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Thermal bremsstrahlung radiation

What we learn in this chapter

A hot plasma of ionized atoms emits radiation through the Coulomb collisions of the
electrons and ions. The electrons experience large accelerations in the collisions and thus
efficiently radiate photons, which escape the plasma if it is optically thin. The energy Q
radiated in a single collision is obtained from Larmor’s formula. The characteristic
frequency of the emitted radiation is estimated from the duration of the collision, which,
in turn, depends on the electron speed and its impact parameter (projected distance of
closest approach to the ion). Multiplication of Q by the electron flux and ion density and
integration over the range of speeds in the Maxwell–Boltzmann distribution yield the
volume emissivity jn (n) (W m−3 Hz−1), the power emitted from unit volume into unit
frequency interval at frequency n as a function of frequency. It is proportional to the product
of the electron and ion densities and is approximately exponential with frequency. A slowly
varying Gaunt factor modifies the spectral shape somewhat. Most of the power is emitted at
frequencies near that specified by hn ≈ kT.

Integration of the volume emissivity over all frequencies and over the volume of a plasma
cloud results in the luminosity of the cloud. By integrating over the line of sight through a
plasma cloud, one obtains, the specific intensity I (W m−2 Hz−1 sr−1), which is directly
measurable. The specific intensity is proportional to the emission measure (EM), which is
the line-of-sight integral of the product of the electron and ion densities. Integration of
the specific intensity over the solid angle of a source yields the spectral flux density
S (Wm−2 Hz−1).

Measurement of the spectrum can provide two basic parameters of the plasma cloud, its
temperature and its emission measure, without knowledge of its distance. H II regions
that are kept ionized by newly formed stars are copious emitters of thermal bremsstrahlung
radiation such as those in the W3 complex of radio emission. Clusters of galaxies
commonly contain a plasma that has been heated to x-ray temperatures. In both cases,
the radiation detected at the earth reveals the nature of the astronomical plasmas. The x-ray
spectra from astrophysical plasmas are rich in spectral lines. Here we develop the
continuum spectrum from first principles.
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182 Thermal bremsstrahlung radiation

5.1 Introduction

Coulomb collisions between electrons and ions in a hot ionized gas (plasma) give rise to
photons because electrons are decelerated by the Coulomb forces and thereby emit radiation.
The German word bremsstrahlung means “braking radiation.” These near collisions are free-
free transitions because they are transitions from one free (unbound) state of the atom to
another such state. If the gas is in thermal equilibrium, the velocities of the ions and electrons
will obey the Maxwell–Boltzmann distribution (Section 3.2).

One can further assume that the gas is optically thin – that is, the emitted photons escape
the plasma without further absorption or interaction. This and the assumptions of nonrela-
tivistic particle speeds and small interaction energy losses make a relatively straightforward
classical derivation of the continuum spectrum of the emitted photons possible. To be pre-
cise, one would call this radiation “thermal bremsstrahlung radiation from an optically thin,
nonrelativistic plasma.”

Our derivation here will yield the volume emissivity jn as a function of frequency n and
temperature T. For an ionized hydrogen gas with free electron density ne throughout its
volume, the result is

Jn (n, T ) ∝ g(n, T )n2
e T −1/2e−hn/kT , (W m−3 Hz−1; volume emissivity;

hydrogen plasma) (5.1)

where h and k are the Planck and Boltzmann constants, respectively. In AM, we suppressed
the subscript in jn , but here we keep it to distinguish it from the integrated (over frequency)
volume emissivity j (W m−3).

The volume emissivity (W m−3 Hz−1) is the power emitted from unit volume of the plasma
at some frequency in unit frequency interval. The Gaunt factor g(n , T) is a slowly varying
(almost constant) function of frequency that modifies the shape of the spectrum somewhat. If
it is treated as a constant, the spectrum emitted by a plasma at some temperature T becomes
a simple exponential. This reflects the exponential distribution of the Maxwell–Boltzmann
distribution of emitting particle speeds.

The observed specific intensity I(n , T) (W m−2 Hz−1 sr−1) in a view direction that inter-
cepts the plasma may be derived from the volume emissivity jn (n , T) according to the relation
4π I = jn,av⌳ (AM, Chapter 8), where jn,av is the average volume emissivity along the line
of sight and ⌳ is the line-of-sight depth or thickness (m) of the plasma. The conversion from
jn to I is purely geometrical; thus, the variation with n and T is the same for both functions.
Both are approximately exponential as follows:

I (n, T ) ∝ g(n, T )n2
e T −1/2e−hn/kT ⌳. (W m−2 Hz−1 sr−1; specific

intensity; hydrogen plasma) (5.2)

The objective of this chapter is to derive jn (n , T) from fundamental principles and thereby
to find I(n , T). The exponential version (without the Gaunt factor) will be obtained in a
semiquantitative classical derivation. Such a derivation makes use of approximations while
keeping track of the physics.

We use the several quantities that describe energy content and flow of photons (e.g., the
specific intensity I, the volume emissivity jn , and spectral flux density S). These quantities
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and their units are summarized in the appendix, Table A4. Their basic characteristics are
developed in AM, Chapter 8.

5.2 Hot plasma

A plasma of electrons and ions will exist if collisions between atoms (or between electrons
and ions) are sufficiently energetic to keep the gas ionized through the ejection of atomic
electrons. In other words, the gas must have a sufficiently high temperature T. For a monatomic
gas in thermal equilibrium and therefore with the Maxwell–Boltzmann distribution of speeds,
the temperature gives the average translational kinetic energy (mv2/2)av of the atoms, from
(3.35), as

3

2
kT =

�
1

2
mv2

�

av

, (Defines temperature) (5.3)

where m and v are, respectively, the mass and thermal speed of an individual atom. This
relation also applies separately to the electrons and ions in a plasma. If the two species are
in thermal equilibrium, their average kinetic energies will be equal.

Consider a plasma consisting only of ionized hydrogen (i.e., protons and electrons). If
the kinetic energies are in excess of 13.6 eV, one might expect the gas to be mostly ionized.
According to (3), this corresponds to a temperature T�105 K. In fact, the required temperature
also depends on the particle densities because collisions between an electron and a proton
can lead to their recombination into a neutral atom – possibly only momentarily.

