values for Puropsil A
and
Suprasil
W
essentially equal, solgel silica: 1.6% lower;
transverse velocity for
Puropsil and Suprasil
increases with temperature; sol-gel silica: velocity lower
and decrease from
1200 K
resonance
E(T) increase with inKU-1, Suprasil- -110°C..300°C
creasing temperature
300, KUVI, R,
in all types equal in
KV, KS4V
spite of variation in
OH-content, but depending on frequency
Table 3 (continued): Literature survey on elastic constants of fused silica

Reference

[160]

[161]

[162]
[163]

[164]

The anomalous positive temperature coefficient of Young’s modulus was interpreted in terms
of coexisting structures [146,165], entropy [166,167] and as being implied by the very low
coefficient of thermal expansion [168]. Two postulated minima in the interatomic potential
function were declared to be at the origin of anomalies in vitreous silica [169], but this
concept has been refuted [162]. Another option resides in the capability to local volume
changes without the disruption of chemical bonds [162]. More recently, molecular dynamics
simulations suggested that the thermo-mechanical anomalies of silica glass are due to
localized reversible structural transitions [170].
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A close analogy was observed in the temperature dependence of Young’s modulus in
germania (GeO2) and fused silica since both go through a low-temperature minimum and then
increase with the temperature [148]. In that study the Young’s modulus of germania reached a
maximum at 400°C and then decreased with increasing temperature whereas a tiny reduction
only was recorded for fused silica above 1175°C. It was concluded that the similarity in
structures in germania and fused silica [171,172] are reflected in the effects observed. The
shear modulus in germania features a temperature dependence akin to the Young’s modulus
[173]. Moduli in germania were reported to increase with temperature up to 1400°C [162].
A structure effect is also suggested in a study on other tetrahedrally coordinated glasses
(BeF2, Zn(PO3)2) which exhibit larger coefficients of thermal expansion than fused silica
while sharing some of the anomalies characteristic for fused silica [174]. A discussion of
various anomalous features of elastically ill-behaving glasses when put into context with wellbehaving glasses focused on the tetrahedral coordination as the cause for anomalous behavior
[175]. Indeed, the Young’s modulus as a function of temperature of BeF2 also goes through a
maximum [176] and is a fused silica-analogue [177]. The whole subject of anomalous
properties in glasses is reviewed in [178] with a particular emphasis on ultrasonic methods.
Combining the two prevalent techniques in Table 3, a discrepancy was observed in the sound
wave velocity above the glass transition temperature determined by ultrasonics and Brillouin
scattering [179]. The effect was assumed to originate from “the frequency dependence of the
visco-elastic properties of the glass and the different relaxation behavior of the glass plays an
important role at ultrasonic and hypersonic frequencies”.
Some of the publications listed in Table 3 also cover the temperature dependence of elastic
moduli of glasses rich in silica to the one found in pure fused silica and state initial positive
temperature coefficients for these as well. At higher temperatures, however, their slopes may
reverse.
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4.9 Viscosity of fused silica
In contrast to elastic properties the shear viscosity data are compiled in several review-type
publications [11,12,13,14,15,122,180]. The following Table 4 summarizes additional relevant
literature data for viscosity measured above 1000°C. As reasoned in section 2.2 Specimen
material, the quality of fused silica should be defined by specifying at least the OH content.
The great disparity of viscosity values with varying OH content (‘hydrolytic weakening’) is
evident when juxtaposing data from various references. Viscosity data from the present work
and references in Table 4 pertaining to fused silica with comparable OH content are compared
in section 7.7 Viscosity.

Type(s) of fused silica
Corning,
from
hydrolyzed
SiCl4;
unspecified ‘high water
content’
water-free, 150 ppm
TiO2, 200 ppm OH
Corning 7940 (type III)
Amersil
four different grades

Temperature range
1250°C..1500°C

Method
traction

Reference
[181]

1000°C..1200°C

fiber elongation

[182]

1070°C..1230°C
1236°C..1335°C
1100°C..2000°C

beam bending
beam bending
at low viscosities: rotary
viscometer;
at
high
viscosities: central bending
method
rotation viscometer, beam
bending
bending method
beam bending

[183]
[184]
[185]

six different grades

1100°C..2000°C

Corning 7940 (type III) 1020°C..1280°C
0.0001
≤
molar 1060°C..1327°C
percentage of OH ≤
0.45
General Electric 124
2027°C..2327°C
review
very pure

-1192°C..2482°C

ten different qualities,
among them Suprasil 1
Suprasil 2
1000 ppm OH

1470°C..2000°C
(Suprasil 1)
1910°C..2154°C
1060°C..1160°C

[187]
[188]

ball falling through molten
silica
-rotating
cup,
isothermal
deformation
torsion

[192]

fiber drawing
uniaxial compression

[193]
[194]

Table 4: Literature survey on viscosity of fused silica.
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[186]

[189]
[190]
[191]
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5 Analysis
In this Chapter it will be demonstrated how the data are processed and analyzed in closed
form. The starting point is the Maxwell model (see section 3.4 Maxwell model) with the
assumed simplified uniaxial stress state. The sign convention is chosen so that compression
has negative values. All data reduction, analysis and plotting in this study was done using the
computer algebra package MATHEMATICA in its release Version 4.

5.1 Raw data
The equipment provides three sets of data for the analysis: the force applied to the cylinder,
an image sequence and the LVDT displacement signal giving the upward motion of the lower
piston. The pressing operation is partitioned into a four-step process: application of the
preload, relaxation of the preload, application of the main load, relaxation of the main load.
The main load is started when the preload has relaxed completely. An example of the force
signal sampled at the oscilloscope recording interval is displayed in Figure 5.1-1. It is
undisputable that the specimen response conforms qualitatively to the behavior of a Maxwell
body. The displacement in step three ranged from 0.5 to 0.8 mm only (with just three
exceptions of 0.2, 0.4 and 1 mm). It must be underlined that this is the intended displacement
which in reality is partly invested in piston deformation. If upsetting is driven to large
displacements bollarding or barreling may occur and the interior stress state can no longer be
approximated by a uniaxial one.
The accompanying LVDT displacement signal rises linearly with time in the two loading
stages and is constant in the relaxation phases. The piston speed during preloading never
exceeded the one for imposition of the main load. Data acquisition starts when the pushrod
starts to move upwards; however, for convenience in the analysis the time zero point is shifted
to the begin of the main load characterized by the onset of force in the third step. In the
remainder of this thesis this instant is referred to as the isothermal and stress-free reference
state at time zero.
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Figure 5.1-1: Complete force history showing preload, preload relaxation, main load, main
load relaxation. Temperature 1413 K, nominal strain rate during main loading -10-4/s. Note
the marked difference in incipient force rise.

Preloading was implemented to establish firm contact between the pistons and the sample,
causing the main load to feature an elastic rise at the onset (see section 2.1 Contact quality).
Nevertheless, at times a point of inflection (a 'stress generation modulus', see section 2.1
Contact quality) developed in some experiments at very low loads. An explication for the
slow initial force rise may reside in a stress-dependence of Young’s modulus which
represents one of the main findings of the present study (see section 7.3 Modulus of elasticity
(Young’s modulus)). Thus, with the present knowledge this phenomenon can be interpreted as
an inherent material property in contrast to the results of other authors discussed in section 2.1
Contact quality. Since such an effect was small within the limit of the accuracy of the data in
the present investigation it has been neglected for the analysis. Accordingly, the finiteelement-simulations of type 3 (see section 6.2 Definition of the material behavior) can not
reproduce this slow initial rise. Of course the quality of the beginning of the main load may be
conditioned by the amount of preloading. Whether or not different preloads induce distinct
patterns in the main load rise was not investigated.
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5.2 Analytical procedure
Externally measurable quantities allow for material coefficients be quantified as outlined in
the following recipe. Internally generated heat and its loss are incorporated. From the
temperature shift it can be concluded if the coefficients extracted can be attributed to an
isothermal state. The following sequence details the steps in the numerical treatment of the
raw data that provides the material coefficients and the internal thermal loading:
1)

Provide the following quantities: nominal strain rate (for comparison only), initial
dimensions, density, number of images (all steps), image recording interval,
oscilloscope recording interval, temperature, load transducer range and displacement
transducer range (to convert voltage values from the oscilloscope raw data into data for
the force and the LVDT displacement), number of readings of the force and LVDT
signals in steps three and four.

2)

Convert the sequence of force readings (so far stored as voltage corresponding to load)
to data pairs (time, load in N).

3)

Calculate total time (steps three and four) and loading time (step three only).

4)

Read contour data for all frames (corresponding to all steps).

5)

Plot the position of the lower edge of the upper platen as a function of frame number.
This is a check whether the upper piston is held firmly in place and provides the upper
boundary of the specimen.

6)

Plot the position of the upper edge of the lower platen as a function of frame number.
This is the lower boundary of the specimen.

7)

From the previous plot find the frame number where loading starts and ends.

8)

Verify the quality of the contour lines by overlaying them on the gray frame of the
undeformed state. Typically a correction to the contour data of the lower platen
becomes necessary because in this region the photograph is somewhat blurred. Also, the
upper platen data need a slight correction due to perspective. Furthermore, this frame
reveals that the platens are truly parallel to each other.

9)

Find initial height and diameter in pixels form the contour data. Find scales (pixel per
meter) for height and diameter; these should be identical.

10)

Plot height in m as a function of time. Height decreases linearly with time during
loading and then remains unaltered during relaxation. A linear curve fit provides the
true specimen deformation speed.

11)

Calculate the diameter for every horizontal row in every frame.
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12)

Plot and fit as a function of time the diameter of the specimen at the upper platen.

13)

Plot and fit as a function of time the diameter of the specimen at the central plane. Its
upward shift with specimen movement is taken into account.

14)

Plot and fit as a function of time the diameter of the specimen at the lower platen.

15)

Determine the extent of possible bollarding or barreling by comparing the diameters at
the positions top/center/bottom of the specimen. The comparison indicates whether the
sample retains its cylindrical shape. If the sample remains cylindrical, the assumption of
uniaxiality is met (see Figure 5.2-1) and the process interpreted as a compression
occurring without friction at the interfaces. Whether or not this assumption is mandatory
for the current analysis is discussed in section 6.5 Simulating upsetting with friction.

16)

Calculate the cross-sectional areas at the top and center planes and for comparison with
the one when homogeneous deformation is exactly obeyed (constant volume divided by
height).

17)

Determine the true radial strain rate at the upper end (derivative with respect to time of
the diameter increase divided by instantaneous diameter).

18)

Determine the true axial strain rate (derivative with respect to time of the height change
divided by instantaneous height) and compare its linear fit (providing the parameters a
and b in the general formula in Equation (11)) with the nominal strain rate (constant
piston speed divided by initial height). A linear fit is sufficient because the
displacements are small. The strain rate so attained deviates from the nominal one
because of system deformation.

19)

Plot the true stress given as the force divided by the true cross-sectional area at the
upper platen as a function of time.

20)

Plug the fit constants (a, b) for the axial strain rate into the formula for axial stress in the
analytical formula involving constant coefficients (Equation (12)).

21)

The method adopted for the determination of Young’s modulus and the tensile viscosity
is the procedure “FindMinimum” to minimize the sum of squared differences between
measured stress values and the fit formulas (Equation (12) for loading and Equation
(13) for relaxation) and solving simultaneously for both coefficients. This way absolute
elastic and viscous coefficients are extracted from the experimental data. Picking
arbitrary starting values, the procedure was iterated until the output remained unaltered.
The aim was to fit the entire period from imposing the main load until the end of the
main load relaxation with one data set only [4,5]; so fitting coefficients may depend on
the strain achieved and the duration of the relaxation process which were set arbitrarily.
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This fitting procedure also ensures consistency of the fitting coefficients as the loading
deformation sometimes seemed to be purely elastic (see section 7.1 Raw data). As a
consequence viscosity could not have been evaluated if the procedure had been applied
to loading only. Young’s modulus and tensile viscosity so computed are based on the
premise that they are constant in the respective experiment; i.e., stress-independent and
viscous heating does not affect their values appreciably.
22)

The constants from curve fitting (assuming constant coefficients) are used to reconstruct
the measured stress from Equations (12) and (13) for comparison (see Figure 5.2-2,
Figure 5.2-3 and Figure 5.2-4). The match is not perfect for reasons given in section 7.2
Evidence of nonlinearity but sufficiently good to confirm that the glass behavior can be
adequately described by a single one-dimensional Maxwell model (as was stated in [4]).

23)

Plot the first derivative of the stress with respect to time in steps three and four. This
plot is to be used later on when the condition of constant coefficients is dropped (see
Figure 5.2-6).

24)

Solve Equation (16) for Poisson’s ratio which comes out as a function of time.

25)

As a double-check plot the radial strain rate as measured and as given by the analytical
formula (Equation (16) after plugging in the values obtained so far: Young’s modulus,
elongational viscosity and the seemingly time-dependent Poisson’s ratio). The match is
of high quality.

26)

Take as Poisson’s ratio the value of the time-dependent function for Poisson’s ratio at
time zero. Values of 0.5 and larger are set to 0.49.

27)

Calculate the shear and bulk moduli and the shear viscosity (Equations (9) and (10)).

28)

Calculate the rate of energy dissipation (Equation (20)).

29)

Compare visually the measured force with the predictions by Gent, the assumption of
homogeneous deformation (both in Table 1) and Nadai (see section A.3 Comparison of
forces on the end faces as predicted by Gent and Nadai). These three analytical formulas
do not start at zero force. The force predicted for homogeneous deformation is a suitable
description for the long-time loading provided the loading is much longer than the
relaxation time.

30)

Calculate density, kinematic viscosity and thermal conduction coefficient of the air (see
section 4.6 Viscosity and thermal conductivity of air).

31)

Calculate specific heat capacity (see section 4.2 Specific heat), thermal conduction
coefficient (see section 4.3 Thermal conductivity) and emissivity (see section 4.4
Emissivity) of the glass.
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32)

Calculate the curved surface of the cylinder as a function of time.

33)

Internal friction causes dissipation of mechanical work and generates heat inside the
sample, heat flow in it and out to the ambience simultaneously. Therefore the thermal
calculations are carried out step by step at oscilloscope recording intervals beginning
with the start of the main load. The preload is applied so slowly that appreciable
temperature effects do either not occur or have faded away by the time the main load is
imposed. The procedure of [2] and [3] is closely adhered to with minor changes.
Unfortunately, only a single reference [39] can be cited to demonstrate that the
algorithm arrives at values that agree closely to measured data (see section 7.9
Dissipative heating). The procedure is executed according to the following steps:

σ 22 2
Δt ,
a) the increase in internal energy by incremental dissipation is given by V
ηt
where V is the specimen volume, σ22 is the axial stress (Equation (12) during
loading and Equation (13) during relaxation) and Δt is the oscilloscope recording
interval. A fictitious value for the increase in internal energy is assumed for the first
increment to avoid numerical instabilities. Thanks to the uniaxial stress state no
contribution from radial, circumferential or shear stress dissipation or consideration
of individual volume elements needs to be taken into account. Also, friction losses
and therefore frictional heating at the pistons are assumed nonexistent in the present
study. The analysis therefore represents a truly one-dimensional state of stress. Full
conversion of mechanical work into heat is assumed while Sakoske uses a
conversion ratio of 0.95 only [3].
b) total dissipated energy, the summation over all incrementally dissipated energy
contributions. This is not the net ‘energy gain’ compared to the reference state since
part of it is lost to the environment as time goes on. It only serves to calculate the
temperature rise in case of full thermal insulation (adiabatic heating).
c) incremental heating under adiabatic conditions: incrementally dissipated energy
divided by mass and specific heat.
d) total heating under adiabatic conditions: total dissipated energy divided by mass and
specific heat.
e) film heat transfer coefficient for heat conduction into the pistons [195]: α cd =
units of

2λ
in
h

W
where λ is the thermal conduction coefficient of the sample and h is
m2 ⋅ K
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the specimen height. A curve fit to this film heat transfer coefficient as a function of
time is later plugged into the finite element code.
f) film

heat

α r = ε glassσ SB

transfer

coefficient

for

heat

radiation

[195]:

W
((T + ΔT ) 4 − T 4 )
in units of 2
, where ε glass is the specimen
ΔT
m ⋅K

emissivity, σ SB is the Stefan-Boltzmann constant, T is the initial temperature and

ΔT is the net temperature rise (relative to the initial temperature) obtained from the
previous increment. For the first increment ΔT is taken as the adiabatic heating.
g) Grashof number [195]: Gr =

gh 3

η kin

βΔT , where g is the acceleration due to gravity, h

is specimen height, η kin is the kinematic viscosity of the air, β =

1
is the thermal
T

expansion of the air and ΔT is the net temperature rise (relative to the initial
temperature) obtained from the previous increment.
h) Rayleigh number [195]: Ra = Gr·Pr. Initially, tabulated values of the
thermodynamic properties of air were found in tables only up to 1000°C [195]
where the Prandtl-number Pr is approximately 0.74. This value was then assumed
constant even beyond 1000°C throughout all experiments.

(

i) Nusselt number [195]: Nu = 0.825 + 0.387 ⋅ ( Ra ⋅ f 1 (Pr))1 / 6

)

2

+ 0.87

h
, where h is
d

⎛ ⎛ 0.492 ⎞ 9 / 16 ⎞
⎟
specimen height, d is specimen diameter and f1 (Pr) = ⎜1 + ⎜
⎜ ⎝ Pr ⎟⎠ ⎟
⎝
⎠

−16 / 9

= 0.353

assuming a constant Prandtl number of 0.74.
j) film heat transfer coefficient for heat convection into the furnace atmosphere [195]:

α cv =

Nu ⋅ λ air
W
in units of 2
, where λair is the thermal conduction coefficient
h
m ⋅K

of the air and h is the specimen height. A curve fit to this film heat transfer
coefficient as a function of time is also plugged into the finite element code.
k) specimen-platen conduction contact area for one end face: this is accessible by
image processing. Alternatively, it can be calculated by dividing the volume by the
height [3]: Acd =

V
where V is the specimen volume and h is the specimen height.
h

l) radiation and convection surface area of the specimen: this is the free lateral
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specimen surface area and is known from image processing. Alternatively, it can be
calculated by Ar = 2 πVh assuming perfectly homogeneous deformation [3].

m) incremental energy loss given by (2α cd Acd + (α r + α cv ) Ar ) ⋅ ΔT ⋅ Δt , where ΔT is the
net temperature rise (relative to the initial temperature) obtained from the previous
increment and Δt is the oscilloscope recording interval.
n) total energy loss given by the summation over all incremental energy losses.
o) total energy gained in comparison to initial energy given by (total energy from
previous increment) + (incrementally dissipated energy) – (incremental energy loss).
p) net heating calculated as total energy gained in comparison with initial conditions
divided by mass and specific heat.
34)

Read the machine displacement signal (LVDT output) and compare it with the true
specimen deformation (the LVDT position reading at the beginning of step three is
subtracted from all readings). Their difference yields the machine deformation as a
function of time.

35)

Plot the machine deformation as a function of force and find its limit up to which the
plot may be linearized. The slope of this linear fit gives the compliance of the testing
machine.

36)

The analysis up to this point assumes that the mechanical coefficients in Maxwell’s
model are constant within any one experiment. However, fitting only the loading curve
from the beginning over various time spans by a Maxwellian model (i.e., assuming
constant Young’s modulus, E, and tensile viscosity ηt ) reveals fitting parameters, E and

ηt , depending on the respective time span or on the average stress or strain.
Unfortunately, these coefficients can not be assigned to a specific stress value and this
calculation can thus only serve as a qualitative indication that the coefficients E and ηt
change in the course of an experiment. Another strong indication for this view is
provided when anticipating results for all experiments from the preceding analysis with
constant coefficients. It becomes evident that Young’s modulus and the viscosity (when
considered constant in any one experiment) depend on stress (see sections 7.2 Evidence
of nonlinearity, 7.3 Modulus of elasticity (Young’s modulus) and 7.7 Viscosity) at any
given temperature. Maxwell’s model is defined merely by the arrangement of a spring
and a dashpot, but does not necessarily imply that their mechanical coefficients are
constant. Maxwell himself already stated: “lt is possible that in some bodies [the time of
relaxation] may be a function of [the stress]” [47]. This finding calls for the two-point
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analysis and a differential (pointwise) analysis to arrive at an analytical description of E
and ηt as a function of stress, again considering viscous heating as being negligible
without impact on the coefficients:
I. Smoothed stress values are determined by averaging over small suitable time ranges
during loading and relaxation. The range must be chosen so that the resulting curve
is smooth while at the same time providing an adequate description of the measured
curve (i.e., containing sufficient data points for the following pointwise analysis,
see Figure 5.2-5).
II. The smoothed stress curve when numerically differentiated with respect to time is
visually compared to the derivative of the stress from a single element Maxwell
model with constant coefficients (see Figure 5.2-6).
III. If the coefficients depend on stress only (at a given temperature) then the two-pointanalysis offers a convenient way to obtain the Young’s modulus and the viscosity at
a given stress value by writing out the constitutive equation for the strain rate for
loading and relaxation (see Equation (17)). Stress rates stemming from the
numerical differentiation of the smoothed stress curve were plugged in. The
outcome is Young’s modulus increasing and the viscosity decreasing linearly with
stress (see sections 7.3 Modulus of elasticity (Young’s modulus) and 7.7 Viscosity).
IV. Finally, Young’s modulus and the tensile viscosity can be found pointwise by
writing out the constitutive equation for the strain rate (see Equation (8)) for two
consecutive steps on the smoothed stress curve during loading and solving
simultaneously (with stress from the smoothed curve and stress rate from its
numerical differentiation, invoking the MATHEMATICA package `NonlinearFit`).
The stress and the stress rate are determined from the set of smoothed experimental
data within two consecutive time steps during loading and inserted into Equation
(8), which represent a pair of linear equations with identical E and ηt (it is allowed
to assume E and ηt as constant for both intervals since these quantities vary only
slightly). The linear system is solved for E and ηt . Shifting the time intervals step
by step the full dependence of E and ηt on stress is obtained for the loading. The set
of data pairs {stress, modulus} resp. {stress, viscosity} can then be fitted to an
empirical equation. The results are displayed for Young’s modulus in section 7.3
Modulus of elasticity (Young’s modulus) and for the viscosity in section 7.7
Viscosity.
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Figure 5.2-1: Specimen at the end of an experiment, recorded as a gray image with dimmed
illumination by reducing the diameter of the iris diaphragm, together with horizontal and
vertical lines tracing out the original specimen contour. The specimen and the alumina platen
resting on the alumina piston are visible at the lower edge. A minute extent of bollarding is
discernible at the lower glass-platen-air contact edge.
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Figure 5.2-2: Measured stress-time curve (green) and curve fit (black, assuming constant
coefficients, single Maxwell element). Temperature 1494 K, nominal strain rate -5·10-4/s.

