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If, more generally, the volume is irregular in shape and the emissivity is not constant
throughout, one could write (47) as

➡ S(n, T ) = 1
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where the integral is over the volume of the source.

Specific intensity and flux density compared

What information can one gain about the source itself from S or I? Substitute (37) into (47)
to obtain, after rearranging the terms with R,

S(n, T ) = C1 g(n, T )
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where we again take Z = 1 and ni = ne, for a hydrogen plasma. Compare this with the expres-
sion (43) for specific intensity I(n , T), which we rewrite for a measurement through the center
of the sphere (i.e., for ⌳ = 2R) as follows:

I (n, T ) = C1 g(n, T )
e−hn/kT
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With these two equations, (49) and (50), the relative merits of measuring S and I are readily
apparent. The frequency dependence is the same in the two cases. In either instance the tem-
perature can be extracted from two measurements. The product, C1 g(n , T) exp(−hn/kT) T−1/2

at some frequency n is thus determined if one knows the appropriate Gaunt function.
The same two measurements also yield the value of a second “unknown” – namely, the

product of the other unknown terms in the expression. In the case of the I measurement (50),
this product is ne

2 2R, the emission measure. In the case of the S measurement (49), it is ne
2 R �,

where � =πR2/r2 is the solid angle of the source. One can not find the emission measure
because, by our terms, � is not known. If it were, we would measure I and use (50).

One clearly learns more from the I measurement, but such a measurement is only possible
if the telescope’s resolution is sufficient to determine the source, size and hence its solid angle
�. The source must be of sufficient angular size to fill the “beam” of at least one pixel in the
image plane of the telescope.

Problems

5.2 Hot plasma

Problem 5.21. (a) Formally write the requirement on temperature implied by the stipulation that
the electrons in a thermal plasma not be relativistic. Require that the average kinetic energy
of the particles (that obey the Maxwell–Boltzmann distribution) be much less than the rest
energy mc2 of the electron. Give the limiting value of temperature. Use SI units. (b) A plasma
emits most of its energy in x rays in the energy range 1−20 keV. If the average particle energy
is comparable to the photon energies, will the classical approximation apply to this plasma?
[Ans. ∼109 K; –]
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5.3 Single electron-ion collision

Problem 5.31. (a) In a thermal nonrelativistic hydrogen plasma, by what factor will the root-
mean-square (rms) velocity of the electron exceed the rms velocity of the protons? (b) In a
given electron-proton collision, by what factor will the acceleration of the electron exceed
that of the proton? (c) Do you think electron-electron collisions are important sources of
radiation? Why? Hint: think about electric fields. [Ans. ∼40; ∼2000; no (why?)]

Problem 5.32. Derive Larmor’s formula (10) beginning with the expression for the radiated
transverse electric vector (4). Follow the suggestions in the text and fill in the missing steps
and calculations, including demonstrating that the expression for Poynting vector (5) follows
from the energy densities given for electric and magnetic fields.

5.4 Thermal electrons and single ion

Problem 5.41. Convert the Maxwell–Boltzmann momentum probability P(p) (3.11) to the veloc-
ity probability P(v) (29) and (30). Follow the suggestions in the text. Argue from your result
that the probability of finding vector velocity v is that given in (30).

Problem 5.42. Substitute the values of P (n , v), P(v) and vmin given in (27), (30), and (33) into
(35). Carry out the integration to obtain the spectral distribution jn (n) (36). By what factor
does your answer differ from (30)? (Assume the Gaunt factor is precisely unity, g = 1.) This
is an indication of the effect our approximations had on the final result. [Ans. ∼0.4].