The fraction of atoms ionized at a given instant is called the degree of ionization, which is
a complicated function of the physical conditions called the Saha equation quoted in (4.15).
It turns out that, for hydrogen plasmas at the low densities encountered in astrophysics,
collisional recombination is small, and so a hydrogen gas becomes almost totally ionized at
the relatively low temperature of T ≈ 20 000 K.

In the present derivation, the plasma is assumed to be completely ionized and to consist of
electrons of charge −e and ions of charge + Ze, where Z is the atomic number. The simplest
plasma is a hydrogen plasma (Z = 1) of electrons and protons. We take the plasma to be
in thermal equilibrium; thus, the average kinetic energy of the ions is equal to that of the
electrons. Because the electron mass is much less than the proton mass (1/1836), the electrons
in a hydrogen plasma move about 40 times faster than the protons. This speed difference is
even more pronounced in the presence of heavier ions. We therefore consider the ions to be
stationary with fast-moving electrons being accelerated by them (Fig. 5.1).

In general, the collisions are a quantum phenomenon. The electromagnetic force itself is
an exchange of virtual photons of which a few escape to become observable. For slowly
moving particles and relatively near collisions, the number of virtual photons involved is
large, and classical approximations are appropriate. The nonrelativistic speeds (v � c) in our
plasma are in accord with this.

The classical approximation also requires that the electrons emit photons with energies
hn substantially less than their own kinetic energies. If the latter condition is not met, most
of the electron’s energy could be radiated away with only a few quanta, and quantum effects
would be important. We further assume that the energy loss of an electron, integrated over
an entire collision, is only a small part of the electron energy. Despite these restrictions, the
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Fig. 5.1: Cloud of plasma (ionized gas) giving rise to photons owing to the near collisions of the
electrons and ions. The electrons are accelerated and thus emit radiation in the form of photons.
The line-of-sight thickness of the cloud is ⌳.

classical approximation yields a distribution of photon energies that is valid for a wide range
of situations.

The free-free radiation derived here yields a continuum spectrum (i.e., without spectral
lines). In practice, the continuously ionizing and recombining atoms undergo many bound-
bound transitions, which yield spectral lines. Ionized plasmas are thus rich in spectral-line
emission. Transitions in plasmas can be detected in the radio band between the closely spaced,
very high levels of hydrogen; in the optical band as, for example, the hydrogen Balmer spectral
lines; and in the x-ray band as spectral lines of heavy elements.

We take the density of electrons to be sufficiently low that the photons escape the plasma
with negligible probability of interaction; that is, the optical depth t is small, t � 1 (see
AM, Chapter 10 for more on t .) The validity of this assumption in a given case depends
on the frequency of the radiation. The plasma in a typical emission nebula (e.g., the Orion
nebula) is transparent to high-frequency radio photons and opaque to lower-frequency radio
waves. Our calculation here is no longer valid in the latter case. Rather, the optically thick
(blackbody) radiation presented in Chapter 6 would apply.

The classical semiquantitative derivation in this chapter consists of finding the following
quantities in order:

(i) the radiative energy emitted by a single electron during its near collision with a proton;
(ii) a relationship between electron speed, impact parameter, and the frequency of the emitted

radiation;
(iii) the power emitted at frequency n into dn by all the electrons of different speeds (the

Maxwell–Boltzmann distribution) that collide with a single proton;
(iv) the emitted power at frequency n from all collisions in a 1-m3 volume, which is the

volume emissivity jn (n , T);
(v) the integrated (over frequency) volume emissivity j(T); and

(vi) the specific intensity I(n , T) in terms of the line-of-sight thickness of the plasma.
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Fig. 5.2: (a) Electric and magnetic field vectors, E and B, at the position r, u at time t that arise
from the horizontal acceleration a of a positive charge at the earlier time, t� = t − r/c. The two
planes shown are normal to the propagation vector k = (2π/l) k̂, where the hat indicates a unit
vector. The E and B fields are constant over the entire right-hand plane. (b) Dipole radiation pattern
for a vertical acceleration a of a positive charge. The radial distance ri along the line of sight from
the origin to the intercept of the circle represents the relative magnitude of the transverse electric
vector. At a fixed observer distance r, the magnitude varies as sin u; see (4). The radiated power
is ∝ E2. The radiated B vector points into the paper.

5.3 Single electron-ion collision

Consider the collision of a single electron with a single ion. As noted above, the velocities
of the ions are on average much less than those of the electrons because both components
are in thermal equilibrium. Furthermore, in a given collision, the acceleration of the ion is
much less than that of the electron owing to momentum conservation or Newton’s third law.
Thus, we can consider the electron to be traveling through a stationary region of electric
field and neglect radiation from accelerating ions. We begin with a brief review of a radiation
basics.

Radiation basics

Radiated electric vector

The instantaneous pattern of electric-field lines of a charge q moving in a straight line at
speed v � c is isotropic (Fig. 7.3a). If this nonrelativistic charge undergoes acceleration, the
field lines become distorted, and these distortions propagate outward at speed c to form a
propagating electromagnetic wave that consists, at large distances, of transverse electric and
magnetic vectors (Fig. 5.2a).

The propagating electric vector E due to a previous instantaneous acceleration lies in the
plane of acceleration vector a and the propagation direction k (Fig. 5.2a). For a positive
charge, the E vector is directed opposite to, and has amplitude proportional to, the projection
an of a on the plane normal to the line of sight. In addition, its amplitude is proportional to
charge q and varies with distance as 1/r. The energy flux ∝ E2 will thus decrease as 1/r2, as
required by energy conversation. For a negative charge, the E vector is reversed; it is in the
direction of an.
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These considerations tell us that the magnitude of the radiated transverse electric field is
Etr ∝ qan/r = (qa/r) sin u. The full expression in SI units, not derived here, is

E(r , t) = Etrn̂ = qa(t �) sin u

4π´0c2r
n̂

= q

4π´0c2r
(a× k̂)× k̂, (Transverse electric vector; V/m; v � c) (5.4)

where a is the magnitude of the acceleration vector and n̂ is the unit vector in the transverse
direction normal to k in the plane of k and a and opposed to the direction of the projection
an. The quantity a sin u may be expressed as the double cross product shown in (4). The
argument t� reminds us that the acceleration a took place at the earlier time t� = t −(r/c),
where t is the time of detection of E at distance r (Fig. 5.2a). This expression is valid only
if the charge is moving, relative to the observer, at substantially less than the speed of light,
v � c.