Figure 5.2-3: Initial portion from Figure 5.2-2 enlarged.
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Figure 5.2-4: Transition stage loading/relaxation from Figure 5.2-2 enlarged.

Figure 5.2-5: Measured stress-time curve (green) and averaged stress values (black dots).
Same experiment as in Figure 5.2-2.
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Figure 5.2-6: Derivative of stress with respect to time. Red curve: derivative of the solution
for the fitting routine (assuming constant coefficients; single Maxwell element); black dots:
stress rate as calculated from averaged stress values in Figure 5.2-5. Same experiment as in
Figure 5.2-2.

The above analysis exploits the circumstance that the stress state remains very nearly
homogeneous and the problem can be treated as if friction were nonexistent (see section 3.4
Maxwell model). This is an approximation, albeit a good one judging by the exterior contour
of the sample giving evidence that the lateral boundaries move freely (see Figure 5.2-1).
Earlier, birefringence studies on square specimens did not mention non-uniformity of the
stress field [50,51]. The shapes observed by Sakoske are also cylindrical at low pressing rates
up to 40% compression using graphite as interface material (p. 77 in [3]). The specimens in
the investigation by Meinhard, Fränzel and Grau [4] remained very closely cylindrical, too
[196]. If friction is present, however, three factors act in such a way as to enhance viscous
flow capability and therefore relieve stress concentrations that peak at the end face periphery:
1) Energy is dissipated by the specimen sliding on the platen causing additional local
heating (‘frictional heating’). This effect must be minute at ordinary piston speeds and
is listed only for the sake of completeness. It does not contribute in case of absolute
no-slip prior to foldover while folded regions might contribute to frictional heating
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later on. The effect is enhanced at spots of stress concentrations like the end face
periphery.
2) The higher the stress, the greater is Young’s modulus (see section 7.3 Modulus of
elasticity (Young’s modulus)).
3) Thanks to the observed structural viscosity higher stresses enhance fluidity (see
section 7.7 Viscosity); an aspect already stated by Sakoske before (p. 10 in [3]).
The latter two aspects combine into the relaxation time. As Young’s modulus and the
viscosity feature an opposite trend with stress, the relaxation must proceed faster with a rise in
stress. All these factors are tantamount to effectively minimizing friction; i.e., friction is not
as effectively inhibiting radial motion as expected from its numerical value because highlystressed regions are able to flow and hence relieve stress faster. An idea of the extent of the
interplay friction – heating – viscosity – modulus at extreme forming speeds is given in
Figure 7.14-5.
Young’s modulus of glass has been determined before by at least two groups in the same
manner as in the present work [4,5,49,50,51]. These publications report a modulus decreasing
with increasing temperature but no dependence on loading rate or stress. However, comparing
the statement that the “compression of cylindrical glass samples is describable by a simple
Maxwell model with a good approximation” with the outcome of the fitting routine [4],
discrepancies hinting at stress-dependent coefficients emerge (at times coined ‘nonlinearity’
in the literature). In fact, the fit in [4] exposes shortcomings of the same character as
displayed in Figure 5.2-2 where the greatest deviations occur in the initial rise and right after
pushrod stop. These are the instants where the stress rate is largest. A combination of
Maxwell elements with several relaxation times may provide a better fit. However, fitting by
a single Maxwell element was occasionally better than depicted in Figure 5.2-2. Therefore,
the number of Maxwell elements would not be defined unambiguously throughout all
experiments with the consequence that their interpretation would be difficult. To this end the
single Maxwell model which allows unique decomposition into elastic and viscous response
has been extended using stress-dependent Young's modulus and viscosity.
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6 Finite Elements
A program code was developed to tackle fully three-dimensional states of stress in case of
interface friction. The computational issues pertinent to numerical modeling are outlined in
this Chapter. The principal aim here is to numerically reproduce the forming load history for a
given deformation and deformation rate using the quantities from the preceding evaluation of
the experiments. Modeling is therefore a validation procedure and the inverse to the
determination of the parameters from the experiments. The quality of the match between
experiment and computer model is ultimately only as good as the property input information
upon which it is based. A vast number of internal parameters and variables are accessible,
e.g., local heating, the movement of individual volume elements, the paths of certain points in
the bulk of the specimen, the inner stress and strain profiles and many more.
Simulations on upsetting of metallic specimens are numerous in the literature. However, only
Sakoske’s finite-element study treats glass upsetting [3]. The codes in the ABAQUS example
’4.2.11 Upsetting of a cylindrical billet: coupled temperature-displacement and adiabatic
analysis’ [197] together with Sakoske’s input deck [3] were chosen as a starting point to
develop the code. ABAQUS Standard was used in its release 6.3-1.

6.1 Model geometry, boundary conditions, loading
The parallel-plate apparatus has the advantage of well-defined boundary conditions. The
whole system is initially at rest, the mantle is traction-free and the loading is by displacement
control. Further, the task of numerical modeling is significantly simplified by symmetry
considerations. The geometry is best described in cylindrical coordinates with the coordinate
axes originating in the specimen center. Any angle-dependence drops out as axisymmetric
flow is independent of the circumferential angle, thereby reducing the problem to a twodimensional one. Further savings in computing power are given by the presence of one center
plane of symmetry perpendicular to the axis of the specimen at midheight. Being shared by
both the rotational axis and the center plane, the center point is pinned. These symmetry
considerations do not only rule the spatial displacements, but also the heat fluxes through
these elements.
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Due to these symmetry considerations only one quadrant of the cross-section through the
specimen axis needs to be modeled. This spatial domain depicted in Figure 6.1-1 is
appropriately discretized with low-order finite elements like four-noded quadrilateral
elements which are preferred due to substantial savings in computational time for forming
processes. The coupling of mechanical deformation with simultaneous heat dissipation and
conduction classifies the simulation into the category of transient fully coupled thermomechanical

simulation

types

(ABAQUS

keyword

COUPLED

TEMPERATURE-

DISPLACEMENT). This procedure solves simultaneously for the stress/displacement and the
temperature fields. As in [3], standard full integration axisymmetric four-noded quadrilateral
elements of type CAX4T [198] were chosen from the ABAQUS element library. This
element type features two translational degrees of freedom in the axial and radial directions
and four Gauss integration points. This choice of the element type assured a good
convergence behavior and mesh convergence studies on element type selection were
dispensed with. Confirming Sakoske’s findings [3], their geometrical arrangement did have
an impact on stress values, but not on their pattern of distribution throughout the bulk of the
sample. Tested were meshes under assumed interface friction with 20x20, 40x40 and 80x80
elements with parallel edges in either direction with and without the option 'BIAS' (to reduce
element size towards the top) and a mesh with nonparallel element edges towards the stress
concentration (see section 6.5 Simulating upsetting with friction). The region of interest is
divided into a mesh of twenty uniform subdomains in the horizontal and vertical directions
each, only slightly coarser than in [3]. Any internal data are not accessible to compare to, so
the prime criterion must be the external force being numerically reproduced to the best
possible match with the experiment which is achievable even by very coarse discretization
[3].

68

Figure 6.1-1: Rendering of the specimen with one eighth removed. The shaded area is the
region of interest for finite element modeling with the mesh of 20x20 elements. Shown is the
undeformed configuration. The four corner points of the region of interest will be referred to
with the numbers shown in section 7.9 Dissipative heating (these numbers differ from those
assigned in the node labeling scheme used for the mesh generation).

The piston and the alumina platen were excluded from the simulation. Instead, the platen was
simulated as a flat rigid surface which has neither mechanical nor thermal degrees of freedom.
The externally imposed deformation is modeled by the prescribed vertical displacement of the
rigid body reference node on the die which is moving at a steady velocity in the axial
direction. This rigid body reference node has the same spatial coordinates as the specimen end
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face center point (point 3 in Figure 6.1-1). The subroutine FILM was used to account for the
thermal interaction between sample and piston (see section 6.4 Thermal interactions). The
actual experimental platen displacement-time loading characteristic as obtained from image
processing is plugged into the input deck. However, with only the top half of the specimen
modeled also the total piston displacement is halved. In contrast to the real experiment where
the deformation is caused by a vertical movement of the lower piston, the deformation is
imposed by the upper piston in the simulation. In general, nodes touching the contact surface
experience frictional constraint, which is neglected in the simulations for reasons discussed
earlier (see sections 3.4 Maxwell model and 5.2 Analytical procedure).
The input deck listing geometry, mesh generation, loading history and boundary conditions
for a simulation is given in Appendix B.1 ABAQUS input deck, whereas the material
behavior is discussed in the following sections.

6.2 Definition of the material behavior
All experiments were simulated as proceeding friction-free and isothermal with coefficients
given for the initial temperature (the reasoning is detailed in section 7.9 Dissipative heating)
using three different approaches to implement the constitutive behavior:
1) Subroutine UMAT for a single-element Maxwell model with the underlying
assumption of constant average coefficients, contained in a separate routine (see
section 6.3 Subroutine UMAT: implementation of the constitutive equation). This is
the simulation that builds most clearly upon the Maxwellian constitutive equation.
Internal heat generation for simulations using the UMAT coding is discussed in
Appendix B.3 Internal heat generation.
2) Sakoske models Maxwellian behavior by a combination of elasticity and creep as
provided by the material library that comes with ABAQUS [3]. In his simulations for
a glass viscosity standard the viscosity is given by the VFT (Vogel-FulcherTammann) equation and the elastic coefficients are neither stress- nor temperature
dependent. This means that the following modifications need to be made in
comparison to the UMAT-simulation: the UMAT is deleted, inserted are: the keyword
*ELASTIC with a data line listing Young's modulus and Poisson's ratio from the
analysis with constant coefficients, *CREEP,LAW=USER and full conversion of the
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work done into heat by *INELASTIC HEAT FRACTION given as 1.0. The CREEP
subroutine is coded with A = 1/(3·shear viscosity), DECRA(1) = A*QTILD*DTIME,
DECRA(2) = DECRA(3) = DECRA(4) = 0.0, DECRA(5) = A*DTIME. The shear
viscosity is computed from the VFT-fit to the temperature. As the numerical values of
the parameters are the same as used in the UMAT-subroutine, these two simulations
differ only in the coding of the material behavior, but not in the mechanical
coefficients.
3) While closely adhering to Sakoske’s implementation using the keywords ELASTIC
and the subroutine CREEP, these procedures were augmented by stress-dependence of
E and η as required by the experimental results. The simulation is carried out only

using stress-dependent coefficients from the differential analysis (see the last
paragraph in the step-by-step procedure in section 5.2 Analytical procedure). The
modifications

are

similar

to

the

one

for

the

previous

simulation,

but

*ELASTIC,DEPENDENCIES=1 is now the header for a list of data lines giving
{stress-dependent Young’s modulus, constant Poisson’s ratio, temperature, stress} (in
intervals of 1% of maximum stress up to the maximum stress) in conjunction with
*USER DEFINED FIELD, *DEPVAR specifying the number of solution-dependent
state variables as 1 and the subroutine USDFLD to redefine field variables at each
material point. The reasons for ignoring stress dependence in Poisson's ratio are given
in section 7.4 Poisson’s ratio. The shear viscosity in CREEP provides now the fit for
stress-dependence where the axial stress is computed as σ = −3P with P standing for
the equivalent pressure stress. As before, full conversion of work into heat by
*INELASTIC HEAT FRACTION given as 1.0 is assumed. Only this approach models
nonlinear viscoelasticity while constant coefficients are fed into the code of the two
preceding simulations.
All simulations include a routine for the thermal interaction with the surroundings (see section
6.4 Thermal interactions). The input deck for geometry, loading and boundary conditions is
linked to the subroutines. The three simulations differ only in the mechanical material
behavior and the place in the code where internal heat generation is defined, not in geometry,
mesh generation, loading history and boundary conditions. All codes are also able to capture
three-dimensional stress states in case of interface friction. All plots showing results from
finite-element studies in this thesis present output only from the UMAT simulation except for
Figure 7.15-2 where results of all three approaches are compared.
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6.3 Subroutine UMAT: implementation of the constitutive equation
Sakoske [3] utilized the subroutine CREEP, which is explicitly recommended for “relatively
slow (quasi-static) inelastic deformation of a model such as the high-temperature creeping
flow of a metal or a piece of glass” [199]. In an attempt to develop a more elegant code
starting from the constitutive equation of Maxwell’s model it was decided to employ
advanced user subroutine programming via the subroutine UMAT (user material). From the
observation that the specimen keeps its cylindrical form one can conclude that the state of
stress is uniform. Nevertheless, the program code needed to be so general as to compute a
three-dimensional state of stress in the case of interface friction. The code requires solving for
the stress increment which is impossible to be done for stress-dependent coefficients. It is
therefore emphasized that the UMAT code works only for constant coefficients. Temperature
dependence is not needed in simulating actual experiments (see section 7.9 Dissipative
heating).
The UMAT code describes a more elaborate model, the so-called ‘Standard Linear Solid’ in
its Maxwell form, or ‘Maxwell-Zener (resp. Zener-Maxwell) model’ i (see Figure 3.4-1). This
model is capable of representing both relaxation and creep and is therefore the most versatile
basic mechanical analog for viscoelasticity. With vanishing elastic coefficients of the single
spring it represents a Maxwell body which was shown to provide an appropriate model for
glass upsetting [4,5].
The derivation of the code starting from the three-dimensional constitutive equation (Equation
(5)) is detailed in Appendix B.2 Stress incrementation and its implementation in Fortran code
is given in Appendix B.4 Subroutine UMAT in Fortran code. The material coefficients therein
are the shear and bulk moduli and the shear and bulk viscosities (for conversion from
measured quantities see Equations (9) and (10)). This conversion requires the experimentally
elusive Poisson’s ratio, ν .

i

The purpose behind that was to doublecheck the code by rewriting the ABAQUS example ’Viscoelastic rod
subjected to constant axial load’. Proper assignments of numerical values to the constituting elements in the
model allow to substitute the keywords *ELASTIC and *VISCOELASTIC,TIME=PRONY together with their
respective values and achieves a close match with the example results. Deviations in the initial stages are
attributed to numerical round-off errors caused by the number of decimal digits.
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This user subroutine for the mechanical response of the specimen provides utmost versatility.
If desired, the various contributions to the stress increment (see the matrix quantities in
Appendix B.2 Stress incrementation) can be studied independently. The procedure outlined in
the derivation of the code is readily adaptable to more sophisticated viscoelastic mechanical
constitutive models.
The code was straightforward to program once the obstacles contained in the poorly
documented example for a similar model listed in the ABAQUS manual [200] were
overcome. These are:


The constitutive equation is correctly given for the simple one-dimensional case, but
the three-dimensional equation contains obscure coefficients whose relation to the
mechanical coefficients of the constituting elements is not given.



For the three-dimensional case terms involving the trace of the stress tensor and its
time derivative are missing.



The manual to ABAQUS version 5.7, which was available to the author, contains a
misprint in that a partial derivative of the shear stress component was given with
respect to the increment in εxy instead of γxy.

6.4 Thermal interactions
Initially the sample is isothermal with the furnace atmosphere and the piston at the reference
sink temperature. As deformation proceeds more and more viscous dissipation generates heat
increasing both the sample temperature and that of its surroundings. Three diverse
mechanisms act together to remove the internally generated heat. The simulation was kept
simple by excluding any possible interaction with the piston by modeling it as a rigid surface.
Heat conduction into the piston is therefore treated by defining a film coefficient of heat
transfer through the top face of the contact elements. Heat convection into the air along the
lateral surface is described by the same means, namely the subroutine FILM. The side surface
radiation is handled by the ABAQUS keyword RADIATE. A sample for the thermal
interaction code is given in Appendix B.5 Modeling of thermal interactions.
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6.5 Simulating upsetting with friction
Even though experiments in the present study are taken as frictionless numerical modeling of
upsetting with radial restraint offers further insight into analogies to stress profiles in elastic
specimens (see section 3.2 Strain and stress distribution in compressed cylinders). As even the
solution for the stress distribution in the elementary elastic case is complicated (see section
3.2 Strain and stress distribution in compressed cylinders), numerics show potential to
compute the stress profile for any type of material behavior. However, as the mesh becomes
severely distorted numerical difficulties arise which can cause the computation to terminate
prematurely. However, these numerical difficulties can be alleviated by redefining the finite
element mesh for the deformed configuration, a procedure labeled remeshing or rezoning. All
variables from a certain step need to be transferred to a pristine mesh. From this point on the
computation is continued on the new mesh. Rezoning was determined to be unnecessary in
the present study.
To minimize numerical difficulties four-noded quadrilateral elements with nonparallel edges
might be appropriate to eliminate bad quality elements in the region of foldover as these
provide no longer a good discretization [69,201]. Alternatively, the mesh can be refined
approaching this region with the expected stress gradient for better resolution of the stress
gradient (option ‘BIAS’ in defining meshes) [3,85,202]. The latter reference also quotes
further options.
It is appropriate to assess the influence of friction on the numerically predicted force by two
simulations that differ not in material properties, but in the friction coefficient. This is done in
conjunction with a discussion on the inner deformation state in barreled specimens. It will be
demonstrated that friction might go unnoticed because the computed force does not deviate
much between the two simulations if the compression is small. Also, barreling might be hard
to detect from the contour of the sample. For simplicity, friction is taken as ‘infinite’. Partial
slip is even more complicated because the spreading of the end face is caused by slip and
foldover combined and these effects would need to be split. Further, friction conditions need
not be constant throughout the course of the experiment.
In the presence of barreling when radial expansion is prohibited at the end faces
inhomogeneous stress distributions evolve within the specimen as visualized by the grid
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distortion in numerical studies. An example calculated using the UMAT code is shown in
Figure 6.5-1 to Figure 6.5-8. The figures show the stresses and strains j at the end of loading
which have developed under infinite friction, i.e., without relative motion at the interface. The
input data are from an actual experiment run up to a height reduction of 0.72 mm at 1333 K
and a nominal strain rate of 10-5/s. The color codes reveal where the specimen is stressed and
strained preferentially. The details of the stress and strain computed for the end face rim
depend strongly on the degree of the numerical discretization and the material data. The latter
depend on stress in the case of vitreous silica (see section 7.2 Evidence of nonlinearity). More
precise modeling for calculating upsetting under friction is beyond the scope of this work
because of the limited accuracy of the material parameters and the missing possibility for
detailed verification.
Radial and circumferential (hoop) stresses (Figure 6.5-1 and Figure 6.5-3) are unequal which
refutes Nadai’s predictions (which have been derived for a purely viscous substance). A
‘lobe’ of minor axial stress variation stretches horizontally along the top surface from the
center towards the highly distorted edge throughout the entire simulation (Figure 6.5-2). Thus,
the axial stress profile on the end face is phenomenologically analogous to the one in slender,
purely elastic specimens under interface friction (see Figure 3.2-1). The hoop stress (Figure
6.5-3) is partly tensile (positive) and partly compressive (negative). Its positive value towards
the free surface at the midplane makes suspect a location for cracks to start. The hoop strain
(Figure 6.5-7) is tensile because the lateral specimen face bulges during compressive
deformation. When cracking occurs the hoop stress corresponds to the hot tensile strength.
Sakoske reports observations that at faster rates cracks appear to originate near the outer
glass-metal contact edge (p. 127 in [3]) which indicates the importance of edge effects. The
area along the perimeter of the end faces is most affected by stress gradients. The profiles
reflect the high stress gradient near the end face perimeter as large values are within this
region. The location of the nodes where these large values occur can be read from the
program code in section B.1 ABAQUS input deck.

j

The ABAQUS convention defines the coordinate 1 as the radial direction, the coordinate 2 as the axial direction
and the coordinate 3 as the circumferential direction.
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Figure 6.5-1: The profile of the radial stress component in a finite-element-simulation of
upsetting with infinite interface friction. The legend gives the stress in Pascal.

Figure 6.5-2: Same as in Figure 6.5-1, but axial stress.
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Figure 6.5-3: Same as in Figure 6.5-1, but circumferential stress.

Figure 6.5-4: Same as in Figure 6.5-1, but shear stress.
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Figure 6.5-5: Nominal radial strain profile in a finite-element-simulation of upsetting with
interface friction.

Figure 6.5-6: Same as in Figure 6.5-5, but axial strain.
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Figure 6.5-7: Same as in Figure 6.5-5, but circumferential strain.

Figure 6.5-8: Same as in Figure 6.5-5, but shear strain.
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Sakoske makes a few generalizations on the location of stress extrema and how they move
with pressing rate. Most notably, he states that “the maximum occurring stress (by far) is
shear at the contact edge” (p. 290 in [3]). The profiles shown here, however, are somewhat
different as compared to Sakoske’s stress profiles. He also attempts to conclude on the site of
fracture from the stress patterns.
The experimental curves of the stress in the loading stage and the unloading stage are
simultaneously fitted to Equations (12) and (13), yielding optimum (constant) E and ηt .
With these data the loading and unloading curves are calculated via the ABAQUS program
for both zero friction and infinite friction. Figure 6.5-9 shows the particular example of which
the stress and strain distributions are given in Figure 6.5-1 to Figure 6.5-8. The experimental
force agrees reasonably well with the loading curve in the interval until 3000 seconds from
the beginning under the assumption of both infinite or zero friction as seen in Figure 6.5-9. In
the computation for the friction-free case the relaxation is well reproduced whereas the peak
stress is not fully attained. The specimen contour preserves closely the ideal cylindrical shape
up to 3000 seconds even when calculated under the assumption of infinite friction. The
deviation of the simulated forces (with and without friction) from the measured value is
approximately the same at the peak stress. This raises the question to which extent a
frictionless interface is essential in the current study. In any case, the calculated external force
is not sensitive to the extent of friction as long as the deformation is relatively small. Partial
slip would produce even a lesser curvature of the contour and coincidence with the measured
force over a larger time interval, irrespective of the fact that the interior stress field is clearly
inhomogeneous. Hence, friction might be tolerated under these stringent conditions of minor
deformations and might be unnoticed from the comparison between experimental and
simulated forces and contours. In this context the fusing together of the sample with the
alumina plates does not rule out the findings of the present study.
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Figure 6.5-9: Measured force as a function of time (red), finite-element-result without friction
(blue) and with infinite friction (black), all other conditions being the same in both
simulations (1333 K, nominal strain rate of -10-5/s).
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7 Results
7.1 Raw data
The force histories of all experiments and the respective fit curves (yielding constant
coefficients) run at a particular nominal strain rate are combined in Figure 7.1-1 to Figure
7.1-7. The color-coding for the experimental data from blue (symbolizing the lowest
temperature) to red (implying the highest temperature) for each nominal strain rate serves to
illustrate the temperature dependence of the constitutive mechanical coefficients. All fit
curves are displayed in black. The legend lists the data sets {temperature [K], peak force
[kN], Young’s modulus [GPa], elongational viscosity [GPa·s]} with the coefficients from the
analysis assuming constant coefficients. These data sets together with the results from image
processing and some literature data provide all the information needed in the present study.
The relaxation stage is not always completely shown to ensure good resolution. A few of the
experiments exhibit only an almost perfectly linear rise in the loading stage and the viscous
property is apparent only in the relaxation stage. At each nominal strain rate a lowering of the
temperature causes the initial response to drift towards steeper slopes. Stopping testing at the
highest strain rate of -10-2/s seemed commendable as the force recordings at this rate feature
kinks (see Figure 7.1-7) presumably from local cracking of the refractory cement holding the
upper piston. This series was therefore discontinued.
It should be noted that the entire study was conducted with just one load cell in place, so low
pressing rate experiments carried out at high temperatures are difficult to analyze due to
extensive scattering of data. Their accuracy in the range of low forces is therefore small (see
Figure 7.1-3, e.g.).
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Figure 7.1-1: Force histories for experiments at a nominal strain rate of -10-5/s. Color-coded:
experimental data; black: fit curves with constant coefficients. Legend see text.

