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Brain-Computer Interfaces (BCIs) are systems which translate brain neural activity into commands for
external devices. BCI users generally alternate between No-Control (NC) and Intentional Control (IC) peri-
ods. NC/IC discrimination is crucial for clinical BCIs, particularly when they provide neural control over
complex effectors such as exoskeletons. Numerous BCI decoders focus on the estimation of
continuously-valued limb trajectories from neural signals. The integration of NC support into continuous
decoders is investigated in the present article. Most discrete/continuous BCI hybrid decoders rely on
static state models which don’t exploit the dynamic of NC/IC state succession. A hybrid decoder, referred
to as Markov Switching Linear Model (MSLM), is proposed in the present article. The MSLM assumes that
the NC/IC state sequence is generated by a first-order Markov chain, and performs dynamic NC/IC
state detection. Linear continuous movement models are probabilistically combined using the NC and
IC state posterior probabilities yielded by the state decoder. The proposed decoder is evaluated
for the task of asynchronous wrist position decoding from high dimensional space-time-frequency
ElectroCorticoGraphic (ECoG) features in monkeys. The MSLM is compared with another dynamic hybrid
decoder proposed in the literature, namely a Switching Kalman Filter (SKF). A comparison is additionally
drawn with a Wiener filter decoder which infers NC states by thresholding trajectory estimates. The
MSLM decoder is found to outperform both the SKF and the thresholded Wiener filter decoder in terms
of False Positive Ratio and NC/IC state detection error. It additionally surpasses the SKF with respect to
the Pearson Correlation Coefficient and Root Mean Squared Error between true and estimated continuous
trajectories.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Brain-Computer Interfaces (BCI) are systems that allow severely
motor-impaired patients to use their brain activity to control
external devices, and thereby to interact with their environment
(Leuthardt et al., 2006). Among BCI systems, movement-control
BCIs aim at providing users with control over upper- or lower-
limb orthoses or prostheses (Mak and Wolpaw, 2009). Several
steps are usually necessary to translate the user’s neuronal activity
into commands for effector control. The first stage consists in
acquiring an observation of the user’s brain activity (Mak and
Wolpaw, 2009). Microelectrode arrays (MEA), which are directly
implanted in the cortex, permit the observation of neuronal Single
or Multi-Unit Activity (SUA/MUA) and of Local Field Potentials in
localized areas. The high spatial resolution of MEAs comes at the
price of high invasiveness (Mak and Wolpaw, 2009). Electroen-
cephalography (EEG) is a non-invasive acquisition method, but it
exhibits a poor spatial resolution along with a high sensitivity to
artifacts and noise (Leuthardt et al., 2006). Finally, minimally inva-
sive electrocorticographic (ECoG) arrays measure neural signals
from the cortex surface. They are implanted under or over the dura
mater (Schalk and Leuthardt, 2011). Several pre-clinical (Chao
et al., 2010; Shimoda et al., 2012) and clinical studies (Schalk
et al., 2008; W. Wang et al., 2013) have confirmed the potential
of ECoG for long-term stable and accurate BCI systems.
Movement-control ECoG-based BCIs are considered in the present
paper.

Brain signal acquisition is followed by the extraction of features
specifically related to the user’s intentions (Mak and Wolpaw,
2009). ECoG recordings are generally described by potentially
high-dimensional combinations of time, frequency and space char-
acteristics (Bundy et al., 2016; Chao et al., 2010; Eliseyev and
Aksenova, 2014). A decoder is then applied to estimate the user’s
intention from the brain features. After being optionally enhanced
by post-processing methods (Bashashati et al., 2007a), the estimate
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of the user’s intention is converted into commands sent to control
the effector (Leuthardt et al., 2006).

MEA-based control of a limb prosthesis or orthosis generally
relies on the direct extraction of trajectories’ kinematic parameters
from the neural features (Li, 2014). By contrast, EEG-based control
of limb prostheses or orthoses is typically based on the discrimina-
tion between several motor imageries (e.g., Baxter et al., 2013;
Bhattacharyya et al., 2015; Hortal et al., 2015). Best strategy for
ECoG decoding is still unclear (Chin et al., 2007; Ashmore et al.,
2012). The reported trajectory reconstructions obtained with
ECoG-based models of limbs’ position or velocity (Pistohl et al.,
2008; Bundy et al., 2016) suggest that kinematic decoding may
be applicable to ECoG-based BCIs. Continuously-valued kinematic
parameters are generally estimated from the neural features by
means of regression techniques. Although several teams have
investigated the use of nonlinear models (e.g., Eliseyev and
Aksenova, 2014; Li et al., 2009), estimation of limbs’ position or
velocity is generally performed using static or dynamic linear mod-
els. Wiener filtering has been utilized for both SUA/MUA (Velliste
et al., 2008; Wodlinger et al., 2015) and ECoG static decoding (W.
Wang et al., 2013; Williams et al., 2013). Similarly, Kalman filters
and variants have been applied for dynamic decoding of SUA/
MUA (Wu et al., 2002; Hochberg et al., 2012; Aggarwal et al.,
2013; Velliste et al., 2014) and ECoG signals (Pistohl et al., 2008;
P.T. Wang et al., 2013).