The angular dependence of Etr is illustrated graphically in Fig. 5.2b. Here the acceleration
is directed upward. The distance ri from the origin to the intercept of the line of sight with the
outer boundary of the doughnut-shaped pattern (a toroid) represents the relative magnitude
of the field at that angle for a fixed observation distance r. The intercept distance and hence
the amplitude vary as the sine of the angle from a. The magnitude is zero at the pole and
maximum at u = 90◦. The power radiated is ∝ E2, and so the angular distribution of power
is much more strongly peaked in the equatorial directions than the toroid of Fig. 5.2b. This
is a dipole radiation pattern.

A propagating transverse E vector in a vacuum is always associated with a propagating
magnetic vector B of magnitude E/c (in SI units). It is at right angles to both E and k such
that the direction E ×B gives the propagation direction k. In Fig. 5.2a, B is out of the paper,
and in Fig. 5.2b it is into the paper.

In Fig. 5.2a,b, we show only an instantaneous pulse of E and B that propagates outward
owing to a prior instantaneous acceleration of the charge. Subsequent vectors arriving at the
observer will reflect the acceleration of the charge at later times. For example, if the charge
position oscillates, in position vertically, the observer will detect an oscillating, linearly
polarized E field with an associated oscillating B field.

Poynting vector

At a given point in space at some time t, the energy flux density �(W/m2) carried by an
electromagnetic wave depends only on the instantaneous values of the component vectors E
and B of the wave at that position and time and the speed of propagation. From the energy
densities (J/m3) of electric and magnetic fields, ´0E2/2 and B2/(2m0), respectively, and the
relation B = E/c, it follows directly that

�P = E × B
m0

. (W/m2; Poynting vector) (5.5)

This is known as the Poynting vector. As a vector, it specifies the direction of energy flow in
the wave as well as the magnitude. It is usually designated with the symbol S, but here we
use �P to avoid confusion with spectral flux density S (W m−2 Hz−1) and to be consistent
with our use of � for energy flux density (Table A4 in the appendix).
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The quantity m0 = 4π ×10−7 T m A−1 is the permeability of free space, a constant. It and
the permittivity of the vacuum, ´0 = 8.854 ×10−12 SI units, are related to the speed of light
as

c = (m0´0)−1/2 = 2.998 ×108 m/s, (5.6)

which follows from the wave-equation solution to Maxwell’s equations. The Poynting vector
�P is indicated in Fig. 5.2a,b; it points in the outward radial direction (i.e., in the direction
toward which the power flows).

Because E and B are perpendicular to each other in an electromagnetic wave (Fig. 5.2), the
magnitude of the cross product (5) simplifies to the simple product of the vector magnitudes.
Also, the magnitudes are proportional to each other, Btr = Etr/c, from differentiation and
integration of one of Maxwell’s equations (e.g., Faraday’s law). Substitute Btr into (5) and
eliminate m0 with (6) to obtain the scalar amplitude of the Poynting vector as follows:

�P = ´0cE·E = ´0cE2
tr. (W/m2) (5.7)

Substitute Etr (4) into (7),

➡ �P(r, u, t) = q2 sin2u a2(t �)

(4π)2 ´0c3r2
, (W/m2; magnitude of

Poynting vector; v � c) (5.8)

to find the magnitude of the Poynting vector in terms of the angle u of the observer from
the acceleration direction, the distance r from the accelerating charge to the observer, and
the acceleration at the earlier time t� = t −(r/c) at which the detected radiation was emitted.
Again the v � c restriction applies.

The flux �P described in (8) is at a maximum along directions perpendicular to the acceler-
ation direction (i.e., at u = 90o), as expected from our discussion of Fig. 5.2, for v � c. Also,
the flux density varies inversely with radius squared, ∝ r−2, which is the usual inverse-squared
law required by energy conservation.

Larmor’s formula

The total power radiated by the electron into all directions is obtained by summation (inte-
gration) over a spherical surface at distance r from the charge. The element of area on the
sphere is r2 d� = r2 sin u df du, where d� is an element of solid angle, u is the polar angle
in Fig. 5.2b, and f is the azimuthal angle, which is not shown (see AM, Chapter 3, for solid
angle). The total power radiated at some time t� is thus

P(t) =
� π

u=0

� 2π

f=0
�P(r, u, t)r2 sin u df du. (5.9)

Substitute (8) into (9) and integrate over all angles to obtain Larmor’s formula:

➡ P(t) = 1

6π´0

q2a(t)2

c3
. (W; Larmor’s formula;

Instantaneous emitted power; v � c) (5.10)

Formally, this is the total power crossing a sphere at radius r at time t in terms of the earlier
acceleration at time t�. Note that it is independent of distance r because the same total power
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Fig. 5.3: Electron trajectory showing (a) deviation of track, impact parameter b, and acceleration
vectors and (b) the pulse of emitted transverse electric vectors for a negative charge. The profile
E(x) at a fixed time is shown as a solid line.

will cross spheres farther out at later times. We prefer, however, to think of P(t) simply as the
power radiated instantaneously by an electron as it accelerates. Hence, in (10), we drop the
prime in a(t�) and use simply a(t).

Larmor’s formula is a well known and highly useful relation that underlies much of astro-
physics. It is based on the radiated electric field (4), which is valid if the electron does not
have a relativistic speed (i.e., v � c).

Energy radiated per collision

The instantaneous power radiated by an electron of charge −e in the vicinity of an ion of
charge q = Ze (Fig. 5.3) depends on the electron’s instantaneous acceleration a(t) at the time t
of interest (10). The acceleration depends, in turn, on the Coulomb 1/r2 force, which increases
to a maximum at the point of closest approach to the proton and then decreases toward zero
as the electron and proton separate.

The Coulomb force F between two charges q1 and q2 is

F = q1q2

4π´0r2
r̂ , (N) (5.11)

where r̂ is a unit radius vector. The acceleration experienced by an electron of charge −e
and mass m at a distance r from an ion of charge Ze is

a = F
m

= − 1

4π´0

Ze2

r2m
r̂ , (m/s2) (5.12)

where we made use of Newton’s second law (F = ma). Keep in mind that the vector quantities
a, F, and r̂ are all functions of time t.

The impact parameter b of a given collision is defined in Fig. 5.3 to be the projected distance
of closest approach of the electron to the ion for a given encounter. If the electron loses only a
small fraction of its (large) kinetic energy, the trajectory will be deflected only slightly from a
straight line, and the closest approach will be approximately equal to the impact parameter b.
In a plasma of randomly moving particles, the impact parameter will differ from collision to
collision. For our purposes, the ion may be considered to be infinitesimally small.