Figure 7.1-2: Force histories for experiments at a nominal strain rate of -10-4/s. Color-coded:
experimental data; black: fit curves with constant coefficients. Legend see text.
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Figure 7.1-3: Same as Figure 7.1-2, additional force histories.

Figure 7.1-4: Force histories for experiments at a nominal strain rate of -5·10-4/s. Color-coded:
experimental data; black: fit curves with constant coefficients. Legend see text.
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Figure 7.1-5: Same as Figure 7.1-4, additional force histories.

Figure 7.1-6: Force histories for experiments at a nominal strain rate of -10-3/s. Color-coded:
experimental data; black: fit curves with constant coefficients. Legend see text.
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Figure 7.1-7: Force histories for experiments at a nominal strain rate of -10-2/s. Color-coded:
experimental data; black: fit curves with constant coefficients. Legend see text.

In reality, it was not possible to achieve a constant strain rate in the present study. Instead, the
displacement rate of the lower piston was constant. The actually achieved true strain rates are
shown in Figure 7.1-8 to Figure 7.1-12. Each graph is for a given nominal strain rate. From
the initial and final values of the strain rate (linked by a line in these figures) together with the
loading time, t L , the parameters a and b for the strain rate fit of the forcing function can be
calculated (see Eq. (11)). The variation within any one experiment is at most 20% and
considered moderate. The difference between actual and nominal strain rates is due to system
deformation as the actuator did attain the desired speed in each experiment. A large misfit is
synonymous with a large system deformation. For the sake of brevity in the subsequent
discussion, the experiments are considered to have achieved their intended nominal strain
rate. The reader is now able to reconstruct from Equations (12) and (13) the stress in each
experiment upon combination with material data in the following sections (the reconstruction
is a close approximation as the coefficients are presumed independent of the stress). Further,
the piston velocity v (velocity of the upper end of the lower piston as determined from image
analysis) and the final height h (t L ) can be read from the figures (assuming an initial height
h0 of roughly 1 cm) using
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ε=
•

h − h0
h
•

h h
hv
ε = − 0 2 = − 02 = a + bt
h
h
2
h
v = − ( a + bt )
h0
•

(26)

•

⇒ v = − ε (0)h0 = − ah0 = − ε (t L )

h(t L ) 2
h0 .

Figure 7.1-8: Actual strain rates in experiments at the nominal strain rate -10-5/s. The legend
lists {T (K), initial strain rate in percent of the nominal strain rate, rounded loading time (s)}.
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Figure 7.1-9: Actual strain rates in experiments at the nominal strain rate -10-4/s. The legend
lists {T (K), initial strain rate in percent of the nominal strain rate, rounded loading time (s)}.

Figure 7.1-10: Actual strain rates in experiments at the nominal strain rate -5·10-4/s. The
legend lists {T (K), initial strain rate in percent of the nominal strain rate, rounded loading
time (s)}.
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Figure 7.1-11: Actual strain rates in experiments at the nominal strain rate -10-3/s. The legend
lists {T (K), initial strain rate in percent of the nominal strain rate, rounded loading time (s)}.

Figure 7.1-12: Actual strain rates in experiments at the nominal strain rate -10-2/s. The legend
lists {T (K), initial strain rate in percent of the nominal strain rate, rounded loading time (s)}.
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Specimens included in the analysis remained cylindrical and did not fracture. Fracture
occurred in one single experiment, only, during preliminary studies run at 1271 K when
imposing a nominal strain rate of -10-5/s up to 5 mm deformation. Under these conditions the
specimen barreled. It is conceivable that interface friction becomes noticeable when in contact
with cristobalite and after large displacements. The moment of fracture could not be extracted
from the recordings. Fracture occurs when tensile stresses on the circumference can not be
sustained any longer (see section 3.2 Strain and stress distribution in compressed cylinders).

7.2 Evidence of nonlinearity
Without assigning any physical model to the experimental data, there is evidence for
nonlinearity in the ability to relax stress. If fused silica were linear, the relaxation function
(Eq. (39)) should be identical for all experiments run at the same temperature. This is
contradicted by the data in Figure 7.12-1. Nonetheless, Maxwell’s model (Eq. (8)) as the most
straightforward viscoelastic model was tested against the data. It implies constant coefficients
E and ηt and is thus termed ‘linear’. Even though analyzing each individual experiment with

constant coefficients achieves a close match to the experimental data (see Figure 7.1-1 to
Figure 7.1-7), Maxwell’s model can not truly be used with constant coefficients. This follows
from the linear analysis (i.e., the analysis with constant coefficients, E and ηt ), revealing a
dependence of the coefficients on a loading parameter when comparing data for all
experiments. This can not be the temperature as it is practically constant within any individual
experiment (see section 7.9 Dissipative heating). The influence of this – as yet unspecified –
parameter is most clearly seen in comparing Young’s modulus from all experiments (from the
linear analysis with constant coefficients, E and ηt , see Figure 7.3-1). For lack of any
physical model, this unknown parameter is taken to be the momentary stress. Thus, the
differential equation for Maxwell’s model is formally retained, but the coefficients in the
denominator are augmented by stress dependence, making Maxwell’s model and its
constitutive equation nonlinear. Maxwell’s model in its linear form with constant coefficients
is therefore only an approximation for fused silica at low stress. The question of stressdependent coefficients is generally not addressed in the literature even though Maxwell
himself already referred to this option (see the quote from Maxwell’s paper in the last
paragraph in section 5.2 Analytical procedure).
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7.3 Modulus of elasticity (Young’s modulus)
The preceding section provides a strong cause for fused silica being a nonlinear viscoelastic
material, i.e., its elastic and viscous coefficients change with loading level. As discussed in
Chapter 5 Analysis, Young’s modulus is analyzed in different ways. To start with, the results
from the procedure treating coefficients as constant are discussed. The modulus obtained from
the curve fitting procedure is the one that best describes the stress history from the begin of
loading to the end of relaxation with coefficients being constant (see Chapter 5 Analysis). The
data for Young’s modulus so computed are plotted versus temperature in Figure 7.3-1 and
versus inverse temperature in Figure 7.3-2. Disregarding the low-temperature range the
Young’s modulus decreases roughly linearly with temperature at any nominal strain rate.
From the general trend one can infer that increasing strain rate (or stress) makes Young's
modulus drift towards higher values at any particular temperature. Hence the observed
elasticity is non-Hookean.

Figure 7.3-1: Young’s modulus as a function of temperature and nominal strain rate from the
analysis considering the fitting parameters viscosity and Young's modulus as constant for a
given experimental curve. Dots: data points, colored lines: fit to data with identical slope
prescribed for all nominal strain rates (Eq. (27)).
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Figure 7.3-2: Young’s modulus as a function of reciprocal temperature and nominal strain rate
from the analysis considering the fitting parameters viscosity and Young's modulus as
constant for a given experimental curve. Dots: data points.

When experiments at the same temperature and nominal strain rate were run to the same level
of strain (or number of longitudinal relaxation times) the scattering of the data reflects the
reproducibility. However, the scatter of data points in Figure 7.3-1 from experiments at
nominally the same temperature and the same nominal strain rate does not indicate the
reproducibility, but depends rather on the different degrees of deformation and duration of
relaxation, which were set arbitrarily. This might help explain why the results at 1356 K for
the nominal strain rate of -10-4/s seem to contradict the trend as the highest modulus stems
from the experiment with the lowest peak stress (see Figure 7.1-2) resp. the smallest degree of
compression and vice versa. However, a multitude of causes (stress, strain rate, possibly only
its elastic component, peak or average stress, strain achieved, stress-dependent moduli (see
below)) might explain the deviations from the trend. Since all factors that condition the
modulus are not known, the modulus is assumed in the present study to depend on the
stimulus, i.e., on the stress or the strain rate for simplicity as the dominant trend. No attempt
was undertaken to separate further, possibly competing factors that impact the modulus.
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It is evident that Young’s modulus decreases markedly with increasing temperature (‘normal
behavior’ of negative temperature dependence, see discussion after Table 3) at any nominal
strain rate in the temperature range investigated which is plausible but contradicts some of the
data taken from the literature listed in Table 3. Attention is drawn to [154] and [155] which
are the only references found that report a decreasing modulus (shear modulus in that case)
with increasing temperature at high temperature. Not discovered before was the pronounced
dependence on loading rate in the high-temperature region. Also, Young’s modulus in the
temperature range investigated (around and above Tg) is much smaller than its value of 70 to
80 GPa at room temperature given in the literature. Since E increases with temperature
starting at room temperature (see Table 3), one expects that it passes through a maximum at
some intermediate temperature.
The quality of the data for Young’s modulus (when regarded as constant) can not be
confirmed by references. The viscosity so determined, however, is in accordance with other
sources (see section 7.7 Viscosity). Nevertheless, the data points for both Young’s modulus
and viscosity are reliable enough for practical purposes as the numerical reconstruction of the
force signal is very close to the recorded one (see section 7.15 Comparison of experimental
and numerical results). The data points have been fitted for later use to a sufficient
approximation of about 10% by
⎛
⎞
⎛ − ε• ⎞
T ⎟
⎜
⎜
⎟
E = ⎜144.684 + 6.76717 lg10 ⎜
− 0.0777
GPa
1K ⎟⎟
⎜ (1 / s ) ⎟⎟
⎜
⎝
⎠
⎝
⎠

(27)

which presumes constant slopes of E with the logarithm of the strain rate and with the
temperature. This fit produces the lines in Figure 7.3-1. The fit formula is not meant to be a
precise description but rather satisfies qualitative purposes, since a theory of E depending on
loading parameters is not yet available. Fitting the moduli values on a logarithmic scale
versus reciprocal temperature (Figure 7.3-3) yields
kJ
⎛ • ⎞ 64.635
−ε ⎟
⎛ E ⎞
mol
+
lg10 ⎜ 9 ⎟ = −3.379 + 0.33 lg10 ⎜⎜
⎟
RT
⎜ (1 / s ) ⎟
⎝ 10 Pa ⎠
⎝
⎠
or
kJ
•
148.83
⎛
⎞
−ε ⎟
⎛ E ⎞
mol
+
ln⎜ 9 ⎟ = −7.78 + 0.76 lg10 ⎜⎜
RT
⎜ (1 / s ) ⎟⎟
⎝ 10 Pa ⎠
⎝
⎠
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(28)
.

Figure 7.3-3: Young’s modulus on a logarithmic scale as a function of reciprocal temperature
and nominal strain rate from the analysis considering the fitting parameters viscosity and
Young's modulus as constant for a given experimental curve. Dots: data points, colored lines:
fit to data with identical slope prescribed for all nominal strain rates (Eq. (28)).

It is conceivable to interpret the modulus evaluated in the aforementioned manner as an
average modulus for the respective experiment. The extent of modulus increase with strain
rate at any particular temperature suggests to discuss the modulus in terms of stress rather
than in terms of strain rate which varies by 20% at most in any one experiment (see Figure
7.1-8 to Figure 7.1-12). As the load is being continuously increased no equilibrium modulus
ever exists since the material properties change permanently with the change in stress state.
The next level of sophistication beyond a constant is the assumption of a modulus that
depends linearly on compressive stress given by
E = E0 + E1σ .

(29)

The underlying data points were generated in the manner discussed in step 36) of section 5.2
Analytical procedure. They are equidistant in time. A trade-off had to be made for generating
a sufficient amount of good-quality data points for fitting as small intervals produce more data
points, but retain noise. As a rule, some data points in the initial stage had to be suppressed
for fitting since the scatter of the data caused by current equipment capabilities was too large.
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What is more, analyzing the start-up regime is hampered by long relaxation times. A sample
for data points so constructed is shown in Figure 7.3-4 along with the linear fits given by Eq.
(29) for both the differential and two-point analyses. In all but a few experiments that
produced poor averaged data points, both the differential analysis and the two-point analysis
can consistently be fitted to this linear equation even though the quality of the fits is not
always as good as portrayed in Figure 7.3-4. Nevertheless, the fits are assumed to hold from
zero stress up to the highest stress achieved. Regarding the Young’s modulus, the differential
analysis resulted in larger variations than the two-point analysis. Whether linear fits to both
the Young’s modulus and the viscosity as a function of stress are plausible within the
respective experiment is verified both by
1)

reconstruction of the stress-time curve by numerical integration of the constitutive
equation using the linear fits for the Young’s modulus and the viscosity from both the
two-point and the differential analyses (see section 7.8 Comparison of analyses
assuming constant and stress-dependent coefficients) and by

2)

providing these fits as input to the finite-element simulation of type 3) (method see
section 6.2 Definition of the material behavior, results given in section 7.15 Comparison
of experimental and numerical results). This was carried out only using results from the
differential analysis as the variation in Young’s modulus was more pronounced than in
the two-point analysis.
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Figure 7.3-4: Stress dependence of Young’s modulus within a single experiment. Red
horizontal line: Young’s modulus treated as constant, blue dots: two-point analysis, blue line:
linear fit to blue dots (Eq. (29)), black dots: differential analysis, black line: linear fit to black
dots (Eq. (29)). Temperature 1356 K, nominal strain rate -10-4/s. Same experiment as in
Figure 7.7-3.
Finally, the modulus-stress curves of all experiments are compared in three-dimensional space
in Figure 7.3-5. Only the linear fits to the Young’s modulus from the differential analysis are
shown. For ease of visualization, the data are projected onto the modulus-stress face of that
diagram in Figure 7.3-6. No simple model seems capable of fitting these individual linear fits
to a model with both stress and temperature as variables. This might indicate that other factors
also influence the modulus.
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Figure 7.3-5: Three-dimensional representation of Young’s modulus as a function of
temperature and stress: linear fits of Young’s modulus as a function of stress (Eq. (29)) for all
experiments, plotted at the respective constant temperature. The color-coding for nominal
strain rates is as in previous plots.
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Figure 7.3-6: Same as Figure 7.3-5, but projection of all curves onto the modulus-stress face,
irrespective of the temperature.

7.4 Poisson’s ratio
The images of the specimen taken by the current setup can not be resolved sufficiently to
achieve a proper determination of Poisson's ratio, ν (see section 2.5 Digital image processing
and system deformation). The viscous contribution to radial flow is mostly far greater than its
elastic counterpart. The limited resolution of the images together with the fact that ν must be
taken as the initial value of a time-function (due to curve fitting, see Eq. (16)) with
coefficients that are in reality stress-dependent dim the chances to attain reasonable precision.
Figure 7.4-1 shows the numerical values of ν evaluated in the analysis assuming constant
coefficients. At times, negative values resulted and were accepted (even ν < –0.2 in some
experiments); however, no values larger than 0.49 were permitted (otherwise a value of 0.49
was assigned). The large scatter is carried over into the shear and bulk moduli and prohibits
fitting Poisson's ratio as taken from the experiments. In spite of the difficulties discussed,
almost all data show proof of an increasing ν with temperature for each nominal strain rate
and a decreasing ν with increasing stress at any given temperature. In principle, ν should be
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considered as a function of stress which was not possible due to the scatter in the data. It is to
be mentioned that such an evaluation has not yet been considered in the literature.

Figure 7.4-1: Poisson’s ratio as a function of temperature and nominal strain rate from the
analysis considering the fitting parameters viscosity and Young's modulus as constant for a
given experimental curve and Poisson’s ratio as stress-independent. Data triples
•
⎧
⎫
⎪ T −ε ⎪
,ν ⎬ outside the range: {1289,10-4,-0.78}, {1373,5·10-4,-0.429}, {1400,5·10-4,-0.35}.
⎨ ,
⎪⎩1K 1 / s ⎪⎭

7.5 Shear modulus
The shear modulus G depends on Young’s modulus and Poisson’s ratio (see Eq. (9)).
Therefore it is evident that the uncertainty in Poisson’s ratio is carried over into the shear
modulus. Nonetheless, the scatter in the data is by no means drastical and reflects the trends
of Young’s modulus with temperature and nominal strain rate (Figure 7.5-1). This narrow
margin of uncertainty ensues because the shear modulus is bounded by
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E
E
≤G≤
3
2

(30)

(disregarding the few cases where Poisson’s ratio came out negative). The remarks on
Young’s modulus regarding stress dependence apply to G unchanged as the shear modulus is
proportional to Young’s modulus and discussing the stress dependence of the linking
Poisson’s ratio seemed pointless.

Figure 7.5-1: Shear modulus as a function of temperature and nominal strain rate calculated
from Young’s modulus and Poisson’s ratio, both taken as constant for a given experimental
•
⎧
⎫
G ⎪
⎪ T −ε
-4
-4
curve. Data triples ⎨ ,
,
⎬ outside the range: {1289,10 ,57.7}, {1373,5·10 ,22}.
⎪⎩1K 1 / s 1GPa ⎪⎭

7.6 Bulk modulus
The bulk modulus K is calculated from Young’s modulus and Poisson’s ratio (see Eq. (9)).
The bulk modulus is much more sensitive to variations in Poisson’s ratio than the shear
modulus because the bulk modulus can approach infinity if the Poisson’s ratio comes
anything close to 0.5. The results for the bulk modulus are depicted in Figure 7.6-1. No
systematic shifts are discernible as temperature or strain rate are varied. The vertical axis was
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cut off at 20 GPa to maintain a reasonable resolution in the graph as nine experiments yielded
bulk moduli between 20 GPa and 400 GPa. Evidently the low-quality Poisson’s ratio disturbs
any trend with temperature or strain rate that might be conceivable. A discussion of the stress
dependence of the bulk modulus is skipped for the same reasons as for the shear modulus.

Figure 7.6-1: Bulk modulus as a function of temperature and nominal strain rate calculated
from Young’s modulus and Poisson’s ratio, both taken as constant for a given experimental
curve. The vertical axis was cut off at 20 GPa to maintain a reasonable resolution in the graph
as nine experiments yielded bulk moduli between 20 GPa and 400 GPa.

7.7 Viscosity
While the quantity extracted from the data is the tensile viscosity it was deemed more
appropriate and in conformity with widespread use to discuss the shear viscosity which equals
one third of the tensile viscosity (see Eq. (10)). When treated as constant for the duration of
an experiment it becomes apparent that the shear viscosity as a function of temperature
depicted in Figure 7.7-1 can be fitted to a VFT-type equation

102

15005.4 K
⎛ ηs ⎞
lg10 ⎜
⎟ = −1.9 +
T − 286.0 K
⎝ 1Pa ⋅ s ⎠

(31)

for all nominal strain rates implemented (!) which is characteristic for Newtonian behavior.
The temperature range does not allow a clear distinction to be made between VFT-type and
Arrhenian behavior with constant activation energy. The functional dependence on
temperature is equally well fitted by
23560 K
⎛ ηs ⎞
lg10 ⎜
⎟ = −5.24 +
T
⎝ 1Pa ⋅ s ⎠

(32)

with an activation energy of viscous flow of 451 kJ/mol (4.67 eV/(molecular unit)). The linear
dependence of the logarithmic shear viscosity on reciprocal temperature is more clearly seen
in Figure 7.7-2. The data stray from the fit curves only minutely; so viscosity is seen to be
much less susceptible to applied forces than the Young’s modulus is. A few data points
deviate from the trend for unknown reasons. The reproducibility of the viscosity data under
nominally identical loading conditions is difficult to be read from this figure, but the data are
listed in Figure 7.1-1 to Figure 7.1-7.

Figure 7.7-1: Shear viscosity as a function of temperature and nominal strain rate from the
analysis considering the fitting parameters viscosity and Young’s modulus as constant for a
given experimental curve. Dots: data points, black line: indistinguishable VFT-type (Eq. (31))
and Arrhenian (Eq. (32)) fits.
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Figure 7.7-2: Shear viscosity as a function of reciprocal temperature and nominal strain rate
from the analysis considering the fitting parameters viscosity and Young’s modulus as
constant for a given experimental curve. Dots: data points, black line: indistinguishable VFTtype (Eq. (31)) and Arrhenian (Eq. (32)) fits.

The present data for the shear viscosity virtually coincide with those from studies on Corning
7940 [183,187]. Further, the activation energy computed from the viscosity data for KU (type
II) and KVR (type III) [14] is only slightly larger with 465 kJ/mol. The one in [194] is a bit
smaller with 429 kJ/mol. Other data on the same glass as investigated here are available and
indicate a higher activation energy with 483 kJ/mol [192], but for a higher temperature range.
Not for the particular glass studied here, but for the method in general another proof of the
applicability of upsetting viscosimetry is provided by comparing viscosity values from
upsetting with those from beam bending of a sheet glass [4,5]. Further, digitized data from an
earlier study (Fig. 2 in [40]) were treated like own experimental data. The resulting
logarithmic shear viscosity differs from the given value by only 0.01. One more example for
this corroboration is given in section 7.9 Dissipative heating.
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However, logarithmic plotting of viscosity data might obscure the stress dependence, if any,
of the viscosity. As for Young’s modulus, stress-dependence of the viscosity makes the result
a function of the degree of compression enforced and of the duration of the relaxation stage,
even under otherwise identical conditions (temperature and strain rate) in experiments to be
compared. Again, the most straightforward ansatz beyond a constant is a linear dependence of
the shear viscosity on compressive stress as given by
1
3

η s = ηt =

1
(ηt 0 + ηt1σ ) .
3

(33)

It is referred to the statements in the section on Young's modulus (section 7.3 Modulus of
elasticity (Young’s modulus)) for a few general remarks on the quality of the relevant data
points, the quality of this fitting routine, the stress range for which it is assumed to be valid
and where these fits are to be used later on. A typical example for the points so constructed is
shown in Figure 7.7-3 along with the linear fits given by Eq. (33) for both the differential and
two-point analyses. Similarly to analyzing Young's modulus, both the differential and the
two-point analyses consistently provide reasonable linear fits to the data points (disregarding
again just a few experiments that produced poor averaged data points). Both the differential
and the two-point analyses within a single experiment reveal a non-Newtonian behavior
which can be termed 'compression thinning' in allusion to 'shear thinning' (or 'pseudo-plastic',
'structural viscous' or German 'strukturviskos'), i.e., a decreasing shear viscosity with
increasing stress. The results for the viscosity from the differential and the two-point analyses
are much closer than those for the Young’s modulus. The viscosity decay with stress is
comparatively smaller than the increase in Young's modulus. Hence, the viscosity from the
analysis with constant coefficients (see Figure 7.7-1 and Eqs. (31) and (32)) represents an
average viscosity for the respective experiment.
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Figure 7.7-3: Stress dependence of the shear viscosity within a single experiment. Red
horizontal line: shear viscosity treated as constant, blue dots: two-point analysis, blue line:
linear fit to blue dots (Eq. (33)), black dots: differential analysis, black line: linear fit to black
dots (Eq. (33)). Temperature 1356 K, nominal strain rate -10-4/s. Same experiment as in
Figure 7.3-4.