5.5 Spectrum of emitted photons

Problem 5.51. A hydrogen plasma from a companion star accretes (flows) onto a white dwarf
star of radius 8000 km and mass 0.5 M�. The rate of plasma flow onto the white dwarf is
10−9 M� per year. The plasma is guided to one pole of the white dwarf by the magnetic
field in such a way that it impinges on only 1% of the star’s surface. The kinetic energy of
the plasma gained in the fall from “infinity” is suddenly reduced to near zero as the matter
is abruptly slowed in a shock just above the surface; the matter then settles slowly down to
the surface. The thin (1-m deep) region just below the shock effectively absorbs all the infall
energy. This thin region thus contains a very hot plasma; it is optically thin with mass density
r = 10−2 kg/m3. (a) What is the number density of ions ni in the shock region? Assume
a plasma of pure hydrogen. (b) Calculate the potential energy lost per second (J/s) by the
accreting material as it falls from “infinity.” (c) This energy is converted to thermal energy
in the thin postshock region. What is the power (J/s) deposited in 1 m3 of this region? (d)
The radiated power from this region equals the input accretion power (J/s) in the steady-state
condition. Use j(T) (39) to find the equilibrium temperature of the plasma. Let the Gaunt
factor be unity. What is the band of radiation (radio? gamma ray?, etc.) that corresponds to
this temperature? [Ans. ∼1025 m−3; ∼1027 W; ∼1014 W/m3; ∼108 K]

Problem 5.52. (a) Consider the volume emissivity of an optically thin plasma emitting thermal
bremsstrahlung radiation at temperature T. Integrate the expression for jn (n) (37) from fre-
quency n1 to fn1 to obtain the power radiated in a fixed logarithmic frequency interval; if
f = 10, your result would give the power in one decade as a function of frequency. Demon-
strate that the power drops rapidly at both hn � kT and hn � kT. Let g = Z = 1. (b) Find the
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frequency at which the power in a fixed logarithmic interval is at a maximum as a function of
n . To obtain a final solution, let the interval factor f become infinitely close to unity, f =1+´
for ´ � 1. How does hn compare with kT at the maximum as ´ → 0? [Ans. –; hn ≈ kT]

Problem 5.53. (a) Verify the result of the integration of jn (n , T) to obtain j(T) for g = 1; see (39).
(b) The Orion nebula, an H II region, is radiating by thermal bremsstrahlung. Consider it to
be spherical (radius R = 8 LY), optically thin, and at temperature T = 8 000 K throughout. Let
Z = 1, g = 1, and ne = ni = 6 ×108 m−3. Find the luminosity (W) of the entire nebula in terms
of solar luminosities. (c) In what wavelength bands will the power from the Orion nebula be
radiated? [Ans. –; ∼ 104 L�; IR]

5.6 Measurable quantities

Problem 5.61. Consider a cylindrical nebula at distance r with the circular end (radius R � r)
facing the observer and with length 3R along the line of sight. It is optically thin and has
uniform volume emissivity jn ,0 (W m−3 Hz−1) throughout. (a) Use (42) and (46) to obtain
an expression for the spectral flux density S(n) as a function of jn ,0, R, and r. Hint: how does
the solid angle depend on R and r? (b) Now, find again the spectral flux density S(n) by
first calculating the specific luminosity Ln (W/Hz) of the nebula. Hint: note (47). You should
obtain the same answer as in (a). [Ans. ∼ jn ,0 R3/r2; –]

Problem 5.62. (a) Find the specific intensity I (W m−2 Hz−1 sr−1) you would expect to measure
from the Orion nebula from thermal bremsstrahlung radiation on the flat part of its spectrum
on a log-log plot where it is optically thin. Use its temperature, composition, electron density,
size, and Gaunt factor as given in the statement of Problem 53 above. Begin by finding the
volume emissivity. Assume a cloud thickness along the line of sight equal to its diameter 16
LY. (b) Find the spectral flux density S (W m−2 Hz−1) for the nebula as a whole. The angular
diameter of the nebula is ∼35�. Assume your answer to (a) is valid over the entire angular
extent of the nebula. Compare your answer with the measured value of 4400 Jy at 15 GHz. (1
Jy = 1.0 ×10−26 W m−2 Hz−1 sr−1) (c) Find the spectral flux density S of this plasma in the
optical V band (effective frequency 5.5 ×1014 Hz). What is the expected V magnitude of the
nebula? (V = 0 corresponds to 3600 Jy; see AM, Chapter 8). Compare with the actual value,
V ≈ 4. [Ans. ∼10−19 W m−2 Hz−1 sr−1; ∼3000 Jy; ∼4 mag]