The maximum acceleration of the electron during the collision is obtained from (12),
where the radius is approximated with the impact parameter b, by

amax ≈ 1

4π´0

Ze2

mb2
. (m/s2) (5.13)
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The time interval during which the acceleration is comparable to amax for an electron of
speed v is approximately the time it is in the immediate vicinity of the proton. If the distance
traveled in the vicinity is taken to be roughly b, the interval is

tb ≈ b/v. (Collision time) (5.14)

In a given infinitesimal time interval dt at time t, the energy (joules) emitted is P(t)dt,
where P(t) is the instantaneous power given in (10). The total energy emitted by the electron
during the transit is then the sum (integral) of these contributions for the entire duration of
the collision,

Q(b, v) =
� +∞

−∞
P(t) dt = 1

6π´0

e2

c3

� +∞

−∞
a(t)2 dt, (J) (5.15)

where the integration allows for the changing acceleration. This ideal collision between two
isolated charges would last, in principle, from t = − ∞ to t = + ∞ because the 1/r2 force
reaches to infinity, but it becomes vanishingly small at large distances. In a real plasma,
the net force on an electron by an ion is strong only at small distances. At larger distances,
the force goes rapidly to zero because other electrons closer to the proton yield opposing
electric fields that shield (or screen) the ion (Debye screening).

The integration (15) may be simplified if the acceleration is taken to be constant at its
maximum value while it is in the vicinity of the ion for time t b and to be zero before and
after this period:

Q(b, v) ≈ 1

6π´0

e2

c3
a2

maxtb. (J) (5.16)

Apply to this the acceleration (13) and the duration (14) as follows:

➡ Q(b, v) ≈ 1

(4π´0)3

2

3

Z2e6

c3m2b3v
.

�
joules

electron-collision

�
(5.17)

This, then, is the total energy radiated by a single electron of speed v as it passes an ion of
charge Ze with impact parameter b. The energy loss increases strongly as b decreases. The
velocity v is roughly the same before and after the collision for most collisions because only a
modest part of the initial kinetic energy is given up to radiation in this classical approximation.
For a given b, the radiated energy Q is less for faster electrons because they are in the vicinity
of the ion for a shorter time (14).

Frequency of the emitted radiation

The electric vector E emitted by a positive accelerating charge is, at a sufficient distance
at a later time, transverse to its propagation direction and opposed to the direction of the
component of the instantaneous acceleration an in the plane normal to the line of sight
(Fig. 5.2a).

In the case of our negative accelerating charge (Fig. 5.3a), the emitted electric vectors will
lie in the same direction as the projected acceleration, as shown in Fig. 5.3b. Because the
acceleration increases and decreases only once, the radiated electric vectors build up to a
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maximum and return toward zero only once. The radiation thus consists of a single pulse of
downward-pointing E vectors rushing toward the detector (eye).

The frequency of the radiation derives directly from the duration of the central portion of
the pulse as inferred by a fixed observer, t b ≈ b/v (14). Set the angular frequency of the
radiation, vtb = 2πn , to be approximately the inverse of t b as follows:

vtb ≈ 1

tb
= v

b
. (rad/s) (5.18)

The characteristic frequency n of the radiation due to a single collision is thus

➡ n = vtb

2π
≈ v

2πb
. (Hz) (5.19)

In other words, the approximate frequency for the radiation is the orbital frequency of an
electron orbiting the ion at speed v and radius b.

This frequency turns out to be close to the frequency at which the most power (per unit
frequency interval) is emitted. It is also approximately the maximum frequency emitted
because there are no motions of the electron with shorter time scales in the problem. In
contrast, there are longer time scales that follow from the slower changes in acceleration
when the electron is at greater distances from the ion. These lead to emission at a broad range
of lower frequencies ranging down to n ≈ 0.

The power at these lower frequencies is likely to be small compared with the power in
the band near the turnover frequency because of the decreasing bandwidths ⌬n . Consider a
decade of frequency near the maximum, say from 0.3 n0 to 3n0, which is a bandwidth of
2.7n0. The entire bandwidth below this decade to zero frequency has bandwidth 0.3n0 or
nine times less. We thus make the further approximation that all the power for this particular
collision of impact parameter b and speed v is emitted at the frequency n given in (19).

The relation between b and the emitted frequency n is given in (19). The smaller the
impact parameter, the higher the emitted frequency. The electron experiences more of its
acceleration in a shorter time during a close collision. The relation between the intervals of
impact parameter db and frequency dn is obtained by differentiation of (19) as follows:

b = v

2πn
(5.20)

and

db = v

2πn2
dn. (5.21)

These relations, (20) and (21), will enable us to take into account collisions at many impact
parameters if a flux of electrons passes by the ion.

5.4 Thermal electrons and a single ion

Here we address the case of a single ion immersed in a sea of thermal electrons to obtain the
power radiated by the collisions.
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Fig. 5.4: Flux of electrons approaching an ion with the annular region representing the target area
at impact radius b in db. The number of electrons that pass through the annuals can be calculated
from the flux of electrons and the target area.

Single-speed electron beam

Consider that the ion is immersed in a parallel beam of electrons of speed v. Let us first con-
sider only the electrons that intersect a narrow annulus of radius b and width db surrounding
the ion (Fig. 5.4). One can then calculate the power emitted by those electrons as a function
of the emitted frequency n and the speed v.

Power from the annulus

If the density of electrons in the beam is ne, the electron flux is nev (electrons m−2 s−1). The
number per second that would strike an annulus of radius b and width db is just this flux
times the area of the annulus, namely, nev 2πb db. The energy emitted by these per unit time
(emitted power per ion) is just this number times Q(b, v), the energy emitted by each electron
with impact parameter b and speed v, namely (17),

Pb(b, v) db = Q(b, v)nev2πb db. (W/ion in db at b) (5.22)

This is the power coming from each ion due to electrons of density ne and speed v impinging
on the ion at radius b in db.

The electrons actually arrive at the ion from all directions, and so the proper density to use
in (22) would have been ne (d�/4π), but integration over all directions would directly yield
the same result because

�
?d� = 4π sr.