Strictly speaking dissipative heating contributes to the observed non-Newtonian viscosity
decrease but does not play a significant role. With the above VFT-fit for the viscosity (Eq.
(31)) a temperature rise of 1 K by viscous dissipation (see section 7.9 Dissipative heating)
reduces the viscosity by 4% at most which is clearly less than the viscosity decrease from the
linear fits of the viscosity to stress in the course of an experiment. Hence, the viscosity drop is
too significant to be attributable to the minute departures from the isothermal state and the
viscosity decay is of purely rheological origin.
The change in viscosity in the course of each individual experiment in the differential analysis
is depicted in Figure 7.7-4 together with the VFT-fit (Eq. (31)). Not shown are experiments if
the data needed for fitting (Eq. (33)) were too poor.
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Figure 7.7-4: Variation of the shear viscosity as a function of temperature in the course of
each individual experiment as given by the linear fits to viscosity with stress in the differential
analysis (Eq. (33)). Small circles: shear viscosity at zero stress, large circles: shear viscosity at
the maximum stress attained. Black line: VFT-fit (Eq. (31)) to shear viscosity from analysis
with constant coefficients.

As for the Young's modulus, combined plotting of viscosity-stress curves from experiments
run at the same temperature at different strain rates do in general not overlap. The viscositystress curves of all experiments from the differential analysis are assembled in threedimensional space in Figure 7.7-5.
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Figure 7.7-5: Three-dimensional representation of the shear viscosity as a function of
reciprocal temperature and stress: linear fits of the shear viscosity as a function of stress (Eq.
(33)) for all experiments, plotted at the respective constant temperature. The color-coding for
nominal strain rates is as in previous plots.
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The simple function
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(34)

was tried to fit all data for stress-dependent viscosity values (Eq. (33)). The quality of this fit
becomes evident when projecting the linear fits from all experiments together with the
computed viscosity-stress curve (from Eq. (33) to the differential analysis) onto the viscositystress plane in Figure 7.7-6. Clearly, the model is insufficient to describe the linear fits
derived from the experiments. This indicates that also other factors affect the viscosity.

Figure 7.7-6: Colored lines: same as Figure 7.7-5, but projection of all curves onto the
viscosity-stress face, irrespective of the temperature. Black lines: shear viscosity as a function
of stress at the respective temperature as given by Eq. (34).
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7.8 Comparison of analyses assuming constant and stressdependent coefficients
The data of E and ηt obtained as a function of stress σ from a given experiment using the
differential and 2-point methods have been fitted by a simple linear ansatz (see sections 7.3
Modulus of elasticity (Young’s modulus) and 7.7 Viscosity). Using these fit curves Equation
(8) can be integrated numerically for comparison with the original experimental curve of σ
as a function of time. Figure 7.8-1 shows an example with the experimental curve in green
and the recalculated curves in black for E and ηt from the differential analysis and in blue
for E and ηt from the 2-point analysis. For comparison, σ has also been calculated using
constant E and ηt , which gives the curve in red. Both recalculated curves fit quite well the
experimental data. Using the same constant data of E and ηt to fit other deformation curves
under different rates at the same temperature, however, would fail. This can be expected,
since the fit parameters E and ηt considered to be constant in a particular experiment differ
considerably for different deformation rates at the same temperature.
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Figure 7.8-1: Stress as a function of time in an experiment at 1356 K and a nominal strain rate
of -104/s. Green dots: measured true stress, red curve: reconstruction using constant
coefficients, black curve: reconstruction using stress-dependent coefficients from differential
analysis, blue curve: reconstruction using stress-dependent coefficients from 2-point analysis
(see text). Same experiment as in Figure 7.3-4 and Figure 7.7-3.

7.9 Dissipative heating
The internal heating by viscous dissipation is calculated according to the step-by-step
procedure detailed in Chapter 5 Analysis for the Maxwell model with constant coefficients.
An upper bound of the temperature increase is set by adiabatic heating, i.e., the test piece is
assumed thermally insulated. The results are graphed in Figure 7.9-1. The scatter is partly due
to different total strains.
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Figure 7.9-1: Adiabatic total increase of the temperature by viscous heating as computed by
the analytical treatment for the different experiments.

However, as detailed in Chapter 5 Analysis, heating by viscous dissipation is counteracted by
outward heat flow. Their balance yields a net temperature rise which is smaller as seen in
Figure 7.9-2. In a preceding similar study, a warming-up was not detectable within an
accuracy of 1 K [4]. Thus, the net contribution is thought not to be significant (a temperature
rise of 1 K produces a change of at most 0.015 in logarithmic shear viscosity in the VFT-fit
derived for the temperature interval studied). Accordingly, to a good approximation the
coefficients can be considered valid for isothermal conditions and the increase of Young’s
modulus and the decrease of the viscosity with increasing stress are not thermally induced.
Any significant temperature rise would degrade the quality of the material constants extracted
from the data since these should ideally correspond to isothermal testing. Had significant
dissipative heating occurred the problem would belong to the realm of thermoviscoelasticity
where the change in material coefficients with temperature becomes relevant.
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Figure 7.9-2: Net temperature increase by viscous dissipation for experiments performed at
different temperatures and strain rates as computed in the analytical treatment.

Whereas the preceding discussion gives volume-averaged results stemming from the
analytical treatment, finite element modeling provides an opportunity to track local heating.
Results stemming from the UMAT-simulation for a particular experiment are displayed in
Figure 7.9-3 and contrasted with the volume-averaged temperature rise. In the case of heat
flow out the net temperature rise at the specimen center surmounts the averaged temperature
increase by a factor ranging from 1.11 to 1.56. The maximum heat is generated at the
specimen center. Hence, the physical limitation for heat transfer is set by the glass heat
conductivity [3] and the transfer coefficients to the surroundings. Once loading stops the
temperature gradient over the cross-section quickly equilibrates and finally all dissipated heat
is removed from the specimen.
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Figure 7.9-3: Temperature rise as a function of time in an experiment run at 1513 K, nominal
strain rate -5·10-4/s. Black: volume-averaged (analytical), color-coded are results of a FEMUMAT-simulation for the mesh corner points (see Figure 6.1-1).

The net (including heat flow out) temperature rises at the end of the loading period at the four
mesh corner points relate as

ΔT (1) : ΔT (2) : ΔT (3) : ΔT ( 4) = 1 : 0.912 : 0.694 : 0.649

(35)

when averaged over all simulations. The indices in brackets on the left-hand side stand for the
four mesh corner points defined in Figure 6.1-1. The maximum temperature difference at the
end of loading as given by the temperature difference between the specimen center and the
rim of the end face is depicted in Figure 7.9-4.

114

Figure 7.9-4: Maximum temperature difference at the end of loading as given by the
temperature difference between the specimen center and the rim of the end face as obtained
from numerical modeling of experiments performed at different temperatures and strain rates.

Using embedded thermoelements at the specimen center, Manns [39,40] detected a nonnegligible temperature rise only at “very high deformation speeds” which induced partial
spalling under no-slip conditions. An attempt was undertaken to check the adequacy of the
procedure outlined in Chapter 5 Analysis by calculating the temperature rise measured by an
embedded thermocouple using digitized data for the force (Fig. 73 in [39], material float
glass, temperature 607°C, shear viscosity 109.95 Pa·s from given temperature-viscosity data,
deformation speed 0.066 mm/s, pressing time 84 s, displacement 5.58 mm, when cracking
occurred after 60 s: adiabatic temperature rise 18.3 K, measured temperature rise 5.1 K). For a
multitude of reasons (measured data and geometry influenced by presence of the
thermocouple, thermocouple cemented into the sample using refractory glue, unknown
thermal conductivity, mechanical coefficients may depend on both temperature and stress)
agreement in the temperature rise was found only for about the initial fifth of the total time in
the experiment portrayed. The curve fitting procedure provided a Young’s modulus of
6.3 GPa and a shear viscosity of 109.99 Pa·s. Hence, the present study is consistent with the
measurement.
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The small temperature rise is the cause why the subroutine developed for the finite-element
code simulates the actual experiments isothermally. This is, however, not a limitation of the
code as shown in Figure 7.14-5 where the fit curves for the temperature-dependent
coefficients are plugged in to study high-speed forming.
The numerical results on viscous heating differ from those presented here (i.e., from UMATsimulation results) in the two other implementations of the constitutive behavior (see section
6.2 Definition of the material behavior). If stress-dependent coefficients are fed into the
simulations the relative contributions of elastic and viscous strains shift. A comparison of
analytical and numerical results for the average temperature rise is given in section 7.15
Comparison of experimental and numerical results.

7.10 Longitudinal relaxation time
The tensile Maxwell relaxation time, τ elong , can be calculated using the data of E and ηt ,
which have been obtained from a fit of the experimental results with the solution of a
Maxwell element with constant coefficients (see Eq. (14)). The results are shown in Figure
7.10-1. The shift of E and ηt with the strain rate is so significant as to remain evident even in
the logarithmic representation for different experiments at the same temperature. Ignoring the
rate dependence for the purpose of a curve fit all data can be linearly fitted to the black line
obeying the Arrhenian relation

τ elong

kJ
⎛
⎜ 392.1
mol
= 3.56 ⋅ 10 −13 ⋅ exp⎜
RT
⎜
⎜
⎝

⎞
⎟
⎟ s.
⎟
⎟
⎠

The preexponent has a value matching the expected order of magnitude [203].
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(36)

Figure 7.10-1: Temperature dependence of the longitudinal stress relaxation time. Data
points: from curve fits assuming constant E and ηt in a single Maxwell element, black line:
linear Arrhenian fit to all data points.

7.11 Shear relaxation time
In the present study, the shear relaxation time is calculated for each individual experiment
from Eq. (15) as

τ shear =

ηs
G

=

2(1 + ν )
τ elong .
3

(37)

The linear Arrhenian fit to all data shown in Figure 7.11-1 yields

τ shear

kJ
⎛
⎜ 373.2
mol
= 1.34 ⋅ 10 −12 ⋅ exp⎜
RT
⎜
⎜
⎝
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⎞
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⎟
⎟
⎠

(38)

Figure 7.11-1: Temperature dependence of the shear stress relaxation time. Data points: from
curve fits assuming constant coefficients in a single Maxwell element, black line: linear
Arrhenian fit to all data points.

7.12 Model-independent
temperature-stress

longitudinal
superposition

stress
and

relaxation:

time-

thermorheological

simplicity
The isothermal normalized relaxation function for longitudinal stress at constant strain
σ (T , t )
ψ (T , t ) =
σ (T ,0)

(39)

describes the decaying stress normalized to the stress value at the end of straining. In this
stage, the axial deformation is kept constant. In Eq. (39), σ (T , t ) is the stress at temperature T
and time t. For convenience, the cessation of straining is considered as the zero time point for
the relaxation whereupon ψ ( T ,t ) is monotonously decreasing from unity because of the
normalization (for brevity the adjective “normalized” has been omitted in the following). The
relaxation function is plotted as a function of time on a logarithmic scale to cover several
orders of magnitude on the time scale. The recording intervals of the relaxation ranged from
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84.3 s to 43156 s k. If the relaxation curves have the same sigmoidal shape in this
representation, such relaxation curves can be superposed by a rescaling of the time axis with a
convincing match which is known as the principle of thermorheological simplicity. This
principle will be tested in the following. It should be pointed out again that the relaxation in
the present study is not driven by dissipative heating or internal temperature gradients since
the experiments are carried out under closely isothermal conditions (see section 7.9
Dissipative heating). Since an analytical function for the relaxation, which is based on a
theory, is not yet available, only the experimental data points are shifted to achieve
superposition.
Thermorheological simplicity of a system is usually understood as matching different
relaxation curves by rescaling the time axis which depends on the temperature, only
(corresponding to a variation of the viscosity, e. g.). A shift based on temperature alone,
however, is unable to make all measured curves coincide in the present case. This fact is
illustrated in Figure 7.12-1. This plot presents measured relaxation curves at 1414 K and at
three different nominal strain rates, producing different values of the peak (or initial) stress
(the nominal temperature for the experiment at the nominal rate of -10-4/s is 1413 K, but the
deviation is within the error range). The curves exhibit faster relaxation the higher the peak
stress, indicating nonlinear viscoelastic behavior. Put otherwise, the relaxation time is reduced
with increasing stress.

k

With the interpretation by a single Maxwell element - which is not meant to interfere with the discussion in this
section - relaxation lasted at least 2.6 tensile relaxation times derived from constant coefficients.
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Figure 7.12-1: Measured normalized isothermal uniaxial stress relaxation curves at 1414 K
for three different nominal strain rates, plotted versus time on a logarithmic scale. The legend
lists the nominal strain rate, the achieved displacement before the beginning of the relaxation
and the peak stress.

The measured relaxation curves ‘as is’ (i.e., unshifted) are plotted in Figure 7.12-2 to Figure
7.12-6. The color-coding for the relaxation curves is blue at the lowest to red at the highest
temperature of the respective nominal strain rate. The shapes of the relaxation functions are
indeed invariant to changes in loading parameters and all measured curves can potentially be
normalized to form a single curve by means of a factor depending on temperature and other
loading parameters. The reference curve for normalization was picked at will and is the one
shown in Figure 7.12-7. It originates from an experiment run at the nominal strain rate of
-5·10-4/s at 1414 K. For each experiment the interval 0.6 ≥ ψ (T , t ) ≥ 0.4 is linearly fitted on a
logarithmic time axis and the time t* when ψ (T , t ∗ ) = 0.5 is determined. The difference ci
between lg(ti*/(1s)) of the experimental curve under consideration with respect to lg(t*ref/(1s))
of the reference curve equals the decadic logarithm of the shift factor fi of the corresponding
experiment i:
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⎛ ti ∗
⎜
ci = lg10 ⎜ 1∗ s
⎜ t ref
⎜
⎝ 1s
1
ψ (Ti , t i ∗ ) =
2

⎞
⎟
∗
⎟ = lg ⎛⎜ t i
10 ⎜ ∗
⎟
⎝ t ref
⎟
⎠

⎞
⎟ = lg10 f i
⎟
⎠

(40)
.

By definition, this shift procedure succeeds in superposing all recorded curves with the
reference curve. For short, the logarithmic shift factor ci of the experimental relaxation curve i
with respect to the reference curve is labeled ‘experimental logarithmic shift’. The ratio of
measured time divided by the shift factor fi is also labeled 'reduced time':

ψ (Tref , t ref ) = ψ (Ti ,

ti
) = ψ (Ti , t i ,red ) .
fi

(41)

Depending on the value of the shift factor the real time scale must be either stretched or
shrunk. Accordingly, the logarithmic shift ci may be positive or negative.

Figure 7.12-2: Measured stress relaxation curves for experiments run at the nominal strain
rate of -10-5/s, plotted versus time on a logarithmic scale.
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Figure 7.12-3: Measured stress relaxation curves for experiments run at the nominal strain
rate of -10-4/s, plotted versus time on a logarithmic scale.

Figure 7.12-4: Measured stress relaxation curves for experiments run at the nominal strain
rate of -5·10-4/s, plotted versus time on a logarithmic scale.
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Figure 7.12-5: Measured stress relaxation curves for experiments run at the nominal strain
rate of -10-3/s, plotted versus time on a logarithmic scale.

Figure 7.12-6: Measured stress relaxation curves for experiments run at the nominal strain
rate of -10-2/s, plotted versus time on a logarithmic scale.
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Figure 7.12-7: Measured relaxation curve (nominal strain rate of -5·10-4/s, 1414 K) serving as
reference curve, plotted versus time on a logarithmic scale.
It is often stated that the shift factor ci depends essentially on the viscosity as a function of
temperature. Thus, the data for the experimental logarithmic shift are compared with the
logarithm of the viscosity (normalized with respect to the viscosity at the temperature of the
reference experiment) in Figure 7.12-8. The data therein show also a systematic dependence
of the experimental logarithmic shift on the deformation rate (corresponding to stress) with
very few exceptions. Thus, the graph shows that the shift is indeed dominated by viscosity
and to a minor extent by the loading parameters, attributed to the stress at the beginning of
relaxation. However, it must be pointed out that this interpretation relies on the viscosity data
from simple Maxwellian fitting (see section 7.7 Viscosity) with stress-independent
coefficients in contrast to the experimental observation. Thus, this approach depends on
Maxwell’s model. The determination of the logarithmic shifts can be rendered truly modelindependent only by deriving them from the measured stress relaxation curves directly.
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Figure 7.12-8: Dots: experimental logarithmic shifts, ci, color-coded for all nominal strain
rates. Green line: logarithm of the viscosity normalized to the viscosity at the reference
temperature plotted versus reciprocal temperature.

The data triples for all experiments {

⎛ σ i ,max ⎞
1000 K
, lg10 ⎜⎜ − 8 ⎟⎟, ci } wherein Ti is the
Ti
⎝ 10 Pa ⎠

temperature and σ i ,max is the peak stress are plotted as dots in three-dimensional space in
Figure 7.12-9. All data points are reproduced and connected to their respective feet in the
plane spanned by the reciprocal temperature and the logarithm of the maximum stress. The
experimental logarithmic shifts, ci, are reasonably close to a surface described by a threeparameter fit as
c fit = −15.6306 + 22.2556 ⋅

1000 K
⎛ σ
⎞
− 0.1935 ⋅ lg10 ⎜ − 8max ⎟ .
T
⎝ 10 Pa ⎠

This equation describes the inclined plane in Figure 7.12-9.
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(42)

Figure 7.12-9: Experimental logarithmic shifts, ci, shown as full circles with color-coding for
nominal strain rates as in previous plots, connected by lines to their respective feet (hollow
circles) on the plane c = -3. Inclined plane: cfit by Eq. (42).

The root mean square of the fit is 0.13. The deviation between experimental logarithmic shifts
and the fit values defined by
Δc = ci − c fit

(43)

is plotted in Figure 7.12-10. A visual impression of the quality of the fit is further provided by
Figure 7.12-11 where the view is in the inclined plane of the fit.
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Figure 7.12-10: Difference between the experimental logarithmic shift and the one obtained
from the fit (Eq. (43)). The color-coding for nominal strain rates is as in previous plots.
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Figure 7.12-11: Same as Figure 7.12-9, but view in the plane of the fit by Eq. (42), which is
seen as a straight line in this perspective.

The fit formula in Eq. (42) is thus capable of 'converting' the time axis according to the
individual contributions by a change of temperature and peak stress. Likewise, the procedure
can be thought of as a 'time-temperature-peak stress correspondence'. Accordingly, the
generally accepted formulas for the temperature dependence of the shift factor given by either
a WLF (Williams, Landel, Ferry)-type fit
c' = lg10 ( f ) = −

C1 (T − Tref )
C2 + T − Tref

(44)

[204] or an Arrhenian-type fit with the activation energy ΔH and the universal molar gas
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constant R
c' ' = lg10 ( f ) =

1
ΔH ⎛⎜ 1
−
⎜
R ⋅ ln(10) ⎝ T Tref

⎞
⎟
⎟
⎠

(45)

[205] have to be augmented by incorporation of stress-related fitting parameters. The
Equations (42) and (45) can be made to coincide with ΔH = 426

kJ
and a compressive
mol

stress value of 365 MPa at the temperature of the reference experiment. This value for the
activation energy deviates little from the one for the shear viscosity (see section 7.7 Viscosity)
which reflects the dominating role of the viscosity in stress relaxation.
Since the different normalized relaxation curves can be superposed by shifting along the
logarithmic time axis the criterion for thermorheological simplicity is fulfilled. In general,
however, such a shift depends on the temperature alone. In the present case, the shift depends
also on the peak stress at the beginning of relaxation. Thus, the principle of thermorheological
simplicity must be extended to at least two parameters: temperature and stress. This is the
basis for the fit by Eq. (42) with the result shown in Figure 7.12-11. The influence of further
parameters can not be ruled out definitively, but seems to be of minor importance within the
present range and accuracy of the data. This experimental observation of a twofold
temperature-stress shift was reported for polymers [206], but apparently not yet for oxide
glasses.
With fused silica glass adhering to thermorheological simplicity it is now possible to predict
the relaxation curves beyond the temperature- and stress range implemented. Provided the
shift factor preserves its functional dependence the relaxation function can be calculated for
any temperature and stress based on the reference curve. This way one does not need to meet
the inconveniences for high and low temperatures. The study of the relaxation curves is
prohibited by too long observation times and the risk of breaking the alumina pistons (in
particular at high stresses) in the low temperature range and a very sensitive and accurate
force resolution (at low stresses) at high temperatures. Thermorheological simplicity provides
a powerful means of circumventing these experimental limitations.
Finally, relaxation curves from the single Maxwellian fit are tested against measured ones by
overlaying. Representative for all experiments the comparison is shown for the experiments at
one nominal strain rate in Figure 7.12-12. The match is sufficiently close to state that the
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model adopted in this study is an approximate description of the material behavior also in the
relaxation stage. Deviations are due to data scatter and it must be borne in mind that the
coefficients are constant for the Maxwellian fit. The measured and fitted curves can not match
completely as seen in the figure because the relaxation is initially (near the peak stress) faster
than predicted by the Maxwellian fit. Only after long times have elapsed the measured curves
cross the ones from the Maxwellian fit. The respective diagrams for the other nominal strain
rates are alike.

Figure 7.12-12: Measured (colored dots) and fitted (black curves) isothermal uniaxial
relaxation functions for experiments run at the nominal strain rate of -10-4/s, plotted versus
time on a logarithmic scale.
Mill's data for the shift factor for Suprasil [207] refer to a lower temperature range and
oscillating torsional loading. Therefore, one may question whether these results can be
compared with those from the present investigation.
The present results do not confirm the concept of a “universal master relaxation function”
applicable to various glasses [208]. In that publication the relaxation curves of various glasses
match each other closely when plotted as a function of the logarithm of the normalized time
(expressed as recorded time divided by the weighted mean relaxation time from fitting to a
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series of Maxwell elements). The measured relaxation curves in the present study, however,
differ in shape from the presumed “universal master relaxation function”.
Stress relaxation in upsetting the standard glass NBS 710 has been evaluated before by
Sakoske who achieved a reasonable coincidence by shifting different measured relaxation
curves (not using curve fitting) in a temperature range of 145°C (corresponding to 5.5 orders
of magnitude in the logarithm of Newtonian viscosity). The crosshead speeds ranged from
0.001 to 1 cm/min [106]. Unfortunately, only the final relaxation curve for all temperatures
and strain rates is given without specifying the stress. This does not shed light on possible
dual dependencies of thermorheological simplicity in the standard glass NBS 710 to be
compared to the present results. Later, Sakoske plugged a given Young’s modulus insensitive
to temperature and strain rate into his finite-element code [3]. The viscosity standard NBS
710 was also the subject of several studies on non-Newtonian viscosity (which suffer from
neglecting Young’s modulus as pointed out in section 7.14 Nonlinear viscosity revisited).