One challenge of BCI clinical applications is the ability to pro-
vide users with asynchronous control over the effector
(Leuthardt et al., 2006). Unlike synchronous BCIs which are period-
ically controllable by users, asynchronous (or self-paced) BCI deco-
ders are continuously available (Graimann et al., 2010). In
asynchronous settings, users generally alternate between Inten-
tional Control (IC) and No-Control (NC) periods (Mason et al.,
2006). Kinematic decoders usually output disturbing non-neutral
values when applied to NC states (Chao et al., 2010; Shimoda
et al., 2012; Velliste et al., 2014). NC support is thus highly desir-
able (Leeb et al., 2007).

NC support has initially been studied for brain-switches, i.e. BCI
systems which integrate NC detection into discrete decoders (clas-
sifiers) (Bashashati et al., 2007b; Pfurtscheller et al., 2010; Solis-
Escalante et al., 2010). Reported methods for NC/IC state discrimi-
nation included Linear Discriminant Analysis (LDA) (Pfurtscheller
et al., 2010), Support Vector Machine (Solis-Escalante et al.,
2010), logistic regression (logit) (Blokland et al., 2014), etc.

Specific decoding strategies are required to integrate NC sup-
port into continuous decoders. Several approaches have been pro-
posed to ensure that the outputs of continuous kinematic decoders
are neutral during NC states. A first strategy consists in post-
processing the estimated continuous trajectories, e.g. by applying
dynamic link functions (Wang et al., 2011). Another approach
relies on hybrid discrete/continuous decoders. Such hybrid deco-
ders exploit a state detector to bring out NC and IC periods, and
a continuous movement model is applied when appropriate. State
and movement decoders are mostly combined using a Winner-
Takes-All strategy (Velliste et al., 2014; Flamary and
Rakotomamonjy, 2012; P.T. Wang et al., 2013). The movement
model which corresponds to the most likely class at a given time
is selected and applied on the neural features. The use of hybrid
decoders for the integration of NC support in continuous decoding
approaches was reported for both SUA/MUA (Velliste et al., 2014;
Wood et al., 2005; Aggarwal et al., 2013; Suway et al., 2013) and
ECoG signals (e.g., Bundy et al., 2016; Flamary and
Rakotomamonjy, 2012; P.T. Wang et al., 2013). State decoders were
used to combine static or dynamic linear IC movement models.
Wiener filters were coupled with a LDA-based class detector in
SUA/MUA signals (Suway et al., 2013), and were mixed with logis-
tic regression (Bundy et al., 2016) or linear regression of state
labels on neural signals (Flamary and Rakotomamonjy, 2012) in
ECoG signals. Kalman filters and variants were cascaded with
LDA in SUA/MUA signals (Velliste et al., 2014; Aggarwal et al.,
2013) or with a Bayes classifier in ECoG signals (P.T. Wang et al.,
2013).

Most hybrid decoders relied on the assumption that successive
states are temporally independent (Velliste et al., 2014; Flamary
and Rakotomamonjy, 2012; Bundy et al., 2016). The interest of
making more realistic hypotheses about temporal dependencies
in the state sequence was investigated for classification-based
BCIs. Dynamic classifiers such as Hidden Markov Models (HMM)
(Kemere et al., 2008; Hotson et al., 2016) or Conditional Random
Fields (CRF) (Hasan and Gan, 2011; Saa et al., 2016) were specifi-
cally used for the estimation of NC/IC states, possibly with several
NC- or IC-related sub-states, in SUA/MUA (Kemere et al., 2008),
EEG (Hasan and Gan, 2011) and ECoG signals (Saa et al., 2016).
When compared with generic static state decoders, they are
expected to be less liable to output spurious detections (e.g., Saa
et al., 2016).