Power per unit frequency interval

The quantity Pb(b, v) is the power emitted per unit impact-parameter interval. We now convert
it to power per unit frequency interval, Pn (n , v), the unit used for photon spectra. The variables
b and n have a one-to-one correspondence (20) as do their differentials (21). Thus, Pb(b, v)
can be integrated over some range of b to obtain the emitted power from that range; similarly,
Pn (n , v) can be integrated over the equivalent range in frequency. Because the ranges are
equivalent, the integrated powers are the same:

� b2

b1

Pb(b, v) db = −
� n2

n1

Pn (n, v) dn. (5.23)
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The minus sign arises from the requirement that the power be a positive quantity and from
the fact that db ∝ − dn (21); an increase in n corresponds to a decrease in b.

The equivalence (23) must be valid over any arbitrary interval of b (or n). This can be true
only if the integrands themselves are equal as denoted by

Pb(b, v) db = −Pn (n, v) dn. (5.24)

The desired quantity is thus

Pn (n, v) = −Pb(b, v)
db

dn
. (5.25)

The two terms on the right in the following expression are given in (22) and (21):

Pn (n, v) = Q(b, v)nev2πb
v

2πn2
. (5.26)

Finally eliminate Q and then b with (17) and (20), respectively, to obtain, for electrons of
speed v, the power emanating from each ion at frequency n in the band dn as follows:

➡ Pn (n, v) dn ≈ 1

(4π´0)3

8π2

3
ne

Z2e6

c3m2v
dn. (W/ion in dn at n) (5.27)

Surprisingly, Pn (n , v) is independent of frequency. There will be more collisions at large b
because the annulus area increases with b, but each will emit lower-frequency photons. The
energy emitted by distant impacts provides the same emitted power per unit frequency as do
the fewer, more efficient collisions at small b. We do retain the argument n in Pn (n , v) dn as
a reminder that, in another situation, there could be a frequency dependence. The power (27)
varies as v −1 for fixed n due to a combination of several effects.

The classical result given in (27) can not be correct at the highest frequencies because an
electron with a given kinetic energy, mv2/2, can not radiate more than all of its kinetic energy.
Thus, the maximum photon energy hnmax that the electron can emit at a given velocity is
mv2/2, and therefore

nmax = mv2

2h
(Maximum frequency) (5.28)

is the cutoff frequency above which the radiated power must drop to zero.
The result (27) is approximately equal to the exact classical one except for a (frequency-

dependent) factor of order unity, the Gaunt factor. Calculations based on quantum theory
show that the classical result is nearly correct so long as the electrons are not relativistic –
that is, that the characteristic kinetic energy ∼kT is substantially less than the electron’s rest
energy, mc2. This means that the temperature of the plasma must be T � 6 ×109 K.

Electrons of many speeds

Consider now the wide range of electron speeds in a real gas. The power emitted at a given
frequency, n , is a function of the electron speed v (27).

The probability, P(v) dv, of an electron’s having speed v in the interval dv regardless of
the vector direction of travel, for a nondegenerate gas is

P(v) dv = P(v) 4πv2 dv, (Probability of speed v in dv) (5.29)
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where 4πv2 dv is the volume of a shell in velocity space at speed v and P (v) is the Maxwell–
Boltzmann distribution of particle speeds in a gas expressed by

P(v) =
� m

2πkT

�3/2
exp

�
−mv2

2kT

�
. (Maxwell–Boltzmann distribution) (5.30)

Specifically, P(v) is the probability of finding a particle with vector velocity v per unit 3-D
velocity space, whereas the product (29) is the probability of finding speed v in dv. These
expressions are those of (3.8) and (3.11), which are given in terms of momentum. The
conversion from probability per unit momentum to probability per unit speed follows from
P(p) dp = P(v) dv and the relation p = mv (Prob. 41). The conversion method is similar to
that for Pb(b, v) in (25).

The expression P(v) dv is a probability; hence, it is dimensionless and the sum of all
probabilities is unity:

� ∞

0
P(v) dv = 1. (5.31)

The radiated power per ion, Pn (n, v), given in (27) for a flux nev of electrons at speed v
must be multiplied by the probability P(v) dv (29) if it is to represent the power only from
the electrons of speed v in dv. The total power summed over all speeds is an integral of this
product over speed, namely,

�Pn (n)�ion =
� ∞

vmin

Pn (n, v) P (v)4πv2 dv. (W ion−1 Hz−1) (5.32)

This is the power emitted at frequency n (per unit frequency interval) from a single ion in a
sea of electrons with the Maxwell–Boltzmann distribution of speeds. It is actually an average
of Pn (n, v) over velocity with appropriate weighting according to the Maxwell–Boltzmann
distribution, which accounts for the angle brackets. The functions in the argument are given
in (27) and (30); they would allow the integral to be evaluated.

The lower limit of the integral vmin is the smallest (minimum) velocity an electron can
have and still emit a photon of energy hn . An electron can not give up more energy than it
initially had; see discussion of (28). The speed limit follows from (28) for a fixed frequency:

vmin = (2hn/m)1/2. (5.33)

This is a quantum constraint in our classical derivation.

5.5 Spectrum of emitted photons

Here we arrive at the desired spectrum by considering the radiation from a plasma that
contains ni ions per unit volume. As before, there are ne electrons per unit volume, and they
have a Maxwell–Boltzmann distribution of speeds.

Volume emissivity

The power emitted per unit volume per hertz from our plasma is known as the volume
emissivity, jn (n) (W m−3 Hz−1). It follows directly from the expressions in the previous
section.
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The units of volume emissivity, jn (W m−3 Hz−1), should be carefully noted because
other references sometimes define jn to be (W m−3 Hz−1 sr−1). The quantity used here is
the power emitted in all directions, whereas the latter is the power emitted into 1 sr of solid
angle. For isotropic emission, a value in the latter units is smaller by a factor of 4π.

Multiple ion targets

The integrated power given in (32) is the power emitted from collisions by electrons with a
single ion in a Maxwell–Boltzmann ionized gas. Multiplication by the ion density ni yields
the volume emissivity jn (n) (W m−3 Hz−1), which is the power emitted per unit volume at
frequency n per unit frequency interval. To obtain the power emitted in the frequency interval
dn , also multiply by the bandwidth dn (Hz) as follows:

jn (n) dn = ni �Pn (n, v)�ion dn. (5.34)

As previously stated, the average indicated by the brackets is over the electron speeds. Thus,
from (32),

jn (n) dn = ni

�� ∞

vmin

Pn (n, v) P(v) 4πv2 dv

�
dn. (W/m3, at n in dn) (5.35)

Exponential spectrum

One could now substitute into (35) the expressions Pn (n , v), P(v), and vmin from (27), (30), and
(33), respectively, and carry out the integration. Because Pn (n , v) is independent of frequency,
the frequency dependence comes in only through vmin. The result would incorporate the errors
due to the approximations we have made; however, it would turn out to be identical to the
correct result except that the numerical factor would be low by a factor of 4.6 and the Gaunt
factor g(n , T, Z) would be missing (Prob. 42). (The Gaunt factor is discussed in the next
section). For reference, we quote, instead, the correct result, which is

➡ jn (n) dn = g(n, T, Z )
1

(4π´0)3

32

3

�
2

3

π3

km3

�1/2
Z2e6

c3
ne ni

e−hn/kT

T 1/2
dn.