7.13 Bollarding
In general, the specimen showed bollarding (see Figure 3.2-3) if the strain was very large (at
least larger than the usual strain applied in the present study). In one single experiment run
with steel shims at the glass/piston interfaces at 1473 K and a nominal strain rate of 10-4/s the
specimen showed barreling instead. Apparently radial retention by friction forces exceeded
outbound forces from bollarding. Placing fused silica glass platens instead in between under
identical conditions the specimen showed bollarding which excludes a chemical reaction
between the fused silica glass and the piston material as the origin of bollarding. Melting in
the system SiO2–Al2O3 does not occur underneath the eutectic temperature of 1595°C [209].
Habeck [108] mentions a “significantly stronger crystallization tendency on the specimen
surface” in the temperature range studied, but traces bollarding back to higher radiation losses
so that the sample end faces have a slightly lower viscosity compared to the bulk of the
sample. For this explanation to hold, an appreciable axial temperature drop would be required
[210] for the spread coefficients observed (see Table 2) while no noticeable temperature
gradient could be measured in the present study (see section 2.4 Furnace).
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There is a strong indication that surface crystallization brings about bollarding. Under these
conditions the specimen turns into a compound material with a glassy core and a cladding
with cristobalite. This is indeed the case as shown by a REM-micrograph of a specimen after
removal from the furnace of the testing machine (Figure 7.13-1).

Figure 7.13-1: REM-micrograph of a specimen that was exposed to a temperature of 1240°C
for 60 hours.

Further, x-ray diffraction of a specimen after removal from the furnace reveals the presence of
typical cristobalite peaks (Figure 7.13-2). Etching the surface with hydrofluoric acid, the
peaks vanish which shows that the material crystallizes from the surface.
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Figure 7.13-2: Black line: X-ray scan of a sample after removal from the furnace (background
suppressed). Red lines: tabulated cristobalite peaks.
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The finite element code for an actual experiment was modified to include a 0.1 mm layer of
cristobalite on its exterior surfaces (modeled as twenty individual layers both on top and on
the lateral face). The resulting contour is enlarged at the specimen top edge and placed next to
a photograph from the specimen taken during the experiment in Figure 7.13-3. The
juxtaposed specimen contours stemming from the experiment and the simulation are for
different instants during the deformation. Keeping in mind the large number of unknowns
(mechanical constants of cristobalite, the size distribution of the crystals, crystal connectivity,
cristobalite layer thickness) the qualitative match between photograph and simulation, namely
the essential feature of increased spread at the end faces, is judged satisfactory to trace
bollarding back to surface crystallization. However, this simulation of an elastic cristobalite
cladding on viscoelastic glass does not reproduce the recorded force from the experiment
correctly. The numerics provide a force which peaks at a value of three times the
experimental one and can roughly be described as bilinearly elastic, seemingly without
viscous contribution.

Figure 7.13-3: Bollarding observed in an experiment (left) and generated by a numerical
simulation (right). Only a quarter of a cross section of the specimen in contact with the piston
is shown in an enlarged view (see Figure 6.1-1).
The phenomenon was also observed on other glasses before [3,108]. Unfortunately, no
crystallization studies could be found dealing with Sakoske's material NBS 710 for a
comparison and potential corroboration. In contrast to his specimens the ones used in the
current study did not feature an end face indentation after completion of the experiment (see
Table 2).
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In all experiments the data are interpreted as being representative for the pure fused silica
glass unaffected by any possible cristobalite layer that might have grown. Thanks to the small
displacements imposed bollarding was minimal if detectable at all (see Figure 5.2-1).

7.14 Nonlinear viscosity revisited
It can be demonstrated that the large viscosity drop with strain rate evaluated in earlier studies
on deformation of glasses (see references below) and geologic melts [211] need not be
physical. The elastic component of loading has mostly been disregarded so far. Equivalently,
it can be stated that Young’s modulus was taken as infinite in some earlier studies. Neglecting
elasticity, one is led to the illusion of viscosity depending strongly on the deformation rate or
stress. This so-called non-Newtonian viscosity in the literature is an artifact from improperly
assigning all strain to purely viscous flow. An analogy can be drawn to the concept of a timedependent modulus in viscoelastic bodies. Stress relaxation in a viscoelastic body can be
formally described as

σ (t ) = E (t )ε

(46)

where this formal interpretation as an ‘elastic’ body does not require a specific model. Here,

E (t ) is the time-dependent analog to the static Young’s modulus. The formula is of widespread use in the literature. Whereas this ‘elastic approach’ and the decreasing nature of this
time-dependent modulus in Eq. (46) always comes along with the interpretation as being an
effect of the competing viscous component of the body, elasticity is largely ignored in the
inverse ‘viscous approach’ for loading
•

σ (t ) = ηt (t ) ε

(47)

where the time-dependence has been added to the symbol for viscosity, but this seems by far
less frequent in the literature. This dual aspect of viscoelastic behavior appears not to have
received the attention which it deserves to be consistent with the definition of viscoelasticity.
In fact, elastic and viscous contributions are convenient to separate. It will be shown that the
viscoelastic parameters replace the non-Newtonian viscosity from the simplistic viscous
approach that causes an apparent rate-dependence.
With the exception of [3,4,5,49,50,51,52,53,54], the glass sample in upsetting experiments
has been treated as a purely viscous body and the viscosity was evaluated at one single data
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point only corresponding to a deformation of three to four percent [212,213] irrespective of
temperature and strain rate. It is not documented how these criteria were arrived at. The
transient viscoelastic response must have been assumed completed resp. elastic loading must
have been assumed nonexistent whereas in reality there is no clear-cut end to the elastic
domain nor is there a transition range beyond which viscous response rules exclusively.
Evidently no thought was reported to incorporate elastic deformation upon loading. Viscous
strain and viscous strain rate dominate in comparison to elastic strain and elastic strain rate
only after long times (in relation to the relaxation time) have elapsed. For a single Maxwell
element with constant coefficients and a constant strain rate (Eq. (12) with b=0) the ratio of
elastic strain to total strain during loading is
Ξ=

ε elastic
=
ε total
σ
E

σ
+

E
t
1

=

∫ σ dt

ηt

0

t
1 − exp( − )

τ .

t

(48)

τ

This formula applies approximately also to the case of a strain rate increasing linearly with
time as long as the initial strain rate a is much larger than its total increment with time b ⋅ t L
in Eq. (11). Under the same assumptions, the corresponding ratio of elastic strain rate to total
strain rate during loading reads
•

σ

•

Ω=

ε elastic
•

ε total

=

σ
E

t
= exp( − ).

E

•

+

1

ηt

σ

τ

(49)

Both ratios are displayed in Figure 7.14-1 along with the normalized strain ratio for the
experiments in this study at the end of the main loading. The values of normalized strain in
that figure were not computed simply by inserting the total loading time into Eq. (48) divided
by the tensile relaxation constant, but from the measured maximum stress divided by Young’s
modulus and the measured total strain from image processing. These experimental data
cluster about the theoretical curve within a narrow margin which serves as an internal check
on the consistency of the data and the quality of the image processing algorithm. In fact, the
state of the experiment slides down the curves of Figure 7.14-1 in the course of an
experiment. The ratios hold for any (constant) temperature, since E and η depend in this
model on the temperature only and not on the stress. The strain ratio at the end of loading is
seen to vary for all experiments between almost 100% down to 5%, encompassing the range
of almost pure elastic behavior to almost pure viscous flow asymptotically after many time
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constants. By varying the time scale of the perturbation, it is evidently possible to traverse the
behavior of the glass structure from an elastic solid to that of a Newtonian liquid, but there is
no unequivocal end of the initial elastic transient response. As time equals strain divided by
strain rate (in case of constant strain rate), the response of the sample reaching the same strain
is the more elastic the faster the loading at the same temperature.

Figure 7.14-1: Normalized elastic strain (elastic strain divided by total strain) Ξ (Eq. (48)) and
normalized elastic strain rate (elastic strain rate divided by total strain rate) Ω (Eq. (49)) for a
single Maxwell element with constant coefficients subjected to constant total strain rate. Full
line: theoretical evolution of normalized elastic strain with time in a single experiment (Eq.
(48)); dots on full line: experimental data for normalized elastic strain for all experiments at
the end of loading; dashed line: theoretical evolution of normalized elastic strain rate with
time in a single experiment (Eq. (49)).
Taking into account the viscoelastic nature of glass does away with the former tedious task of
singling out one data point only in the recorded signal onto which the unjustified analysis was
applied, and avoids the many awkward notions for interpreting relaxation processes by
viscosity alone [2]. Glass is in fact a viscoelastic liquid over its whole temperature range.
Only in the forming range where the glass is assumed relaxed its elastic response is shifted to
such short times that it may not be observable easily. Under the present conditions, however,
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elasticity contributes substantially to transient strains. Thus, elastic strains clearly overshadow
the viscous response during certain forming operations [214]. Basic fluid mechanics must not
come into play before the stress rise is sufficiently decelerated.
Ignoring elasticity is formally equivalent to a Maxwell model with infinite Young’s modulus
but contradicts the concept of viscoelasticity and leads to an apparent strain rate-dependent
viscosity akin to curves published previously. Several fit formulas have been used by previous
authors to describe the decay of normalized viscosity with increasing strain rate [215]. In
these formulas viscosity alone is considered whereas elasticity is ignored. The following line
of reasoning demonstrates that the former procedure for evaluating the loading curves is
questionable.
It is assumed that the isothermal viscoelastic behavior of the sample under consideration can
be described by Maxwell’s model (Eq. (8)) with constant coefficients E and ηt . The solution
for constant deformation rate is
•

⎛

⎛

⎝

⎝

σ = ηt ε ⎜⎜1 − exp⎜⎜ − t

E ⎞⎞
⎟⎟
η t ⎟⎠ ⎟⎠

(50)

(Eq. (12) with b=0). When divided by strain rate, one arrives at a quantity that can be
formally envisaged as an apparent elongational viscosity as defined in [215], i.e.,

ηt ,app =

⎛
⎛
E
= η t ⎜⎜1 − exp⎜⎜ − t
⎝ ηt
⎝
ε

σ
•

⎞⎞
⎟⎟ ⎟
⎟
⎠⎠

(51)

which can be scaled with the actual elongational viscosity to

η t ,app
⎛
E
= 1 − exp⎜⎜ − t
ηt
⎝ ηt

⎞
(52)
⎟⎟ .
⎠
Assuming that the elongational viscosity equals three times the shear viscosity, the result for

the dimensionless normalized apparent viscosity (both elongational and shear) reads

ηt ,app η s ,app
⎛
E
=
= 1 − exp⎜⎜ − t
ηt
ηs
⎝ ηt

⎞
⎛ ε E⎞
⎟⎟ = 1 − exp⎜⎜ −
⎟⎟ .
⎠
⎝ ε& η t ⎠

(53)

Herein the time has been replaced by t = ε / ε& since the strain rate has been considered being
constant. A similar analysis relates to the true viscosity which is the derivative of stress with
respect to strain rate using Eq. (50). However, it must be kept in mind that the strain rate
enters also the exponential function and time has to be replaced by strain over strain rate right
from the beginning, resulting in
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ηt ,true =

⎛
⎞
⎛
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Lacking the pertinent data for other glass systems, the coefficients for fused silica from the
analysis with constant coefficients are to be inserted to question the results of previous
investigations (given below in the course of the discussion). Inserting εE = const . with an
average Young’s modulus of 5 GPa and ηt taken as three times the shear viscosity from the
VFT-fit (Eq. (31)) into Eqs. (53) and (55) one obtains the normalized viscosities as a function
of ε& at a given strain value. The results are plotted for a span of 250 K in temperature and a
fixed εE in Figure 7.14-2. The curves show clearly that the true and apparent viscosities
approach zero without any nonlinearity in E and ηt in this analysis at high rates similar to
the results in [212,213,215] where elasticity has been neglected and the viscosity has been
declared rate-dependent. Analyzing data as shown in these earlier publications means that all
strain rate effects are absorbed into the viscosity whereas the present straightforward approach
does not require any nonlinearity to explain the decrease of the viscosity at high strain rates.
The essential physical characteristics of the Maxwell model are obscured by attributing the
observed rate-effects exclusively to either one of the two components, usually the viscosity. A
dependable means to separate the elastic from the viscous response is presented in the present
work.
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Figure 7.14-2: Dashed curves: normalized apparent viscosity (Eq. (53)), full curves:
normalized true viscosity (Eq. (55)) as a function of strain rate for fused silica in 50 K
intervals from T=1300 K (blue curve) to T=1550 K (orange curve) for E = 5GPa , ε = −0.03
and the tensile viscosity as three times the shear viscosity (Eq. (31)). NOTE: this figure serves
to illustrate the deficiencies in previous studies.
The same reasoning to explain the “nonlinear” viscosity in [215] by Maxwell’s model with
constant coefficients applies also to the evaluation of fiber drawing experiments by Simmons
et al. [216,217]. In these publications normalized viscosity values are plotted versus
normalized strain rate resulting in a sigmoidal shape of the curves, similar to the theoretical
one in Figure 7.14-2 (see also [218] for a temperature span of 650°C where the effect of
temperature is only to side-shift the curves). Thus, the sigmoidal shape of the viscosity curves
as a function of strain rate as given by Simmons et al. is simply an artifact from incorporating
the factor (1 − exp (− ε /( ε& ⋅ τ ))) into the viscosity and neglecting elasticity. Furthermore, the
data of Simmons et al. scatter considerably in their respective figures even at constant
temperatures. This scatter can be explained easily by different strains ε (Figure 7.14-3).
Thus, the normalized viscosity needs not be dependent on the strain or strain rate to explain
these effects. As a consequence of this discussion the analysis of Simmons et al. must be
questioned.
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Figure 7.14-3: Normalized apparent viscosity (Eq. (53)) as a function of normalized strain
rate and at different strains for a viscoelastic material according to Maxwell’s model. Blue
curve: ε = −0.01 , red curve: ε = −0.05 , ε = −0.01 intervals. NOTE: this figure serves to
illustrate the deficiencies in previous studies.
The non-Newtonian viscosity normalized to the Newtonian one at low stress was reported to
remain approximately the same when plotted versus normalized strain rate not only for
different temperatures but also for different compositions of silicates [219]. This apparent
coincidence proves convincingly that Maxwell’s model depends only on the values of the
viscosity and the appertaining Young’s modulus but not on the composition. A plot like
Fig. 6a in [219] is according to Eq. (53) also a result for fused silica at strain values between
0.25% and 0.5% (Figure 7.14-4) when an average Young’s modulus of 5 GPa is assumed
again. The strain values necessary in this reconstruction using fused silica are somewhat
smaller than in [219], but it must not be forgotten that the relaxation time used to normalize
the strain rate in this reference is computed from a shear modulus considered constant. Here
one can see the inconsistency in using Maxwell’s time constant to normalize the strain rate
axis but to neglect it for the evaluation of the “apparent” viscosity. Hence, this superposition
of the “normalized” non-Newtonian viscosity for different temperatures and compositions is a
logical consequence of the failure to acknowledge elasticity and relaxation when normalizing
all data. It is definitely not a fortuitous coincidence provided by nature.
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Figure 7.14-4: Normalized viscosity as a function of normalized strain rate. Colored lines:
tabulated data for “normalized” viscosity of Na2Si4O9 at different temperatures from Fig. 6a
in [219], black lines: from interpretation as a Maxwell-body; full line: -0.25% strain, dashed
line: -0.5% strain, average Young’s modulus of 5 GPa, shear viscosity from fused silica.

When plotting the ‘normalized nonlinear viscosity’ versus normalized strain rate, all of the
publications referred to above use a normalization constant for the strain rate independent of
temperature and strain rate resp. stress. Present findings (Figure 7.10-1) overrule this
assumption. Hence, the diagrams in those publications are actually plots of the incorrectly
derived normalized nonlinear viscosity versus strain rate with an identical horizontal shift for
all data points.
Young’s modulus enters the above equations (53) and (55) only as a product with strain. If
precise strain values had been specified in publications on non-Newtonian viscosity it might
have opened up a possibility to extract the Young’s modulus provided the Newtonian
viscosity is known. Reevaluating data from most upsetting studies on glass is not feasible as
the initial rising portion of signals is mostly obscured by poor contact quality (see section 2.1
Contact quality). Notable exceptions are [4,5,39,40,49,50,51,52,53,54] in that the data could
be digitized and analyzed in the manner laid out in the present work to extract the functional
142

dependence of Young’s modulus and viscosity on temperature and strain rate in the respective
glass.
The normalized viscosity of melts with suspended crystals has been investigated by upsetting
in [8] as a function of the strain rate. The two-step behavior also seems to be caused by the
same inadequate evaluation method as shown above.
Some of the papers on rate-dependent viscosity mention a temporary stress overshoot in the
initial portion during extremely rapid deformation before the stress approaches its steady-state
value. The phenomenon is also observed in isothermal molecular dynamics simulations with
viscous heating switched off [216]. An analytical calculation shows that viscous heating in
fiber elongation [216] and cone-and-plate experiments [217] can be ruled out as cause for the
overshoot because of the small specimen volume with negligible heat generation in fiber
drawing or large heat losses in cone-and-plate experiments. These observations led Simmons
to suggest this overshoot being an effect of non-Newtonian viscosity and structural
breakdown or a reorganization mechanism [216,217,220]. Both Sakoske [3] and Manns
[39,40], however, see the overshoot in upsetting as a consequence of combined nonNewtonian behavior and internal heat generation because of the large sample volume
promoting higher temperature effects. Of course strain rates that high might accentuate the
non-Newtonian behavior. It can not be definitively ruled out that a strong decrease of the
viscosity arises with strain rate as no experiments were conducted on fused silica at these high
rates in the current study. A reevaluation of data from other investigations with different types
of glass was not pursued. However, finite element simulations disclose that the stress
overshoot effect can result from viscous heating alone, an effect known as ‘thermal
softening’. The parameters of a measured curve (Fig. 3c in [40]) were chosen to test whether
the result of finite-element calculations qualitatively resembles the observed force vs. time
curve. For this purpose, a finite-element calculation for silica has been performed for a
temperature where the Newtonian viscosity was the same as in the experiment. The one run at
the highest displacement speed of 3.1 mm/s was picked and the loading time calculated as
0.8 s from the displacement achieved. The fit for Young’s modulus as a function of
temperature and strain rate (taken constant as 0.258/s) (see section 7.3 Modulus of elasticity
(Young’s modulus)) and the VFT-fit to the shear viscosity (see section 7.7 Viscosity) were
fed into the program. The crosshead speed was taken as the true displacement speed. From the
result of the calculations depicted in Figure 7.14-5 it becomes apparent that a force maximum
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is generated briefly before loading ceases. The loading is accompanied by significant heating
and temperature gradients which gradually equilibrate during the artificially added relaxation
stage. The temperatures at the corners of the mesh do not peak simultaneously with the force.
The simulation was done with a friction coefficient of 0.2 to model the interaction with the
steel separation foils interfaced in the original experiment. Localized heating at the end face
rim (see section 3.2 Strain and stress distribution in compressed cylinders) changes the
temperature distribution considerably in that the least heat is set free in the end face center in
contrast to slow and friction-free experiments (see section 7.9 Dissipative heating). Heating
seems to start after an induction period indicative of the initial dominance of elastic loading. It
is reminded in this context that fast deformation induces almost adiabatic heating (see section
7.9 Dissipative heating).

Figure 7.14-5: Finite-element simulation for fused silica subjected to experimental parameters
from Manns’ study to show that the stress overshoot in extremely rapid upsetting can be
explained by viscous heating alone, not requiring non-Newtonian viscosity. Black: force,
viscous heating is color-coded.

Overshoot of stress has been explained without the necessity of non-Newtonian viscosity and
viscous energy dissipation using a “co-rotating Maxwell’s model” [29]. Since the conditions
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to apply this model are not given, this approach needs not be considered further for the
present work. At extreme strain rates, not used in the present study, the model predicts
multiple bumps in the stress vs. time curve [217]. In another publication, the idea of a
‘negative pressure effect’ was suggested as a possible explanation for the overshoot [221].
However, a convincing justification or derivation explaining the stress overshoot still seems
to be missing.

7.15 Comparison of experimental and numerical results
The proof of internal consistency between the analytical and numerical procedures is a
valuable indicator for the reliability of both. Therefore, in this section analytical and
numerical data are compared using graphs from an experiment run at 1474 K at a nominal
strain rate of -10-4/s.
There is general agreement in the measured and numerically calculated force as function of
time when the simulation is done using the UMAT subroutine of ABAQUS. The match can
not be termed ‘excellent’ because of the nonlinearities in the coefficients E and ηt . An
illustration is given in Figure 7.15-1.
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Figure 7.15-1: Measured force history (red) and finite-element-simulation using the UMAT
subroutine (black).

The three different simulations are contrasted to each other in Figure 7.15-2. In general the
UMAT approach (simulation 1) in section 6.2 Definition of the material behavior) is superior
to the two other implementations of the simulation (ABAQUS keywords ELASTIC combined
with CREEP with constant or stress-dependent coefficients, respectively, see section 6.2
Definition of the material behavior). From the two analyses using ELASTIC and CREEP the
one with stress-dependent coefficients (simulation 3) in section 6.2 Definition of the material
behavior, which is the only nonlinear simulation) supplied in general a better match to the
measured force than the one with constant coefficients (which were identical to the ones used
in the UMAT subroutine). In this sense, the example of Figure 7.15-2 is of a notable quality.
In the nonlinear simulation discrepancies can easily be understood by the error in the data of
E and η resulting from a linear fit to the differential data of the experimental curves (data at
the beginning of the experiment often have to be suppressed because of a large scatter). This
fit is necessary since the CREEP routine requires an explicit formula for η as a function of
stress. Since a theoretically justified formula for the stress dependence of E and η is not yet
available, a linear fit has been chosen in order to avoid an overinterpretation of the
experiments (see section 7.3 Modulus of elasticity (Young’s modulus)). This may cause an
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additional error. All sources of error – experimental and numerical – make the simulation
prone to instabilities preferably in periods of fast stress change. Using the differential values
of E and η of the evaluation would certainly improve the accuracy of the simulation of the
force as a function of time. The UMAT simulations with average E and η , however, all
converged smoothly and also reproduced the experimental force quite accurately. For all
experiments, the ratios of maximum force in the simulation to maximum measured force are
bounded by
0.88 ≤

Fmax ( FEM )
≤ 1.06
Fmax ( measured )

(56)

0.63 ≤

Fmax ( FEM )
≤ 1.89
Fmax ( measured )

(57)

in the UMAT simulations, by

in the simulations using ELASTIC and CREEP with constant coefficients, and by
0.34 ≤

Fmax ( FEM )
≤ 1.08
Fmax ( measured )

in the simulations using ELASTIC and CREEP with stress-dependent coefficients.
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(58)

Figure 7.15-2: Numerically calculated force history for comparison with the experimental
result shown in Figure 7.15-1. Black: UMAT subroutine with constant coefficients; green:
ELASTIC and CREEP with constant coefficients; blue: ELASTIC and CREEP with variable
coefficients.