By contrast, few hybrid decoders made use of a sequential
assumption for NC/IC state estimation, e.g. the Switching Particle
Filter (SPF) (Wood et al., 2005) and the Switching Kalman Filter
(SKF) (Srinivasan et al., 2007). The SKF-based hybrid decoder pro-
posed in Srinivasan et al. (2007) assumed that the NC/IC state
sequence was generated by a first order Markov chain. SKFs extend
Kalman Filters by conditioning the emission and transition models
on a Markovian hidden switching state variable (Murphy, 1998).
The SKF (Srinivasan et al., 2007) was tested for EEG-based asyn-
chronous wheelchair control from simulated data. Validation on
real data was not carried out. Although latent classes were not
associated to NC and IC periods, the use of a SKF was additionally
reported for the task of 2D wrist position decoding from SUA/MUA
signals in monkeys (Wu et al., 2004). Similarly, the SPF relied on a
Markov assumption to model NC/IC state succession (Wood et al.,
2005). The state posterior probabilities issued by a LDA-based
dynamic state decoder were used to weight a Particle Filter. The
SPF-based decoder was applied on monkeys’ SUA/MUA signals
for offline real movement decoding. Despite its decoding perfor-
mance, the high computational cost of the SPF (Kotecha and
Djurić, 2003) limits its applicability for real-time decoding.

The present article addresses the issue of NC support in contin-
uous ECoG decoders, and specifically investigates the integration of
dynamic state detection. Previously reported hybrid decoders with
sequential state assumptions (Srinivasan et al., 2007; Wood et al.,
2005) were tested on MUA/SUA signals or simulated data. Signifi-
cant differences between MEA and ECoG feature representations
limit the portability of SUA/MUA decoding methods to ECoG.
Strategies for the integration of sequential state decoding into
ECoG-based continuous kinematic decoders are explored in the
present article. In particular, a Markov Switching Linear Model
(MSLM) is proposed as an ECoG hybrid decoder with dynamic NC
support. The sequence of NC and IC states is assumed to be gener-
ated by a first-order Markov chain. A linear model between neural
features and trajectory is conditioned on the current state. The tra-
jectory decoder applied during IC states is exclusively trained on IC
samples. Contrary to the traditional Winner-Takes-All approach,
the MSLM relies on a probabilistic combination rule to integrate
state discrimination into continuous trajectory decoding. As the
MSLM is a piecewise linear model, it can be seen as an approach
to introduce non-linearities into brain signal decoders.

The MSLM decoding performance was evaluated for asyn-
chronous wrist position reconstruction from both epidural and
subdural ECoG data in monkeys (2 monkeys for each data set).
The MSLM was compared to the SKF. Similarly to the MSLM, the
SKF continuous model is conditioned on a first-order hidden Mar-
kov chain. Its relevance for ECoG data asynchronous decoding had
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not yet been investigated. The decoding performance of a Wiener-
based decoder which trivially supports NC periods by means of tra-
jectory thresholding was additionally analyzed for comparison
purposes. The MSLM outperforms both the SKF and thresholded
Wiener Filter (WF) approaches in terms of state detection error
and of False Positive Ratios. It additionally surpasses the SKF with
respect to the Pearson Correlation Coefficient and Root Mean
Squared Error between true and estimated continuous trajectories.

2. Methods

Notations: matrices are denoted by bold upper-case romans
(e.g., X), vectors by bold lower-case romans (e.g., x) and scalar by
lower-cases italics (e.g., x). xij and xi refer to the ði; jÞth entry of
matrix X and to the ith element of vector x, respectively.

The MSLM relies on the state posterior probabilities yielded by a
dynamic state decoder to combine continuous linear state-
dependent models. Combination strategy is built on the Mixture
of Experts (ME) framework (Waterhouse, 1997) extended to time
series.

2.1. Mixture of experts framework

First introduced by Jacobs et al. (1991), MEs combine several
functions (‘‘experts”) to model the dependence between input
and output variables (Jacobs et al., 1991; Waterhouse, 1997).
Experts are weighted according to the input variable (Bishop,
2006). Optimal weights are computed for each sample according
to a given criterion.

Let the vector xt be the explanatory (input) variable,
xt 2 X � Rm, and the vector yt be the continuous response (output)
variable, yt 2 Y � Rn. Samples are indexed by t 2 N. MEs assume
that the input space X is partitioned into K (possibly overlapped)
regions: X ¼ SK

k¼1Xk, and that a different sub-process generates
the output vector from the input vector in each region
(Waterhouse, 1997). Mixtures of Experts model the dependence
between xt and yt by means of a set of K local functions

f kf gK1 ; f k : X ! Y , referred to as ‘‘experts”. Expert k is relevant for
the region Xk:

yt ¼
XK

k¼1

dzt ;kf kðxtÞ þ �t

where ðztÞt2N is the expert sequence, zt ¼ k if yt has been generated
by expert k. dzt ;k ¼ 1 if zt ¼ k and dzt ;k ¼ 0 otherwise. �t is the obser-
vation noise.