(Volume emissivity; W/m3 at n in dn) (5.36)

The proportionality constants in (36) may be represented as C1:

jn (n) dn = C1g(n, T, Z ) Z2ne ni
e−hn/kT

T 1/2
dn.

C1 = 6.8 ×10−51J m3 K1/2 (W/m3 in dn at n) (5.37)

This is the result anticipated in (1). It is plotted in log-log coordinates in Fig. 5.5 for a
T = 5 ×107 K gas with ne = ni = 106 m−3. In a real astrophysical plasma, the relative numbers
of ions with different atomic numbers Z must be taken into account. For cosmic abundances,
one would have an effective Z2 value of ∼1.15. We state again that the quantum effects that
give rise to abundant emission spectral lines were not included in this derivation.

The horizontal axis of Fig. 5.5 is logarithmic and hence could extend to the left forever
to smaller and smaller values and would never reach zero frequency, which occurs at log
n = −∞. At low frequencies, where hn/kT � 1, the exponential alone approximates unity,
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Fig. 5.5: Theoretical continuum thermal bremsstrahlung spectrum. The volume emissivity (37) is
plotted from radio to x-ray frequencies on a log-log plot with the Gaunt factor (38) included. The
specific intensity I(n , T) would have the same form. Note the gradual rise toward low frequencies
due to the Gaunt factor. We assume a hydrogen plasma (Z = 1) of temperature T = 5 ×107 K with
number densities ni = ne = 106 m−3.
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Fig. 5.6: Thermal bremsstrahlung spectra (as pure exponentials) on linear-linear, semilog, and
log-log plots for two sources with the same ion and electron densities but differing temperatures,
T2 > T1. Measurement of the specific intensities at two frequencies (e.g., at C and D) permits one
to solve for the temperature T of the plasma as well as for the emission measure � ne

2 �av ⌳. [From
H. Bradt, Astronomy Methods, Cambridge, 2004, Fig. 11.3, with permission]

exp(−hn/kT) ≈ 1.0. The dashed curve in Fig. 5.5 is thus flat as it extends to low frequencies.
The effect of the Gaunt factor is shown; it modifies the exponential response noticeably but
modestly over the many decades of frequency displayed.

The curves in Fig. 5.6 qualitatively show the function jn (n , T) on linear, semilog and
log-log axes for two temperatures T2 > T1. The exponential term causes a rapid reduction
(“cutoff”) of flux at a higher frequency for T2 than for T1. At low frequencies, because
the exponential is essentially fixed at unity, the intensity is governed by the T −1/2 term if
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the other variables, Z, ni, and ne, are held fixed. At low frequencies, the higher temperature
plasma has a lower volume emissivity! In contrast, the low-energy spectrum of an optically
thick plasma increases with temperature (Fig. 6.2).

Most of the power from our plasma arises in the frequency band near the cutoff. Recall that
the volume emissivity is power/vol per unit bandwidth (⌬n = 1 Hz). The power emitted into
some broader band, such as one decade of frequency, is the product of the average emissivity
and the width of the band. Because the emissivity is roughly constant at low frequencies
and the bandwidth of a decade of frequency, as noted above, decreases rapidly with lower
frequency, very little power is emitted a low frequencies.

Gaunt factor

The Gaunt factor, g(n , T, Z), is a slowly varying function of n that derives from the exact
quantum mechanical calculation of the electron-ion collisions. It arises from consideration of
the range of impact parameters that can contribute to a certain frequency. For example, if the
impact parameter is too large, other charges in the vicinity will “screen” the electric field of
the ion. Also, if the impact parameter approaches zero, quantum effects become important.

For most conditions the Gaunt factor has a numerical value of order unity. There is no
single closed expression for g; it depends on the temperature and frequencies. For a hydrogen
plasma (Z = 1) with T > 3 ×105 K at low frequencies (hn � kT), one can approximate it with

g(n, T ) =
√

3

π
ln

�
2.25 kT

hn

�
, (5.38)

where “ln” is the natural log (to base e). This shows that the spectrum rises slowly as one
moves toward lower frequencies for the stated conditions.

The spectral distribution in Fig. 5.5 is for a frequency range extending from radio to x ray
that encompasses 10 decades of frequency. The effect of the Gaunt factor can be quite
significant when fluxes over wide frequency ranges are being compared.

H II regions and clusters of galaxies

The radio spectra of H II regions clearly show the flat spectrum of an optically thin thermal
source. H II regions are star-forming regions that contain high amounts of gas and dust. The
brightest of the newly formed stars in the region emit copiously in the ultraviolet and thus
ionize the hydrogen gas in the region. The result is a plasma that emits the typical spectrum
of thermal bremsstrahlung. An example of this is shown in Fig. 5.7 for two H II regions in
the “W3” complex of radio emission.

The data points in Fig. 5.7 are the filled and open circles; the drawn lines are continuum
models for the plasma and the dust that best fit the data. The huge peak is due to blackbody
emission from hot dust; thus, the data points that represent the flatter and less intense free-free
continuum are found only up to ∼1011 Hz (l ≈ 3 mm) – that is, into the microwave region. At
the lowest frequencies, the plasmas become optically thick and turn over with a n2 spectrum
typical of the low-frequency part of the blackbody spectrum (6.8).