The diameter of recovered specimens shows a good match with image processing and
simulation results (Figure 7.15-3).
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Figure 7.15-3: Diameter as a function of time. Results pertaining to three planes as obtained
from image processing, from the finite-element-simulation and micrometer readings at room
temperature before the experiment resp. after removal from the furnace.

Since the deformed sample remains cylindrical all volume elements experience the same
stress history (Figure 7.15-4, disregarding minor variations due to heat flow). Dissipative
heating in the UMAT simulations was already covered in section 7.9 Dissipative heating. For
all experiments, the ratios of maximum temperature rise in the simulation (when averaged
over the four corner points, see Figure 6.1-1) to the analytically computed one (see Figure
7.9-2) are bounded by
0.89 ≤

ΔTmax ( FEM )
≤ 1.32
ΔTmax ( analytical )

(59)

0.69 ≤

ΔTmax ( FEM )
≤ 1.85
ΔTmax ( analytical )

(60)

in the UMAT simulations, by

in the simulations using ELASTIC and CREEP with constant coefficients, and by
0.2 ≤

ΔTmax ( FEM )
≤ 1.2
ΔTmax ( analytical )

in the simulations using ELASTIC and CREEP with stress-dependent coefficients.
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(61)

Figure 7.15-4: Axial stress as a function of time. Green: measured force divided by crosssectional area from image processing, black: finite-element-simulation using UMAT.

To sum up, the FEM-UMAT model results are in general agreement with the measured force
and the average heat generation. The good agreement suggests that the UMAT subroutine in
ABAQUS is properly modeling glass upsetting.

7.16 System deformation
It was not necessary to determine the system deformation upon loading, since the sample
deformation was determined from image processing. To characterize the system deformation
in dependence of the load as a fringe benefit the following evaluation procedure has been
applied: The experiments were operated by a programmed actuator displacement rate until a
maximum displacement had been achieved, which agreed with the LVDT signal. The LVDT
sensor, however, is located deep inside the testing machine and therefore the true
displacement of the upper end of the piston is by no means synonymous with the machine
signal even though the LVDT signal follows the programmed rate exactly. The LVDT signal
was not needed to evaluate the deformation curves of the specimen, since its true
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displacement has been measured as a function of time conveniently by image processing.
Using the signals from the LVDT sensor and the image processing output one can determine
the machine compliance. The achieved displacement of the end face of the sample is plotted
in Figure 7.16-1 as a fraction of the programmed displacement, which varied from 0.5 mm to
0.8 mm (with just three exceptions of 0.2, 0.4 and 1 mm).

Figure 7.16-1: Actually achieved piston displacement at the specimen end as a fraction of
programmed displacement.
If the shift of the end face in contact with the piston as obtained from the image processing is
subtracted from the LVDT signal (or actuator displacement) the machine deformation results
(the second end face of the sample remains to a good approximation at a fixed location, see
section 2.5 Digital image processing and system deformation). This difference represents the
combined deformations of every machine part inserted between the actuator and the upper end
of the lower piston. The limiting value of the force up to which machine deformation is linear
(Flmc = force with the index “linear machine compliance”) is plotted in Figure 7.16-2 as a
function of temperature and strain rate.
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Figure 7.16-2: Maximum force for linear machine deformation as a function of temperature
for different nominal strain rates.

The data pairs of machine deformation and appertaining Flmc are represented in Figure 7.16-3
for all experiments irrespective of temperature. The linear fit to these data pairs is also shown
in that figure. From the slope of the linear fit curve one obtains 9.65

μm
kN

as the machine

compliance. It does not pass exactly through the origin due to minor inaccuracies. The
stiffness of the present setup using alumina pistons is nearly an order of magnitude larger than
that of Sakoske’s [3]. The dashed curve corresponds to the system deformation from Manns’
study [39,40] who used the same machine with steel pistons housing thermocouples and
heating elements.
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Figure 7.16-3: Data pairs of Flmc and corresponding machine compression (Flmc is the
maximum force at the end of the linear section of the system deformation vs. force plotted for
each experiment). Full line: linear fit to all data; dashed line: fit from Manns’ study.
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8 Discussion and conclusions
Upsetting represents a simplified forming process. As initial and boundary conditions
(temperature, plane specimen ends) can be controlled easily, the method was used for
studying glasses previously, but mostly in an oversimplified manner. Fused silica, due to its
rugged structure, is hard to investigate experimentally. It was twice studied before using
upsetting [108,194], but the analysis in the present study is more detailed. The outcome is that
most of the results are at odds with previous publications. The current section summarizes the
current status of insight into the technique.
Upsetting is simple to perform and allows to derive material properties. The ease in carrying
out an upsetting test deceives into a simplistic analysis. Current knowledge on the isothermal
upsetting test is compiled in a review of the available theory and literature for elastic, viscous
and viscoelastic bodies (see sections 3.1 Force in parallel-plate upsetting and 3.2 Strain and
stress distribution in compressed cylinders). A thorough literature research came up with the
discovery that appropriate formulas for the axial compression of viscous and viscoelastic
substances had been around longer than reported in most earlier studies on upsetting (see
Table 1 and subsequent discussion). Enlightening analogies are drawn to the more common
upsetting of metallic specimens. The initial portion of the force signal in upsetting viscoelastic
bodies, rising from zero approximately to a plateau level, was thus far mostly ignored (or
labeled ‘stress generation modulus’, see section 2.1 Contact quality) and the analysis
restricted to the flow regime. This resulted in glass upsetting being misinterpreted as purely
viscous. Imprecise allusions to trace back the initial transient signal to elasticity when
upsetting viscoelastic bodies were made for the first time in 1925 [30]. These were fully
quantified as early as 1947 [48] and with application to glass in 1951 [49]. Under the
conditions that the sample attains a relaxed state (purely viscous flow) and the exterior shape
does not deviate substantially from its original cylindrical shape the simple one-dimensional
viscous flow equation (Eq. (3) and [38]) is appropriate to calculate the viscosity. Gent's
equation [34], which has found wide acceptance for the purely viscous flow when barreling,
follows from an elastic-viscous analogy which could have been derived from a publication
that obviously had been overlooked for many years [26]. Gent's equation is an addition of the
analytical formulas for slender and stout specimens. The difference in viscosity values
obtained from analyses using the simple one-dimensional flow equation and Gent's formula
does not appreciably affect curve fitting for a VFT-curve as the difference is so small as to be
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hardly detectable when plotting is on a log scale. Whether Gent's equation does apply under
interface friction was not investigated.
A condition of utmost importance is that the piston displacements be kept small which causes
the sample not to deviate significantly from the cylinder geometry. The stress state is thus
taken as uniaxial and homogeneous. A truly viscoelastic approach was implemented in the
present study which works from just a few basic premises: the uniaxial constitutive equation
for a single-element Maxwell model with viscous incompressibility and preservation of an
isothermal state (see section 3.4 Maxwell model). Implementing this model, both elastic and
viscous coefficients are easily probed as the sample experiences homogeneous deformation.
Experiments were conducted at different temperatures and nominal strain rates (or forcing
functions) and the resultant piston forces and specimen shapes recorded. The specimen
contour was recorded by a CCD camera and the frames processed to separate the true
specimen response from the machine displacement signal (see section 2.5 Digital image
processing and system deformation). The experiments cover the realms of three orders of
magnitude in nominal strain rate and a temperature span from 1000°C to 1375°C. The raw
data of the force signals and the actual strain rates are provided in graphical form (see section
7.1 Raw data). Strain rates in the current study are not constant as the experiments are run in
displacement control. Experiments are therefore grouped according to 'nominal' strain rates.
Inspired by [4,5,49,50,51,52,53,54], the most primitive of all conceivable viscoelastic models,
the single-element Maxwell model, was tested against the experimental data. The critical data
(Young’s modulus and viscosity) are measured while supporting literature data were
incorporated in the present work where necessary (see Chapter 4 Literature data). These
comprise data for density, specific heat, thermal conductivity and emissivity of fused silica,
viscosity and thermal conductivity of air and the mechanical properties of cristobalite.
Possible errors in the literature data are unlikely to cause major changes in the results. The
analytical procedure to arrive at numerical values for Young's modulus, Poisson's ratio and
the tensile viscosity is given in detail (see section 5.2 Analytical procedure). Analyzing each
experiment comes up with a set of coefficients for Young’s modulus and the tensile viscosity
while Poisson’s ratio is not reliably determined.
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The data are analyzed by two methods:
1)

In the first one, all mechanical coefficients are taken as constant within any one
experiment. The reconstruction of the measured force history with the parameter set
obtained from curve fitting provides an acceptable match but is, in general, not perfect,
especially in the periods of fast stress rates (see Figure 7.1-1 to Figure 7.1-7). When
inspecting results from all experiments, Young's modulus exhibits a prominent steady
decrease with a rise in temperature at constant nominal strain rate and with a reduction
in nominal strain rate at constant temperature within the range of nominal strain rates
and temperatures traversed (see Figure 7.3-1). These observations reveal ‘nonlinearity’.
It is equivalently termed ‘stress dependence’ because stress seems to be more
appropriate to explain the nonlinearity (see section 7.3 Modulus of elasticity (Young’s
modulus)). The reproducibility for Young’s modulus and the tensile viscosity is seen to
be good. The small numerical values of the Young’s modulus and their trend with
temperature are diametrically opposite to most literature data (see Table 3). According
to these, the elastic moduli increase with a rise in temperature up to about 1200°C. The
limited resolution capability for the outward radial flow did not permit resolution with
the required accuracy to arrive at reliable values for Poisson's ratio (see section 7.4
Poisson’s ratio). The shear and bulk moduli follow from basic elastic interrelationships
(Eq. (9)). The resulting trend of the shear modulus with temperature (Figure 7.5-1) does,
in fact, bear out the outcome of just two references [154,155]. The literature survey
further showed that the inner structural configuration of fused silica might be the cause
for nonlinear effects and the 'ill-behaving' character of fused silica. The temperature
dependence of viscosity can be described by a VFT-type equation or alternatively by an
Arrhenian equation for all experiments irrespective of strain rate (see Figure 7.7-1).
However, noting a subtle variation of viscosity with strain rate or stress might be
obscured by the logarithmic plotting. Literature data for the viscosity reflect the decisive
impact of the manufacturing route and impurities introduced into fused silica (see Table
4). Viscosity values for fused silica with comparable content of OH − -groups lend
support for the analysis.

2)

The abovementioned variations of Young’s modulus and viscosity with nominal strain
rate at any given temperature are attributed to a stress-dependence. Thus, an alternative
approach considers Young's modulus and viscosity as non-constant in the course of any
single experiment. While still adhering to the single Maxwell model, two novel
analyses, the ‘differential analysis’ and the ‘two-point analysis’ are implemented and
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disclose that the constituting components are nonlinear (defined as stress-dependent in
the present study) which renders the model difficult to describe mathematically. In a
single experiment Young’s modulus increases and the viscosity decreases with growing
compressive stress. The lacking theoretical basis and the limited resolution capabilities
of the current setup did not permit to derive a precise description of both coefficients in
the course of an experiment. Linear dependences on stress seemed appropriate and fit
curves are presented (see sections 7.3 Modulus of elasticity (Young’s modulus) and 7.7
Viscosity). Fused silica is hence nonlinear viscoelastic. The stress history can not only
be reconstructed using the 'constant' coefficients, but also to a good match (considering
the uncertainties inherent in the analysis) using stress-dependent coefficients (see
section 7.8 Comparison of analyses assuming constant and stress-dependent
coefficients). This irrefutable existence of nonlinearity (or stress dependence) in
Young's modulus and viscosity is of prime significance. The present study is seemingly
the first to identify a stress nonlinearity in both material parameters E and η in a
viscoelastic glass experimentally.
All data considered, there is ample evidence that vitreous silica behaves nonlinearly
viscoelastic. Elasticity must be termed non-Hookean (evident both during each single
experiment and when comparing the 'constant' moduli from all experiments) and viscosity
must be labeled non-Newtonian (detectable more clearly within each single experiment than
when juxtaposing 'constant' viscosities from all experiments). Nevertheless, the variations in
Young’s modulus and the viscosity are minor and thus do not prohibit using ‘constant’ (i.e.,
average) coefficients for any particular experiment as demonstrated by successful curve fitting
and numerical simulations. In most earlier studies on glass upsetting, the specimen response
was interpreted as entirely viscous and nonlinearities in viscosity derived (see section 7.14
Nonlinear viscosity revisited). The true behavior was therefore not accessible. In that sense,
the present study can be regarded as a major step forward.
It has been tacitly assumed in both the data reduction and later on in the simulation that the
system remains isothermal. A single diagram from an earlier publication depicting the
measured temperature rise by an embedded thermocouple in an upset sample allowed to test
the dissipative heating algorithm. As a fringe benefit, the algorithm producing the mechanical
coefficients came up with an almost perfect match to the viscosity reported for the experiment
from that diagram. The deviation from the truly isothermal state is indeed so minute as to be
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completely innocuous with regard to the observed change of mechanical coefficients during
an experiment (see Figure 7.9-2). Hence, modulus increase as well as viscosity decrease are
solely due to stress. The even smaller temperature gradient across the cross-section is
accessible in numerical studies only (see Figure 7.9-4). During relaxation the tiny temperature
rise is equilibrated with the ambience and samples stay therefore free from thermal stresses
throughout the experiment.
A combined parameter identification and validation procedure is employed to ensure an inner
self-check of the results obtained. For that reason, the accuracy of the resulting set of material
parameters is subjected to a test on self-consistency through programming of a UMAT
subroutine in the finite-element-program ABAQUS. The code of UMAT has been developed
and its implementation is given with all details subject to the constraint that it processes input
data with stress-independent mechanical coefficients (see section 6.3 Subroutine UMAT:
implementation of the constitutive equation). The program thus allows numerical data to be
validated against measured quantities. Young's modulus and the tensile viscosity – if both are
regarded as constant in the course of an experiment – are sufficiently accurate to reproduce
the recorded force in the simulations (see Figure 7.15-1). Even though the force-time curve
obtained from ABAQUS can not reproduce the recorded curve identically because of
nonlinear effects, the correspondence is good. The agreement turned out to be less good in
two alternative simulation routes (one using constant, the other stress-dependent coefficients
with the mechanical behavior defined not via UMAT, but via ELASTIC and CREEP, see
Figure 7.15-2) in that they mostly produce not only poorer data, but at times these
computations crash at the transition to the unloading step. However, the application of a
model with coefficients (E and η ) independent of stress is not convincing since these
parameters have to be adjusted for a good fit even for a fixed temperature, which shows very
clearly that E increases and η decreases with increasing compressive stress. Thus, stress
effects have necessarily to be taken into account, even within each single experiment.
Nonetheless, upsetting seems capable of providing reliable input data for numerical
simulations of complicated glass shaping processes such as precision molding of lenses. The
elastic recovery after removal of the pressing tools must not be neglected in precision forming
(see section 3.4 Maxwell model).
Nonlinearity is exhibited both by curve fitting when applying a Maxwell model with either
constant or stress-dependent coefficients and independent of any model in the relaxation
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stage. The discussion of this aspect in the present study (see section 7.12 Model-independent
longitudinal stress relaxation: time-temperature-stress superposition and thermorheological
simplicity) is based exclusively on the measured data and is therefore independent of any
premature physical interpretation as a Maxwellian body. At a given temperature, the
normalized longitudinal stress relaxation occurs more rapidly with an increase in nominal
strain rate or stress (Figure 7.12-1). All relaxation curves (stress normalized with respect to
peak stress) feature the same shape at every temperature and strain rate when plotted versus
time on a logarithmic axis (Figure 7.12-2 to Figure 7.12-6). A shift of the raw relaxation
curves is successful in overlaying all relaxation curves on a single master curve. Ignoring
small deviations, it can be stated that fused silica behaves as a thermo-rheologically simple
material in the temperature and strain-rate range investigated. The dual dependence of the
logarithmic shift on temperature and stress (Figure 7.12-9) is known for organic substances
[206] and corresponds to a dual thermorheological simplicity. This observation does not seem
to have been documented for inorganic glasses like SiO2. A tentative formula is suggested to
calculate the logarithmic shift from the temperature and the peak stress (Eq. (42)).
When the specimen is deformed to larger compression ratios the end faces in contact with the
pistons flare out to a larger diameter than the midplane (Figure 3.2-3). A few publications on
this so-called 'bollarding' in non-glassy materials emerged from an in-depth literature survey
and different terms are in use for that phenomenon (see Table 2). In the present case
conditions are such that the respective explanations are not applicable to glass. As for glass,
the ensuing shape was observed before by two authors only [3,108]. A novel explanation for
‘bollarding’ in glass lies in surface crystallization which transforms the specimen into an
elastic-clad compound material. This explanation is capable to generate the shapes observed
in a simulation (Figure 7.13-3). Further, this interpretation is supported by X-ray studies of
the specimen surface (Figure 7.13-2). Nevertheless, the question whether crystallization is the
only cause for bollarding can not be settled unequivocally as the available information on the
morphology of the cristobalite layer and its inherent material properties (see section 4.7
Cristobalite) is only fragmentary as yet.
Uniaxiality of the stress state depends on the specimen sliding without friction across the
platen which is indicated by recorded specimen contours (Figure 5.2-1). A broad appreciation
of the probable response in upsetting glass when frictional constraint tends to prevent
expansion at the end faces can be gained from consideration of numerical investigations (see
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section 6.5 Simulating upsetting with friction). For comparison with the seemingly ‘frictionfree’ experiments, a simulation resulting in ‘barreling’ was done using the UMAT approach.
Provided the axial compression is moderate, the prerequisite of friction-free interfaces is
alleviated as even ‘infinite’ friction has basically no effect on the numerically computed force
if the deformation is small (Figure 6.5-9). Hence, even ‘infinite’ friction does not modify the
present findings. If the test (real or numerical) is driven to a point where the exterior shape is
notably different from the undisturbed cylinder configuration, either the more common
‘barreling’ or its opposite, ‘bollarding’, occurs.
That same numerical study further provides the complicated interior stress and strain profiles.
The axial stress on the end face (Figure 6.5-2) is in qualitative agreement with the one for the
elastic case for which several analytical solutions exist (see section 3.2 Strain and stress
distribution in compressed cylinders). There appears to be little merit in trying to resolve the
stress state in the highly stressed end face rim as long as the mechanical coefficients are not
established beyond doubt. As shear stresses build up the simulations under friction are
sensitive to Poisson’s ratio. Whether or not it affects numerically computed stress profiles
markedly was not investigated.
The current study in its experimental, analytical and numerical aspects shows conclusively
that different sources of error were compounded in the majority of earlier studies on glass
upsetting and nonlinear viscosity. There is a body of evidence for this which allows to
essentially rewrite the theory, starting out from physical principles. The results stemming
from the majority of relevant previous investigations evince inadequacy of technique rather
than inherent material properties and require revision. The major outcome of the present work
supports the contention that improper experimental procedures, uncontested acceptance of a
theory and neglect of elasticity severely inhibited further progress in glass science in the last
years as their results are distorted to the point of being essentially meaningless. The following
suggestions are made to downsize the relevant literature significantly:
1)

The glass response under the given loading conditions is definitely viscoelastic, not
purely viscous. Not only is the vast potential of the method not exploited if glass is
taken as purely viscous, it also disregards viscoelasticity.

2)

Carefully performing the experiments is imperative for deriving physical data. When
experiments are stringently conducted with defined initial conditions through preloading
[3, Figure 5.1-1] it becomes clear that the formerly reported 'stress generation modulus'
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is due to the way testing was carried out at the time (see section 2.1 Contact quality).
Preloading is recommended for forming a basis for sound experimental practice. A slow
stress buildup was nevertheless observed in some experiments; however, a stressdependent modulus is able to explain the phenomenon which is thus rendered to be a
true inherent ‘stress generation modulus’.
3)

Mathematical and qualitative aspects give abundant evidence that Nadai's theory on
nonhomogeneous deformation in purely viscous substances is not correct (see section
3.3 Nadai’s theory on the stress state in barreled cylinders of a viscous substance). Any
statement on the interior stress profile in glass derived therefrom must be erroneous,
even if glass under the given conditions behaved purely viscous.

4)

Driving the deformation up to a point where notable bulging occurs (under interface
friction) is pointless as the inner stress state eludes analysis because of the insufficiency
of Nadai’s theory. Consequently, the 'high-temperature tensile strength' defined as the
hoop stress at the moment of circumferential cracking in barreled specimens can not be
computed this way. Preservation of the cylindrical shape and the prevalence of a
homogeneous stress state should be taken as forming limit to elicit meaningful material
properties.

5)

Most previous studies of glass upsetting limited the analysis only to one single data
point at a strain of 3% and assumed that the viscoelastic specimen behavior must have
become purely viscous by the time this strain level is achieved. This method was
adopted irrespective of whether or not the stress plateau is attained. If so, this method
should be able to provide the instantaneous viscosity value, but both Young’s modulus
and stress dependences in the course of an experiment can not be assessed. Such an
arbitrary delimiting value of 3% strain is not introduced in a proper analysis. The
assumption of an exclusively viscous behavior beyond this limit is a gross oversimplification and no clear demarcation for entering a purely viscous state exists. As
their classification suggests, viscoelastic bodies possess the general rheological
properties of elasticity and viscosity. Speculating on the relative elastic and viscous
contributions to strain and strain rate can be overcome by simply rearranging the
constitutive equation of a Maxwell model (assuming constant coefficients). A strain and
strain rate decomposition for the duration of loading discloses that the initial response is
predominantly elastic (Figure 7.14-1). The relative significance of the elastic and
viscous component varies with time and temperature (via the relaxation time, when
assuming constant coefficients) and, more specifically (when acknowledging stress162

dependent coefficients) also with strain rate or stress, respectively. Whether or not
elastic contributions have faded away to make only a minor contribution at a specific
strain level depends on the product of strain rate and relaxation time (in the limit of
constant coefficients).
6)

In view of the previous persistent negation of a Young's modulus in glass the outcome is
significant also with respect to previous studies reporting rate-dependent (nonlinear)
viscosity (see section 7.14 Nonlinear viscosity revisited). All publications on nonlinear
viscosity referred to (using upsetting and mostly fiber elongation) tend to conceal the
basic effects of viscoelasticity. Viscoelastic effects were misinterpreted as being a
nonlinear purely viscous effect. The large viscosity drop with strain rate in earlier
studies does not pertain to truly rheological causes. Featured are curves of the
'normalized apparent viscosity' when plotted versus strain rate (be it normalized by
multiplication with the relaxation time or not). When normalizing the strain rate, all
authors of publications on this subject use a normalization independent of temperature
or strain rate, i.e., a constant relaxation time which is clearly rejected in the present
study (the tensile relaxation time from the analysis with constant coefficients varies
with temperature and nominal strain rate as depicted in Figure 7.10-1). If the singleelement Maxwell model with constant coefficients is accepted as trustworthy for other
systems as well, a rearrangement of the constitutive equation nicely reproduces the
characteristic shape of these curves (Eqs. (53) and (55)). Changing the temperature or
the strain value where readings are taken in experiments produce vertical and horizontal
scatter around a given center curve for some intermediate strain and relaxation time.
The shape of this curve is thus independent of temperature and identical for systems of
diverse compositions. Hence, the pronounced viscosity drop with a rise in strain rate
reported before can not be sustained any longer. Thus, the effort expended on testing
was largely wasted as the analytical approach was clearly inadequate. Accordingly, the
extent of the previously claimed nonlinearity (in viscosity alone) is a misinterpretation
of viscoelasticity. While it is not contested that the respective specimen materials may
feature a nonlinearity akin to fused silica, any nonlinearity postulated in these
publications is more likely a manifestation of elasticity. This is even more so when
extending this aspect to stress-dependent coefficients.

The cause for the stress overshoot in very rapid experiments reported in earlier studies
remains controversial, but it is demonstrated that viscous heating alone is able to explain the
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phenomenon in the current study where samples have a large volume compared to fiber
elongation studies (Figure 7.14-5). Upsetting is therefore not suited to single out the
mechanism for stress overshoot. This phenomenon must be regarded in more detail.
Whereas the actuator in the machine does ramp at the specified speed, part of the machine
power is invested in system deformation. Combining the actuator displacement (the LVDT
signal) with the displacement enforced at the lower end of the specimen, the system
deformation of the available setup is calculated. Data for the machine compliance are
consistent and comparable to an earlier study (see section 7.16 System deformation).
As the method allows to efficiently compute two material parameters at a time the technique
shows promising potential to be established as a common tool in the study of viscoelasticity.
It can be expected that the method will gain wide acceptance due to its simplicity in
performance and clarity revealed in the stepwise analysis which is based on mathematically
sound principles. The prime advantage of upsetting under the conditions stated in this work
lies in the fact that the entire sample volume is subjected to a uniaxial and homogeneous state
of stress. As the process studied here pertains to forming it can be projected that the findings
will also be of immediate relevance to glass manufacture. While in the current study only one
single type of fused silica was investigated, results for other grades of fused silica can be
expected to be similar in nature with modifications to numerical values only.

8.1 Future work
While this study provides solutions and answers to many aspects of glass deformation, it
simultaneously stirs up new ones and ample ground for follow-up studies is left. These are,
most prominently, the functional dependence of Young's modulus and viscosity on stress and
temperature, the Poisson's ratio and the true reasons for stress overshoot and bollarding. At
present quantitative theories on such effects seem to be missing.
Experimental data are lacking to quantify the nonlinearity in viscoelastic properties as more
sensitive equipment is needed to deconvolute elasticity from viscosity and their respective
stress dependence. Small forces could not be accurately measured with the load cell in place.
Beneficial would be a study involving several load cells with different force ranges to record
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more accurate data in the low-force range over a broader temperature range. Ideal would be a
closed loop feedback machine control to achieve a truly constant strain rate. The stress can
then be expected to attain a plateau level (within the limits of a Maxwell model with constant
coefficients). Online image processing combined with closed-loop adaptive LVDT motion
control would provide a means to ensure constant strain rate, but is difficult to achieve
experimentally. Furthermore, it is desirable to extend the range of stress to higher values than
the alumina pistons withstand.
With many references claiming an increase in Young's modulus from room temperature up to
about 1000°C and even beyond, more testing is needed to find the modulus maximum at some
intermediate temperature between room temperature and the temperature realm of the current
study.
Further, the 'high-temperature tensile strength' was defined as the hoop stress at the moment
of circumferential cracking in barreling specimens. The proposed finite element method is the
only method presently available to provide this stress value upon running a simulation up to
the moment when fracture was observed in an actual experiment. The code provided can be
applied to a study involving barreling specimens, however, this approach depends on precise
mechanical input data. Most notably, stress gradients and therefore gradients of the
viscoelastic coefficients must be expected at the end face rim. Stress gradients depend on the
degree of discretization and the friction coefficient in numerical simulations.
The interpretation of the shape evolution in bollarding as being crystallization-induced is only
qualitative. The ensuing evolution of the specimen contour also depends on the mechanical
coefficients of cristobalite which have not yet been assessed experimentally. While suppressing crystallization in one of two experiments under otherwise identical conditions and
friction effectively eliminated enables to zero in on crystallization as the cause for bollarding.
All things considered, it must be unequivocally stated that the concept of glass upsetting is
capable of forging ahead and producing fundamental knowledge about glass shaping. The
way seems to be now open for glass viscoelasticity to be comprehended and mastered.
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A Nadai’s theory, consequences and deficiencies
This Appendix provides mathematical proofs for the failure of Nadai’s analysis on the inner
stress state in barreled specimens of a viscous substance (see section 3.3 Nadai’s theory on the
stress state in barreled cylinders of a viscous substance). The vertical cylinder axis originates
at the center of the specimen midplane ( z = 0 ). The following changes have been made in
comparison to Nadai’s original nomenclature: shear viscosity is given the more common
symbol η, the initial radius a is labeled R, the specimen height is denoted by h instead of 2h
and the deformation speed v equals 2v0 in Nadai’s computation.

A.1 Volume increase
From Nadai’s analysis where interface slipping does not occur it was derived in [116] that the
contour line of a barreled specimen is given by
⎛h ⎞
r = R⎜ 0 ⎟
⎝h⎠

3/ 4

⎛ 3 ⎛ 1
1 ⎞⎞
exp⎜ − z 2 ⎜⎜ 2 − 2 ⎟⎟ ⎟
⎜ 2
h0 ⎠ ⎟⎠
⎝h
⎝

(A.1.1)

for the radius r as a function of the axial coordinate z with the initial radius R, instantaneous
height h and initial height h0. The increment of the cross-sectional area is integrated between
the boundaries ±h/2 to yield the instantaneous sample volume. When normalized with respect
to the initial volume, the increase of the normalized volume with axial strain is displayed in
Figure A.1-1. This is at variance with Nadai’s theory assuming constant volume. It is
surprising that the volume increases with compressive stress in contrast to the expectation.
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Figure A.1-1: Normalized volume as a function of axial strain as derived from Nadai’s theory.

A.2 Dependence of axial force through the specimen on axial
position
The axial force on each cross-section along the axial coordinate z within the specimen can be
calculated by integration over the respective cross-sectional area (see section A.1 Volume
increase) using Nadai’s equation for the axial stress σ z

σz =3

ηv
h

3

(r

2

)

− R 2 + 2z 2 − h 2 .

(A.2.1)

This force
h R 2 vη − 6 z
F = 3π 0 6 e
2h

2

(

1 1
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1 1
3z2 ( − )
⎛
⎜ (R h )2 − 2e h 2 h02 h0 h 2 h 2 + R 2 − 2 z 2
0
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h
⎝

(

⎞

)⎟⎟
⎠

(A.2.2)

is normalized with respect to the force acting on the midplane and plotted for the arbitrarily
selected moment when the current height is 80% of the initial height in Figure A.2-1 (for a
sample with an aspect ratio of unity). It is seen that the normalized force depends on axial
position in contrast to Newton’s theorem.
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Figure A.2-1: Axial force normalized with respect to the force on the midplane as a function
of axial position relative to h / 2 , as predicted by Nadai’s analysis. The initial aspect ratio is
unity and the axial strain is 20%.

A.3 Comparison of forces on the end faces as predicted by Gent
and Nadai
In numerous studies Gent's equation for the axial compressive force was used to evaluate the
viscosity and this value was later plugged into Nadai's prediction for the stress tensor to arrive
at local stresses everywhere in the cylinder and to relate circumferential rupture to the hot
tensile strength. This procedure, however, relies on the prerequisite that the axial forces in
both theories coincide at the specimen end faces at least. The pressing force at the end face as
derived by Nadai is given in the previous section at the location z = ±h/2 and equals
2
h R 2 vη − 4 ( 2− h02 ) ⎛⎜
(R h0 )2 e 4 h0 − e 4 h0 h 2 h 2 + 2 R 2
= 3π 0 6 e
⎜
h
2h
⎝

3

FNadai

h2

This result is to be compared with Gent’s equation [34]
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FGent = −3ηVv
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(A.3.3)

The ratio Γ of these two forces
Γ=

defines the quality of correspondence. Assuming volume preservation and expressing the
current height by the initial height and axial strain ε as
V = πR 2 h0
h = (1 − ε )h0

,

(A.3.4)

the force ratio depends only on the initial aspect ratio and strain. If the initial aspect ratio is
unity the force ratio equals
3
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(A.3.5)

This ratio is shown in Figure A.3-1 as a function of strain.

Figure A.3-1: Ratio of the force on the end face in Nadai’s theory to the one predicted by
Gent’s equation for a specimen of initial aspect ratio of unity as a function of axial
compression.
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The ratio decreases from 5/9 to zero, whereas it should be unity independent of strain, if both
theories are to be used simultaneously. Considering that upsetting tests on DGG standard
glass yielded excellent agreement with manufacturer-supplied values of the viscosity over the
entire deformation history when analyzed using Gent's theory [39,40], this discrepancy seems
to originate from the stress distribution on the end face in Nadai's analysis.
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B Implementation in ABAQUS
B.1 ABAQUS input deck
The code described in this section constitutes the so-called ’input file’ of ABAQUS. It is
listed here for the case of a simulation with the UMAT subroutine. The file contains:
1. the header listing the parameters which are the only modifications from simulation to
simulation
2. the definition of a few nodes and the creation command of the finite elements in
between, along with the labeling of a few surfaces
3. the definition of the interface between piston and sample
4. the internal link to the UMAT subroutine (wherein the mechanical material properties
of the glass are listed)
5. the thermal properties of the glass
6. the initial and boundary conditions (temperature and symmetry conditions of the
sample)
7. the application of the main load and its subsequent relaxation as loading history with
an internal link to the FILM subroutine (for heat transfer); together with a listing of
the required output quantities.
The full documentation of the commands can be found in the ABAQUS manuals.

***********************************************************
** Abaqus analysis using S.I. Units (m, kg, s, K, N, J)

**

***********************************************************
***********************************************************
** Parameters

**

***********************************************************
*PARAMETER
experiment = 'E0213'

# experiment number

height = 0.00968657

# total height at time zero

diameter = 0.010473

# total diameter at time zero

Z0 = height/2.0

# height of one half of the specimen

R0 = diameter/2.0

# radius of the specimen
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T = 1356.0

# temperature IN KELVIN

mu = 0.0

# friction coefficient

displ = -0.000152801

# (1/2) of total displacement

t_total = 7691.52

# total time of experiment

tstep1 = 502.645

# time of loading

tstep2 = t_total-tstep1

# time of relaxation

emiss = 0.327

# emissivity

incr1 = 20.0

# maximum time increment in step 1

incr2 = 200.0

# maximum time increment in step 2

f3 = 1094.47

# initial film coefficient for conduction

f2 = 13.06

# initial film coefficient for convection

***********************************************************
** Heading

**

***********************************************************
*HEADING
<experiment>
***********************************************************
** Settings and mesh generation

**

***********************************************************
*RESTART,WRITE,FREQUENCY=1
*PREPRINT,CONTACT=YES,ECHO=YES,MODEL=YES,HISTORY=YES
**
** Nodal coordinates
**
*NODE,NSET=RSNODE
9999, 0.00, <Z0>
*NODE
1, 0.00, 0.00
21, <R0>, 0.00
2001, 0.00, <Z0>
2021, <R0>, <Z0>
*NGEN,NSET=MIDDLE
1,21,1
*NGEN,NSET=TOP
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2001,2021,1
*NSET,NSET=AXIS,GENERATE
1,2001,100
*NSET,NSET=EDGE,GENERATE
21,2021,100
*NFILL,NSET=NODALL
MIDDLE,TOP,20,100
**
** Element connectivity
**
*ELEMENT,TYPE=CAX4T,ELSET=ALL
1,1,2,102,101
*ELGEN,ELSET=ALL
1,20,1,1,20,100,100
*ELSET,ELSET=TOP,GENERATE
1901,1920,1
*ELSET,ELSET=SIDE,GENERATE
20,1920,100
*SURFACE DEFINITION,NAME=LATSURF
SIDE,S2
*SURFACE DEFINITION,NAME=TOPSURF
TOP,S3
*SURFACE DEFINITION,NAME=EXTSURF
SIDE
TOP
**
************ END OF MESH GENERATION COMMANDS ***********
**
***********************************************************
** Interface properties

**

***********************************************************
*RIGID SURFACE,TYPE=SEGMENTS,NAME=PISTON,REF NODE=9999
START, 0.007, <Z0>
LINE, -0.0005, <Z0>
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*CONTACT PAIR,INTERACTION=SMOOTH
TOPSURF,PISTON
*SURFACE INTERACTION,NAME=SMOOTH
*SURFACE BEHAVIOR,NO SEPARATION
*FRICTION
<mu>
***********************************************************
** Physical and material properties

**

***********************************************************
*PHYSICAL CONSTANTS,ABSOLUTE ZERO=0.0,STEFAN BOLTZMANN=5.669E-8
*SOLID SECTION,ELSET=ALL,MATERIAL=GLASS
*MATERIAL,NAME=GLASS
*USER MATERIAL,TYPE=MECHANICAL,CONSTANTS=10
0,0,0,0,0,0,0,0,0,0
*EXPANSION,ZERO=295
0.0
*DENSITY
2200.0
*SPECIFIC HEAT
1221.706205,1273.0
1230.074055,1373.0
1267.729384,1473.0
1322.120413,1573.0
1372.327518,1673.0
1418.350697,1773.0
1447.638174,1873.0
1472.741726,1973.0
*CONDUCTIVITY,TYPE=ISO
<The data are omitted here for space economy. To be inserted here is a listing {thermal
conductivity, absolute temperature}, see Eq. (24).>
*INITIAL CONDITIONS,TYPE=TEMPERATURE
NODALL,<T>
***********************************************************
** Boundary conditions

**
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***********************************************************
*BOUNDARY
MIDDLE,2
AXIS,1
RSNODE,1
RSNODE,6
***********************************************************
** Amplitude curves

**

***********************************************************
*AMPLITUDE,NAME=sink,VALUE=ABSOLUTE,TIME=TOTAL TIME
0.0,<T>,<t_total>,<T>
***********************************************************
** History definition: first step

**

***********************************************************
*STEP,INC=5000,AMP=RAMP,NLGEOM
*COUPLED TEMPERATURE-DISPLACEMENT,DELTMX=0.1
0.0001,<tstep1>,0.00000005,<incr1>
*BOUNDARY
RSNODE,2,,<displ>
*FILM,OP=NEW
TOP,F3NU,<T>,<f3>
SIDE,F2NU,<T>,<f2>
*RADIATE,OP=NEW,AMPLITUDE=sink
SIDE,R2,<T>,<emiss>
*DLOAD
ALL,GRAV,9.81,0.0,-1.0,0.0
*PRINT, FREQUENCY=1,CONTACT=YES,SOLVE=YES
*NODE FILE,NSET=EDGE
COORD
*OUTPUT,FIELD,FREQUENCY=1
*ELEMENT OUTPUT,ELSET=ALL
S
E,NE,LE
ER
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EE,IE,THE
PE,PEEQ,PEMAG
CE,CEEQ,CEMAG
ENER
HFL
COORD,IVOL
ELEN
NFORC,NFLUX,EVOL
*NODE OUTPUT,NSET=NODALL
U,V,A,NT,RF,COORD,RFL
*NODE OUTPUT,NSET=RSNODE
U,V,A,RF,COORD
*CONTACT OUTPUT,SLAVE=TOPSURF
CSTRESS,CDISP
*OUTPUT,HISTORY,FREQUENCY=1
*ELEMENT OUTPUT,ELSET=TOP
S
HFL
*ELEMENT OUTPUT,ELSET=SIDE
HFL
*NODE OUTPUT,NSET=RSNODE
U,RF,COORD
*NODE OUTPUT,NSET=NODALL
U,NT,RF,COORD
*MONITOR,NODE=9999,DOF=2
*END STEP
***********************************************************
** History definition: second step

**

***********************************************************
*STEP,INC=5000,AMP=RAMP,NLGEOM
*COUPLED TEMPERATURE-DISPLACEMENT,DELTMX=0.1
0.0001,<tstep2>,0.00000005,<incr2>
*FILM,OP=NEW
TOP,F3NU,<T>,<f3>
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SIDE,F2NU,<T>,<f2>
*RADIATE,OP=NEW,AMPLITUDE=sink
SIDE,R2,<T>,<emiss>
*DLOAD
ALL,GRAV,9.81,0.0,-1.0,0.0
*PRINT, FREQUENCY=1,CONTACT=YES,SOLVE=YES
*NODE FILE,NSET=EDGE
COORD
*OUTPUT,FIELD,FREQUENCY=1
*ELEMENT OUTPUT,ELSET=ALL
S
E,NE,LE
ER
EE,IE,THE
PE,PEEQ,PEMAG
CE,CEEQ,CEMAG
ENER
HFL
COORD,IVOL
ELEN
NFORC,NFLUX,EVOL
*NODE OUTPUT,NSET=NODALL
U,V,A,NT,RF,COORD,RFL
*NODE OUTPUT,NSET=RSNODE
U,V,A,RF,COORD
*CONTACT OUTPUT,SLAVE=TOPSURF
CSTRESS,CDISP
*OUTPUT,HISTORY,FREQUENCY=1
*ELEMENT OUTPUT,ELSET=TOP
S
HFL
*ELEMENT OUTPUT,ELSET=SIDE
HFL
*NODE OUTPUT,NSET=RSNODE
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U,RF,COORD
*NODE OUTPUT,NSET=NODALL
U,NT,RF,COORD
*MONITOR,NODE=9999,DOF=2
*END STEP

B.2 Stress incrementation
The mechanical response of the glass is modeled as a single-element Maxwell model with
stress-independent coefficients in the UMAT subroutine (and separately in the
MATHEMATICA analysis as shown in section 3.4 Maxwell model). The detour of
programming the code for a Zener-Maxwell model is intended to demonstrate that the code
developed is capable of reproducing data from a separately given ABAQUS example (see
section 6.3 Subroutine UMAT: implementation of the constitutive equation). Starting from
the constitutive equation for the Zener model (Eq. (5)), a scheme for stress incrementation
suitable for programming is derived in the following. In the scope of this section that paves
the way for the UMAT simulation all mechanical coefficients are treated as stress-invariant
and not affected by the small temperature rise (see section 7.9 Dissipative heating). The bulk
viscosity ηb is formally retained although it will be set to infinity later. The strain terms and
the stress terms are uncoupled and first treated separately. The strain-related term StrainTerm
is given by
StrainTerm =
•
•
⎛
G ⎞⎛ • 1
K ⎞
⎞ 1⎛
⎜⎜1 + e ⎟⎟⎜ ε ij − δ ij tr (ε ) ⎟ + ⎜⎜1 + e ⎟⎟δ ij tr (ε ) +
3
K Me ⎠
⎠ 3⎝
⎝ GMe ⎠⎝
Ge ⎛
1
⎞ 1 Ke
δ ij tr (ε )
⎜ ε ij − δ ij tr (ε ) ⎟ +
ηs ⎝
3
⎠ 3 ηb

(B.2.1)

where strain is meant to stand for the mechanical strain only. The mechanical strain is now
reexpressed as total strain minus thermal strain given by the coefficient of thermal expansion

α . Using the replacement rules
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ε ij → ε ij − αδ ij (T − T0 ),
tr (ε ) → tr (ε ) − 3α (T − T0 ),
•

•

(B.2.2)

•

ε ij → ε ij − αδ ij T ,
•

•

•

tr (ε ) → tr (ε ) − 3α T

,

the above expression is modified to
StrainTerm =
•⎛
K ⎞
K
− α T ⎜⎜1 + e ⎟⎟δ ij − α e (T − T0 )δ ij
K Me ⎠
ηb
⎝

+

1⎛K

Ge

G ⎞

(B.2.3)

ε ij + ⎜⎜ e − e ⎟⎟δ ij tr(ε )
ηs
3 ⎝ ηb η s ⎠

•
⎛
G ⎞ • 1⎛ K
G ⎞
+ ⎜⎜1 + e ⎟⎟ ε ij + ⎜⎜ e − e ⎟⎟δ ij tr (ε )
3 ⎝ K Me GMe ⎠
⎝ GMe ⎠

where strain is now the total strain. For brevity it is appropriate to substitute lengthy factors
by Greek auxiliaries
G ⎞
1 ⎛ K e Ge ⎞
1 ⎛ Ke
⎜⎜
⎟⎟ → λ1 ,
⎜⎜
−
− e ⎟⎟ → λ2 ,
3 ⎝ ηb η s ⎠
3 ⎝ K Me G Me ⎠
Ge
G
→ 2 μ1 ,
1 + e → 2μ 2 ,
G Me
ηs
−α

Ke

ηb

→ θ1 ,

⎛
K ⎞
− α ⎜⎜1 + e ⎟⎟ → θ 2
K Me ⎠
⎝

(B.2.4)
.

By now, StrainTerm has been cast into the concise form

StrainTerm =
•

T δ ijθ 2 + (T − T0 )δ ijθ1 + 2 μ1ε ij
•

(B.2.5)
•

+ λ1δ ij tr (ε ) + 2 μ 2 ε ij + λ2δ ij tr (ε ) .
Incrementation of the stress is done by applying the backward difference method because for
most coupled thermal-stress analyses the unconditional stability of the backward difference
operator (implicit method) is desirable [222]. Quantities denoting rates are replaced by the
ratio of a finite change divided by the respective time increment; all other quantities are
augmented by their respective increments. The replacement rules are given by substituting
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ε ij → ε ij + Δε ij , tr (ε ) → tr (ε ) + Δtr (ε ),
•

ε ij →

Δε ij
Δt

•

tr (ε ) →

,

Δtr (ε )

Δt
•
ΔT
T→
Δt

T → T + ΔT ,

,

(B.2.6)
.