Another example of thermal bremsstrahlung is the x radiation from hot gas interspersed
between galaxies in a cluster of galaxies. In this case we show a purely theoretical spectrum
(Fig. 5.8) for a plasma of temperature 107 K that takes into account quantum effects and hence
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Fig. 5.7: Continuum spectra (energy flux density) of two H II (star-forming) regions, W3(A) and
W3(OH), in the complex of radio, infrared, and optical emission known as “W3.” The data (filled
and open circles) and early model fits (solid and dashed lines) are shown. In each case, there is a flat
thermal bremsstrahlung (radio), a low-frequency cutoff (radio), and a large peak at high frequency
(infrared, 1012−1013 Hz) due to heated, but still “cold,” dust grains in the nebula. The models fit
well except at the highest frequencies. [P. Mezger and J. E. Wink, in “H II Regions & Related
Topics,” T. Wilson and D. Downes, Eds., Springer-Verlag, p. 415 (1975); data from E. Kruegel
and P. Mezger, A & A 42, 441 (1975)].

shows the expected emission lines. Comparison with real spectra from clusters of galaxies
allows one to deduce the actual amounts of different elements and ionized species in the
plasma as well as its temperature. It is only in the present millennium that x-ray spectra taken
from satellites (e.g., Chandra and the XMM Newton satellite) have had sufficient resolution
to distinguish these narrow lines.

Integrated volume emissivity

Total power radiated

The total power radiated from unit volume is found from an integration of (37) over frequency
and may be expressed as (Prob. 53)

➡ j(T ) =
� ∞

0
j(n) dn = C2 ḡ(T, Z ) Z2 ne ni T 1/2,

C2 = 1.44 ×10−40 W m3 K−1/2 (W/m3) (5.39)

where T is in degrees K, and ne and ni, the number densities of electrons and ions, respectively,
are in m−3. The integration is carried out with g = 1, and a frequency-averaged Gaunt factor ḡ
is then introduced. Its value can range from 1.1 to 1.5 with 1.2 being a value that will give
results accurate to ∼20%. Note that the total power increases with temperature for fixed
densities, as might be expected.
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Fig. 5.8: Semilog plot of theoretical calculation of the volume emissivity jn , divided by electron
density squared, of a plasma at temperature 107 K with cosmic abundances of the elements as a
function of hn/kT. The abscissa is unity at the frequency where the exponential term equals e−1.
The various atomic levels are properly incorporated; strong emission lines and pronounced “edges”
are the result. The dashed lines show the effect of x-ray absorption by interstellar gas. The straight-
line portion of the plot falls by about a factor of ∼3 for each change of u by unity, as expected for
the exponential e−u. [From W. Tucker and R. Gould, ApJ 144, 244 (1966)]

White dwarf accretion

One can use the expression (39) for j(T) to deduce the equilibrium temperature of an optically
thin plasma into which energy is being injected. An example is gas that accretes onto the
polar region of a compact white dwarf star from a companion star (Section 2.7). As the matter
flows downward, it is accelerated by gravity to very high energies. Just above the surface, it
may encounter a shock, which abruptly slows the material and raises it to a high density; the
kinetic infall energy is converted into random motions (i.e., thermal energy). The material is
then a hot, optically-thin plasma that slowly settles to the surface of the white dwarf.

This plasma radiates away its thermal energy according to the expressions (36) and (39)
above. At the same time it is continuously receiving energy from the infalling matter. In
equilibrium, the energy radiated by the plasma equals that being deposited by the incoming
material. In effect, the temperature will come to the value required for the plasma to radiate
away exactly the amount of energy it receives.

One can thus use the deposited energy as an estimate of the radiated energy. That is, if
values are adopted for the accretion energy being deposited per cubic meter per second and
for the densities ne and ni, the temperature of the plasma may be determined from (39).
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Conversely, measurement of the temperatures and fluxes of the emitted radiation provide
quantitative information about the underlying accretion process.

If the star is highly magnetic, the infalling material is guided to the polar regions of the
star by the star’s magnetic field, and the hot plasma will be forced into a very small volume.
For such magnetic systems, the plasma reaches x-ray temperatures (Prob. 51).

5.6 Measurable quantities

Here we explore the relationships between volume emissivity and two determinable quanti-
ties, the luminosity of the cloud and the specific intensity.

Luminosity

The luminosity L(T) as a function of temperature of an entire plasma cloud follows from j(T)
(39). If j is constant throughout the volume, the luminosity is simply the product of j(T)
and the volume V of the plasma. If not, an integration over the cloud must be carried out as
follows:

L(T ) =
�

volume
of source

j(T ) dV . (W) (5.40)

Substitute into this the expression for j(T) (39) and assume a hydrogen plasma (Z = 1, ne =
ni),

➡ L(T ) = C2 g(T ) T 1/2
�

volume
of source

n2
e dV, (W; luminosity) (5.41)

where we take T to be a constant throughout the volume. The luminosity increases with
temperature as does j. It is also proportional to the integral of ne

2 summed over the volume.

Specific intensity (resolved sources)

The specific intensity I(n , T) (W m−2 Hz−1 sr−1) is the quantity used by an observer to
describe the emission from an extended object in the sky. By extended, we mean a source
larger in angular size than the angular resolution of the telescope–detector system used for
the detection. It follows from the units that it is the energy flux detected per unit frequency
interval per unit solid angle.

When multiplied by two differential quantities, the product, I(u, f, n , T) dn d�, represents
the measured energy flux (W/m2) detected at frequency n in the interval dn arriving from
the celestial direction described by polar and azimuthal angles u, f in the increment of solid
angle d� = sin u du df. We often suppress the variables u, f in the argument of I, but one
should not forget that I is a function of the direction in space described by two angles.

The specific intensity measured for a certain angular position on a given source is identical
in magnitude at any frequency to the quantity known as the surface brightness, B(n , T)
(W m−2 Hz−1 sr−1). The latter quantity describes the emission radiating into unit solid
angle from unit area (projected normal to the radiation direction) of that same portion of
the observed surface. That is, B(n , T) = I(n , T). This equivalence is discussed in terms of
Liouville’s theorem in Section 3.3.
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In general, the specific intensity follows from the volume emissivity if the emission is
assumed to be isotropic, as quoted just above (2):

I (n, T ) =
� ⌳

0

jn (r, n, T )

4π
dr = Jn,av(n, T )

4π
⌳ (Specific intensity;

W m−2 Hz−1 sr−1) (5.42)

The volume emissivity jn (r, n , T) (W m−3 Hz−1) is taken to be a function of the radial
position r along the line of sight as well as of frequency and temperature. The reader can
confirm that this relation is plausible – at least from a dimensional point of view. The quantity
jn ,av is the average value of jn along the line of sight through a cloud of thickness ⌳ (Fig. 5.1).