Upon multiplication with the time increment and lumping like terms the intermediate result is
StrainTerm ⋅ Δt =
(T − T0 ) Δtδ ijθ1 + ΔTδ ij (Δtθ1 + θ 2 )

(B.2.7)

+ Δtδ ij tr (ε )λ1 + Δtr (ε )δ ij (Δtλ1 + λ2 )

+ 2 Δtε ij μ1 + 2Δε ij (Δtμ1 + μ 2 )

.

Now, in order not to encumber the notation larger terms can be lumped together and the
quantities in brackets are abbreviated with Latin symbols
Δtλ1 + λ 2 → A,

2(Δtμ1 + μ 2 ) → B,

(B.2.8)

Δtθ1 + θ 2 → C ,
giving the final result for the strain-related left-hand side of the constitutive equation as
StrainTerm ⋅ Δt =
AΔtr (ε )δ ij + BΔε ij + CΔTδ ij

(B.2.9)

+ Δt (T − T0 )δ ijθ 1 + Δtδ ij tr (ε )λ1

.

+ 2 Δtε ij μ1

Now, the same procedure needs to be performed for the stress-related terms on the right-hand
side of the constitutive equation. It is, by analogy, labeled StressTerm and defined by
StressTerm =
•

σ ij
2G Me

1⎛ 1
1
+ ⎜⎜
−
3 ⎝ 3K Me 2GMe

•
⎞
⎟⎟δ ij tr (σ ) +
⎠

σ ij 1 ⎛ 1
1 ⎞
⎟δ ij tr (σ )
+ ⎜⎜
−
2η s 3 ⎝ 3ηb 2η s ⎟⎠

(B.2.10)
.

Again, the code is made more easily legible by defining
1⎛ 1
1
⎜⎜
−
3 ⎝ 3ηb 2η s

⎞
⎟⎟ → ϕ 1 ,
⎠

1⎛ 1
1 ⎞
⎜⎜
⎟ → ϕ2,
−
3 ⎝ 3K Me 2GMe ⎟⎠

1
→ 2ψ 1 ,
2η s

(B.2.11)

1
→ 2ψ 2
2GMe

and hence
•

•

StressTerm = ϕ 1δ ij tr (σ ) + ϕ 2δ ij tr (σ ) + 2ψ 1σ ij + 2ψ 2 σ ij .
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(B.2.12)

Upon incrementation

σ ij → σ ij + Δσ ij , tr (σ ) → tr (σ ) + Δtr (σ ),
•

σ ij →

Δσ ij
Δt

•

tr (σ ) →

,

Δtr (σ )
Δt

(B.2.13)
,

the current value of StressTerm is
StressTerm = ϕ 1δ ij (tr (σ ) + Δtr (σ )) +

ϕ 2δ ij

Δtr (σ )
Δt

+ 2ψ 1 (σ ij + Δσ ij ) + 2ψ 2

Δσ ij

(B.2.14)

Δt .

The denominator disappears by multiplication with the time increment. Substituting

ϕ 1Δt + ϕ 2 → D,
2(ψ 1Δt + ψ 2 ) → F ,

(B.2.15)

StressTerm ⋅ Δt =
FΔσ ij + DΔtr (σ )δ ij + Δt (ϕ 1tr (σ )δ ij + 2ψ 1σ ij ) .

(B.2.16)

one arrives at

From this point on it is convenient to separate the discussion of normal and shear stresses.
The convention adopted in ABAQUS is that the stress and strain components are arranged in
vector form with six components, with the three normal components listed first. The presence
of the Kronecker symbol ensures decoupling of the normal and shear components. Hence, in
the two following subsections on normal and shear stress incrementation the vectors are
represented by three components only to economize space.

B.2.1 Normal stress incrementation
For the normal components of the stress and the strain, the indices i and j are identical, thus
δ ij = 1 .
(B.2.17)

The intricacy associated with Eq. (B.2.16) is that the quantity of interest is Δσ ij which
appears together with the increment of the trace of the stress tensor. Thus, the increment
sought depends also on those in the two perpendicular directions. Recursion can be avoided
by summing and equating 3 ⋅ StrainTerm ⋅ Δt and 3 ⋅ StressTerm ⋅ Δt , observing that only
normal components are involved. The result can be solved for the increment of the trace of the
stress tensor. Using the substitutions
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Ke

ηb

→ ω1 , 1 +

1
→ ζ 1,
3η b

Ke
→ ω2 ,
K Me

(B.2.18)

1
→ζ2
3K Me

and

ζ 1 Δt + ζ 2 → G,
ω1 Δt + ω 2 → H ,

(B.2.19)

the increment of the trace of the stress tensor equals
Δtr (σ ) =
1
(H (tr(ε ) − 3αΔT ) + Δt (− ζ 1tr(σ ) + ω1 (tr(ε ) − 3α (T − T0 ) )))
G

(B.2.20)

and can now be inserted into (B.2.16). The symbol ‘trace of’ represents
tr (ε ) = ε xx + ε yy + ε zz ,

(B.2.21)

tr (σ ) = σ xx + σ yy + σ zz .

If the x-component is under consideration

ε ij = ε xx ,

(B.2.22)

σ ij = σ xx .
The increment of a sum equals the sum of increments
Δtr (ε ) = Δε xx + Δε yy + Δε zz ,

(B.2.23)

Δtr (σ ) = Δσ xx + Δσ yy + Δσ zz .

The equality
StressTerm ⋅ Δt = StrainTerm ⋅ Δt

(B.2.24)

can now be solved for the stress increment in the x-direction giving, upon grouping like
terms,
Δσ xx =
Dω 1 ⎞
Dω1 ⎞
Δt ⎛
Δt ⎛
⎜ λ1 + 2 μ1 −
⎟ + (ε yy + ε zz ) ⎜ λ1 −
⎟
F ⎝
G ⎠
F ⎝
G ⎠
DH
DH
A+ B −
A−
G + (Δε + Δε )
G
+ Δε xx
yy
zz
F
F
Dζ 1 ⎞
Dζ 1 ⎞
Δt ⎛
Δt ⎛
− σ xx
⎜ ϕ 1 + 2ψ 1 −
⎟ − (σ yy + σ zz ) ⎜ ϕ 1 −
⎟
F ⎝
G ⎠
F ⎝
G ⎠

ε xx

+ (T − T0 )

3αDω1 ⎞
1⎛
3αDH ⎞
Δt ⎛
⎜θ 1 +
⎟ + ΔT ⎜ C +
⎟
F ⎝
G ⎠
F⎝
G ⎠

(B.2.25)

.

The identical structure in the contributions of the current strain and stress and the current
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strain increment suggests defining the matrix
⎛ 1 1 1⎞
⎟
⎜
c = ⎜ 1 1 1⎟
⎜ 1 1 1⎟
⎠
⎝

(B.2.26)

for terms that are common (hence c ) to both the direction under consideration and the
perpendicular components. The equation for the stress increment is now rewritten in tensor
notation for all normal stress components with the vector definitions
⎛ Δσ xx ⎞
⎛ Δε xx ⎞
⎜
⎟
⎜
⎟
StressIncr = ⎜ Δσ yy ⎟, StrainIncr = ⎜ Δε yy ⎟,
⎜ Δσ ⎟
⎜ Δε ⎟
zz ⎠
⎝
⎝ zz ⎠
⎛ σ xx ⎞
⎛ ε xx ⎞
⎜
⎟
⎜ ⎟
Stress = ⎜ σ yy ⎟,
Strain = ⎜ ε yy ⎟,
⎜σ ⎟
⎜ε ⎟
⎝ zz ⎠
⎝ zz ⎠
⎛1⎞
⎛1⎞
⎛ 1⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
TIncr = ΔT ⎜1⎟, Temp = T ⎜1⎟, Temp0 = T0 ⎜1⎟ .
⎜1⎟
⎜1⎟
⎜ 1⎟
⎝ ⎠
⎝ ⎠
⎝ ⎠

(B.2.27)

The ABAQUS manual suggests the term DDSDDE for the Jacobian of the constitutive
equation defining the relation between the stress increment and the strain increment. It is
given by
DDSDDE =

DH
G c+ B1
F
F

A−

(B.2.28)

where 1 stands for the identity matrix. The stress increment and the current strain are linked
by a tensor that, by analogy, may be called
DDSDE =

Dω 1 ⎞
Δt ⎛
Δt
⎜ λ1 −
⎟c + 2 μ11 .
F ⎝
G ⎠
F

(B.2.29)

The stress increment further depends on the stress before incrementation. They are linked by
DDSDS = −

Dζ 1 ⎞
Δt ⎛
Δt
⎜ϕ1 −
⎟ c − 2 ψ 11 .
F ⎝
G ⎠
F

(B.2.30)

The contribution to the stress increment imposed by the temperature increment (depending
both on normal and shear stress dissipation) is given by
⎛ C 3αDH ⎞
DDSDDT = ⎜ +
⎟1 .
FG ⎠
⎝F
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(B.2.31)

The current temperature provides an augmentation relative to
DDSDT =

3αDω1 ⎞
Δt ⎛
⎜θ1 +
⎟1.
F⎝
G ⎠

(B.2.32)

With the above tensor definitions the stress incrementation is cast into the final form of a sum
of matrix-vector products
StressIncr =
DDSDDE.StrainIncr + DDSDE.Strain +
DDSDS .Stress + DDSDDT .TIncr +
.
DDSDT .(Temp − Temp0 )

(B.2.33)

This is the result for the normal stress incrementation. The code furnishes separable
expressions whose contributions to the stress increment can be studied individually.
The derivation allowed for the distinction between total and mechanical strains, i.e., the
thermal strains to be computed separately. All simulations, however, list the keyword
*EXPANSION in the input-file (see section B.1 ABAQUS input deck) and thus all strain
values in the UMAT-subroutine are by default the mechanical strains only. The above
calculation is still valid, but the coefficient of thermal expansion α is formally set to zero. It
follows

θ1 = θ 2 = C = 0

(B.2.34)

which makes all temperature-related terms in the coefficients drop out and this is the cause
why they do not appear in the program code (section B.4 Subroutine UMAT in Fortran code).
Whether the expansion is defined in the input file or not, stresses and strains created by
thermal expansion can be investigated either way in materials with non-negligible thermal
expansion. Further, DDSDT can be set to zero irrespective of the place where the expansion is
computed as the bulk viscosity can be assumed infinite.
Further, in the more elementary version, if the coefficients of the single spring in the purely
elastic arm are set to zero in the numerators of the constituting equation, the model reverts to
a single-element Maxwell model and the code is considerably simplified with
1
2

λ1 = λ2 = μ1 = θ1 = ω1 = A = 0, μ 2 = ,
θ 2 = C = −α , B = H = ω 2 = 1
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(B.2.35)
.

The matrices
DDSDE = DDSDT = 0

(B.2.36)

vanish ( 0 is the zero matrix).

B.2.2 Shear stress incrementation
Unequal indices i and j identify the components of the shear stresses, and hence
δ ij = 0 .

(B.2.37)

The stress increment is given by
Δσ ij =

1
(BΔε ij + 2Δt (μ1ε ij − ψ 1σ ij )) .
F

(B.2.38)

The ABAQUS convention demands that shear strains be given in terms of γ ij ; the conversion

ε ij =

γ ij

,
2
Δγ ij
Δε ij =
2

(B.2.39)

yields
Δσ ij =

B
Δt
Δt
Δγ ij + γ ij
μ1 − 2ψ 1σ ij
.
F
F
2F

(B.2.40)

Again, the quantity linking the stress increment to the strain increment is termed DDSDDE,
but this time the stress increment is independent of the stress increments perpendicular to the
component under consideration:
B
1.
2F

(B.2.41)

Δt
μ11
F

(B.2.42)

DDSDDE =
The contribution of the current strain is computed by
DDSDE =
and the one of the current stress tensor by
DDSDS = −2
With the definitions
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Δt
ψ 11 .
F

(B.2.43)

⎛ Δσ ij ⎞
⎛ Δγ ij ⎞
⎟
⎜
⎜
⎟
StressIncr = ⎜ Δσ ik ⎟, StrainIncr = ⎜ Δγ ik ⎟,
⎜ Δσ ⎟
⎜ Δγ ⎟
jk ⎠
⎝
⎝ jk ⎠
⎛ γ ij ⎞
⎜ ⎟
Strain = ⎜ γ ik ⎟
⎜γ ⎟
⎝ jk ⎠

⎛ σ ij ⎞
⎟
⎜
Stress = ⎜ σ ik ⎟,
⎜σ ⎟
⎝ jk ⎠

(B.2.44)
,

the formula for stress incrementation is formally identical to the one for the normal stress
incrementation, namely
StressIncr =
DDSDDE .StrainIncr + DDSDE .Strain + DDSDS .Stress .

(B.2.45)

With the assumption of a simple Maxwell model terms simplify to

ηs

DDSDDE =

Δt +
DDSDS = −

ηs

1, DDSDE = 0,

GMe
Δt

Δt +

ηs

(B.2.46)
1

.

GMe

The shear stress relaxation time constant η s / G Me emerges in these terms.

B.3 Internal heat generation
The total internal heat generation rate (dissipated energy per time and volume) given by the
quantity RPL (defined as “volumetric heat generation per unit time at the end of the increment
caused by mechanical working of the material” in ABAQUS) is programmed as the
summation of the power dissipation of all components of the stress tensor (Eq. (19)) and is an
integral part of the subroutine UMAT, but discussed here separately for the sake of lucidity.
The code is listed in the section B.4 Subroutine UMAT in Fortran code. As the experiments
are considered isothermal the derivative of RPL with respect to temperature is immaterial and
therefore omitted. The ABAQUS output capabilities allow to write the quantity RPL into a
separate file to monitor internal heat generation. It is compared with the one calculated in the
step-by-step analysis (Eq. (20)). The rate of energy dissipation computed by the finite-element
code shows good agreement with the one computed analytically. This is shown in Figure
B.3-1 for the same experiment for which the net temperature rise is depicted in Figure 7.9-3.
In this particular experiment the maximum stress in the simulation was a bit lower than
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measured, therefore the peak values do not coincide. The values of RPL are effectively
identical in all corner elements of the simulation (see Figure 6.1-1). Thus, the spread in net
temperature rise between the mesh corner points in Figure 7.9-3 is an effect of heat flow.

Figure B.3-1: Total internal heat generation rate in the experiment for which the net
temperature rise is depicted in Figure 7.9-3. Black: analytical (MATHEMATICA analysis,
Eq. (20)), blue: numerical (ABAQUS quantity RPL, Eq. (19)) where the curves for RPL
effectively superpose for all corner elements in the simulation.

Attention must be paid to the fact that the derivation of RPL was programmed for the pure
Maxwell model whereas the mechanical part describes a standard linear solid (Maxwell-Zener
model). In other words, the elastic coefficients of the purely elastic arm in the standard linear
solid are set to zero by default for the computation of RPL. If RPL is to be computed for the
standard linear solid, the total stress must be correctly apportioned, i.e., the stress in this
single spring must be subtracted from the total stress as only viscous stress and viscous strain
rate contribute to dissipation.

189

B.4 Subroutine UMAT in Fortran code
The following listing of a UMAT subroutine is the numerical algorithm to code the governing
equation for the stress increments and RPL. The code is given along with numerical values for
one of the experiments.
***********************************************************
** User subroutines
*
***********************************************************
*USER SUBROUTINES
SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD,SCD,
1 RPL,DDSDDT,DRPLDE,DRPLDT,
2 STRAN,DSTRAN,TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED,CMNAME,
3 NDI,NSHR,NTENS,NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT,
4 CELENT,DFGRD0,DFGRD1,NOEL,NPT,LAYER,KSPT,KSTEP,KINC)
C
INCLUDE 'ABA_PARAM.INC'
C
CHARACTER*80 CMNAME
DIMENSION STRESS(NTENS),STATEV(NSTATV),
1 DDSDDE(NTENS,NTENS),
2 DDSDDT(NTENS),DRPLDE(NTENS),
3 STRAN(NTENS),DSTRAN(NTENS),TIME(2),PREDEF(1),DPRED(1),
4 PROPS(NPROPS),COORDS(3),DROT(3,3),DFGRD0(3,3),DFGRD1(3,3)
C
REAL KE, GE, KMe, GMe, GV, KV, alpha
REAL lambda1, lambda2, mu1, mu2, theta1, theta2
REAL phi1, phi2, psi1, psi2
REAL omega1, omega2, zeta1, zeta2
REAL A, B, C, D, F, G, H
REAL SIGsq, TrSIG, SIGterm
C
REAL, DIMENSION(NTENS,NTENS):: DDSDE
REAL, DIMENSION(NTENS,NTENS):: DDSDS
REAL, DIMENSION(NTENS):: SIGold
C
SAVE
C
C COEFFICIENTS
C
KE = 0.0
GE = 0.0
KMe = 1.7025E+10
GMe = 2.34047E+9
GV = 2.13522E+10
C KV = infinite
alpha = 0.0
C
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lambda1 = ( - GE/GV + 0.0 ) / 3.0
lambda2 = ( - GE/GMe + KE/KMe ) / 3.0
mu1 = GE/(2.0*GV)
mu2 = ( 1.0 + GE/GMe )/ 2.0
theta1 = 0.0
theta2 = - alpha*( 1.0 + KE/KMe )
phi1 = - 1.0/(6.0*GV) + 0.0
phi2 = - 1.0/(6.0*GMe) + 1.0/(9.0*KMe)
psi1 = 1/(4.0*GV)
psi2 = 1/(4.0*GMe)
omega1 = 0.0
omega2 = 1.0 + KE/KMe
zeta1 = 0.0
zeta2 = 1/(3.0*KMe)
C
A = lambda1*DTIME + lambda2
B = 2.0*mu1*DTIME + 2.0*mu2
C = theta1*DTIME + theta2
D = phi1*DTIME + phi2
F = 2.0*psi1*DTIME + 2.0*psi2
G = zeta1*DTIME + zeta2
H = omega1*DTIME + omega2
C
C CREATE JACOBIAN
C
C DEFINE TENSOR COEFFICIENTS RELATED TO NORMAL STRESSES
C
DO K1=1,NDI
DO K2=1,NDI
DDSDDE(K2,K1) = ( A - D*H/G )/F
DDSDE(K2,K1) = DTIME*( lambda1 - D*omega1/G )/F
DDSDS(K2,K1) = DTIME*( - phi1 + D*zeta1/G )/F
END DO
DDSDDE(K1,K1) = ( A + B - D*H/G )/F
DDSDE(K1,K1) = DTIME*( lambda1 + 2.0*mu1 - D*omega1/G )/F
DDSDS(K1,K1) = DTIME*( - phi1 - 2.0*psi1 + D*zeta1/G )/F
END DO
C
C DEFINE TENSOR COEFFICIENTS RELATED TO SHEAR STRESSES
C
DO K1=NDI+1,NTENS
DDSDDE(K1,K1) = B/(2.0*F)
DDSDE(K1,K1) = DTIME*mu1/F
DDSDS(K1,K1) = - 2.0*DTIME*psi1/F
END DO
C
C STORE PRESENT STRESS STATE IN ARRAY SIGold
C
DO K1=1, NTENS
SIGold(K1) = STRESS(K1)
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END DO
C
C UPDATE STRESSES
C
DO K2=1,NTENS
DO K1=1,NTENS
STRESS(K2) = STRESS(K2) + DDSDDE(K2,K1)*DSTRAN(K1)
1
+ DDSDE(K2,K1)*STRAN(K1)
2
+ DDSDS(K2,K1)*SIGold(K1)
END DO
END DO
C
C VOLUMETRIC HEAT GENERATION
C
RPL = 0.0
SIGsq = 0.0
TrSIG = 0.0
SIGterm = 0.0
SIGsq = STRESS(1)*STRESS(1) + STRESS(2)*STRESS(2) +
1
STRESS(3)*STRESS(3) + 2.0*STRESS(4)*STRESS(4) +
2
2.0*STRESS(5)*STRESS(5) + 2.0*STRESS(6)*STRESS(6)
DO K1=1,NDI
TrSIG = TrSIG + STRESS(K1)
END DO
SIGterm = SIGsq - TrSIG*TrSIG/3.0
RPL = SIGterm/(2.0*GV)
C DRPLDT = 2.3026*RPL*VFTB/((TEMP+DTEMP-VFTT0)**2.0)
C
IF (NOEL.EQ.1901 .AND. NPT.EQ.1) THEN
open(15,file='Exp.rpl',position='append')
write(15,*) TIME(2), RPL
close(15)
END IF
C
RETURN
END
C

B.5 Modeling of thermal interactions
The thermal interaction is modeled using the commands
*FILM,OP=NEW
TOP,F3NU,<T>,<f3>
SIDE,F2NU,<T>,<f2>
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*RADIATE,OP=NEW,AMPLITUDE=sink
SIDE,R2,<T>,<emiss>
in the input file loading history [3]. The quantities to be replaced from experiment to
experiment in every simulation are given in brackets. The interaction by conduction and
convection is coded in a separate subroutine called automatically from the ABAQUS code
with the starting values f2 and f3. The temperature in Kelvin is denoted by ‘T’, the emissivity
by ‘emiss’ and ‘sink’ is the sink temperature. The exterior face names F3, F2 and R2 of the
element sets TOP and SIDE, on which the heat exchange occurs (defined in section B.1
ABAQUS input deck), are prescribed by the ABAQUS nomenclature. Through the faces
identified by the label ‘2’ heat is lost both by convection and radiation. The following
subroutine computes heat conduction into the piston and heat convection into the ambient air
by curve fits to the film heat transfer coefficients evaluated in the section 5.2 Analytical
procedure.

*USER SUBROUTINES
SUBROUTINE FILM(H,SINK,TEMP,KSTEP,KINC,TIME,NOEL,NPT,
1 COORDS,JLTYP,FIELD,NFIELD)
C
INCLUDE 'ABA_PARAM.INC'
C
DIMENSION H(2),TIME(2),COORDS(3), FIELD(NFIELD)
C
REAL E, t, tstep1
C
SAVE
C
E = 2.71828
C
t = TIME(2)
C
tstep1 = <time of loading to be inserted here>
C
sink = <sink temperature in Kelvin to be inserted here>
C
IF (JLTYP.EQ.13) THEN
IF (t.LE.tstep1) THEN
H(1) = <conduction heat transfer coefficient during loading as function of time>
END IF
IF (t.GT.tstep1) THEN
H(1) = <conduction heat transfer coefficient at end of loading >
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END IF
H(2) = 0.0
END IF
C
IF (JLTYP.EQ.12) THEN
IF (t.LE.tstep1) THEN
H(1) = <convection heat transfer coefficient during loading as function of time>
END IF
IF (t.GT.tstep1) THEN
H(1) = <convection heat transfer coefficient during relaxation as function of time>
END IF
H(2) = 0.0
END IF
C
RETURN
END
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