Emission measure

The expression for jn (37) may be substituted into the middle term of (42). If the plasma cloud
is isothermal (i.e., if the temperature is constant along the line of sight), and if it consists
solely of hydrogen so that Z = 1 and nine = ne

2, we have

➡ I (n, T ) = C1

4π
g(n, T )

e−hn/kT

T 1/2

� ⌳

0
n2

e dr.

C1 = 6.8 ×10−51J m3 K1/2 (W m−2 Hz−1 sr−1) (5.43)

Rewrite (43) in terms of the average of ne
2 for a plasma of thickness ⌳ along the line of

sight as follows:

I (n, T ) = C1

4π
g(n, T )

e−hn/kT

T 1/2

�
n2

e

�
av ⌳. (W m−2 Hz−1 sr−1;

specific intensity) (5.44)

This is the result anticipated in (2).
The integral in (43) is known as the emission measure, EM, and is expressed by

➡

� ⌳

0
n2

e dr =
�
n2

e

�
av ⌳ ≡ Emission Measure (EM). (m−5) (5.45)

This is another example of a column line-of-sight integral; see (42). We see from (43) that
the emission measure may be obtained from a measurement of I(n , T) at some frequency n
if the temperature T is known.

Determination of T and EM

The function (43) may be considered to have two unknown parameters, the temperature T and
the factor

�
ne

2 dr = EM. Measurement of I(n) at two frequencies (e.g., at C and D in Fig. 5.6c)
can yield these two parameters if the radiation is known to be thermal bremsstrahlung. For
the assumption of g = 1, a simple fit to these two points would yield the entire exponential
spectrum for T2. The frequency n at which the function has dropped to e−hn /kT = e−1 of
its low-frequency intercept value gives T because, at this frequency, hn = kT and therefore
T = hn/k. With this value of T, any single measurement of I together with (43) yields

�
ne

2 dr,
the EM, because C1 is known and g = 1.

If the frequency variation of the Gaunt factor is known and properly included, the spectrum
has a unique shape for each temperature. In this case also, the temperature and the EM may
be obtained from measurements at two frequencies.
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Fig. 5.9: Geometry for obtaining the spectral flux density S(W m−2 Hz−1) for an optically thin
spherical and isotropically radiating source of radius R and distance r. If the telescope angular
resolution exceeds the angular size of the source, the source is detected as a “point” source.

Of course, this determination of T and EM is only possible if the source fills the antenna
beam or if the solid angle subtended by the source is independently known. Otherwise the
specific intensity (flux per steradian) on which this logic is based is not known. The situation
is further complicated if there are significant magnetic fields in the plasma.

Spectral flux density S (point sources)

The specific intensity I(n) can not be measured directly for a source with angular size smaller
than the telescope resolution (i.e., a point source). However, one can use the spectral energy
flux density S(n) (W m−2 Hz−1) to describe the radiation from such a source. This is the
energy received per square meter at the telescope at some frequency n in unit bandwidth
⌬n = 1 Hz. Formally, it is the specific intensity integrated over the solid angle encompassed
by the source:

S(n, T ) =
� �

I (n, T ) d�. (Spectral flux density, Wm−2 Hz−1) (5.46)

This will exhibit the same frequency dependence as I, albeit with different proportionality
constants.

Uniform volume emissivity

The spectral flux density S can be obtained directly from the volume emissivity jn . Consider
a spherical emitting source of radius R at a (possibly unknown) distance r from the observer
with constant volume emissivity jn (n , T)av throughout the source (Fig. 5.9). The spectral flux
density is, from its elementary definition (energy per unit area),

S(n, T ) = Ln

4πr2
= jn,av(n, T ) 4πR3/3

4πr2
, (Wm−2 Hz−1; apherical source) (5.47)

where Ln is the luminosity per hertz. The numerator of the rightmost term expresses Ln in
terms of jn ,av and the volume of the source. The factor 4πr2 is the surface area of the sphere
surrounding the source at the distance r of the observer.
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If, more generally, the volume is irregular in shape and the emissivity is not constant
throughout, one could write (47) as

➡ S(n, T ) = 1

4πr2

� � �
jn (n, T ) dV, (W m−2 Hz−1) (5.48)

where the integral is over the volume of the source.

Specific intensity and flux density compared

What information can one gain about the source itself from S or I? Substitute (37) into (47)
to obtain, after rearranging the terms with R,

S(n, T ) = C1 g(n, T )
e−hn/kT

T 1/2
n2

e
R

3π

�
πR2

r2

�
, (W m−2 Hz−1;

spherical source) (5.49)

where we again take Z = 1 and ni = ne, for a hydrogen plasma. Compare this with the expres-
sion (43) for specific intensity I(n , T), which we rewrite for a measurement through the center
of the sphere (i.e., for ⌳ = 2R) as follows:

I (n, T ) = C1 g(n, T )
e−hn/kT

T 1/2
n2

e
2R

4π
(W m−2 Hz−1 sr−1; through
center of spherical source) (5.50)

With these two equations, (49) and (50), the relative merits of measuring S and I are readily
apparent. The frequency dependence is the same in the two cases. In either instance the tem-
perature can be extracted from two measurements. The product, C1 g(n , T) exp(−hn/kT) T−1/2

at some frequency n is thus determined if one knows the appropriate Gaunt function.
The same two measurements also yield the value of a second “unknown” – namely, the

product of the other unknown terms in the expression. In the case of the I measurement (50),
this product is ne

2 2R, the emission measure. In the case of the S measurement (49), it is ne
2 R �,

where � =πR2/r2 is the solid angle of the source. One can not find the emission measure
because, by our terms, � is not known. If it were, we would measure I and use (50).

One clearly learns more from the I measurement, but such a measurement is only possible
if the telescope’s resolution is sufficient to determine the source, size and hence its solid angle
�. The source must be of sufficient angular size to fill the “beam” of at least one pixel in the
image plane of the telescope.

Problems

5.2 Hot plasma

Problem 5.21. (a) Formally write the requirement on temperature implied by the stipulation that
the electrons in a thermal plasma not be relativistic. Require that the average kinetic energy
of the particles (that obey the Maxwell–Boltzmann distribution) be much less than the rest
energy mc2 of the electron. Give the limiting value of temperature. Use SI units. (b) A plasma
emits most of its energy in x rays in the energy range 1−20 keV. If the average particle energy
is comparable to the photon energies, will the classical approximation apply to this plasma?
[Ans. ∼109 K; –]