The Bayes estimate ŷt ¼ Eðyt jxtÞ (Bishop, 2006) of the response
variable yt is computed via the decomposition of the conditional
expectation (Waterhouse, 1997):

EðytjxtÞ ¼
XK

k¼1
Eðyt ; zt ¼ kjxtÞ ¼

XK

k¼1
Pðzt ¼ kjxtÞEðytjxt; zt ¼ kÞ

¼
XK

k¼1
gt
kŷ

t
k:

Here, ŷt
k ¼ Eðytjxt; zt ¼ kÞ is the estimate issued by expert k and Eð:Þ

indicates the expected value.
The input-dependent mixing coefficients gt

k ¼ Pðzt ¼ kjxtÞ com-
bine (‘‘gate”) the experts’ estimations ŷt

k. Mixing coefficients can be
interpreted as the conditional probability of expert f k having gen-
erated the output value yt , given the value of xt (Waterhouse,
1997). They satisfy the constraints gt

k 2 0;1½ �;Pk g
t
k ¼ 1 (Bishop,

2006). The structure which computes the mixing coefficients is
often referred to as ‘‘gating network”.

Linear or nonlinear experts and gating networks can be inte-
grated into the ME flexible structure (Yuksel et al., 2012). ME-
based approaches were used in several BCI studies which didn’t
support NC periods, e.g. for multi-model movement decoding from
monkeys’ SUA/MUA signals (Kim et al., 2003).

Several extensions have been specifically proposed to adapt
MEs for sequential data modeling (Yuksel et al., 2012). Recurrent
gating networks (Cacciatore and Nowlan, 1994; Meila and Jordan,
1996) were integrated into ME and for example applied for move-
ment modeling (Meila and Jordan, 1996) and efficient control of
switching systems (Cacciatore and Nowlan, 1994). Particularly,
Markov Mixtures of Experts (MME) (Meila and Jordan, 1996)
model a temporal sequence of input-output data by dynamic
switching between local static models. The expert sequence
ðztÞt2N is assumed to be generated by a first-order Markov chain.
The inputs and outputs corrupted by noise are measured, but
states are hidden and must be estimated from measurements.

2.2. Hidden Markov model-based gating network

The MSLM proposed herein is a variant of MME which relies on
Hidden Markov Models (HMMs) for dynamic gating of the experts’
estimates. It relies on the underlying hypothesis that neural signals
are generated by cognitive states. Thus, the distribution of the
extracted neural features xt is conditioned on unobserved discrete
states zt ; Pðxt jztÞ. By contrast, the previously reported MMEs
(Bengio and Frasconi, 1996; Meila and Jordan, 1996) assumed that
the input variable xt conditions the probability of switching from
one state to another, Pðztþ1jzt ;xtÞ.

Hidden Markov Models (HMMs) are a powerful tool for the
modeling of stochastic time-varying processes (Rabiner and
Juang, 1986). Two discrete-time stochastic processes are involved
in discrete-time HMMs. The first process is an unobservable (‘‘hid-
den”) dynamic sequence ðztÞt2N. By contrast, the second sequence
ðxtÞt2N is observable, and is referred to as the ‘‘observation
sequence”. The MSLM state decoder models the state ðztÞt2N and
feature sequences ðxtÞt2N by a HMM, where zt 2 N is the hidden
variable and xt 2 Rm is the observed variable.

The HMM hidden variable zt can take K distinct discrete values
(‘‘states”), zt 2 Z with Z ¼ z1; z2; . . . ; zKf g � Z. In the typical case of a
first-order HMM, the value of ztþ1 depends exclusively on the cur-
rent value zt : Pðztþ1 ¼ kjz1:tÞ ¼ Pðztþ1 ¼ kjztÞ; t 2 N. The hidden
state sequence is then fully characterized by the transition matrix
A ¼ ðaijÞ; aij ¼ Pðztþ1 ¼ jjzt ¼ iÞ, and by the probability p associated
to the value of the first hidden state: pi ¼ Pðz1 ¼ ziÞ. The probabil-
ity distribution of the observed variable xt 2 Rm is exclusively con-
ditioned on the current hidden state zt : Pðxt jz1:tÞ ¼ Pðxt jztÞ; t 2 N,
where the conditional probability PðxtjztÞ is referred to as ‘‘state
emission density”. Various parametric (Gaussian, Student) and
non-parametric state emission distributions have been integrated
into HMMs (Rabiner, 1989).

Let B gather the parameters necessary to characterize the distri-
butions Pðxt jzt ¼ jÞ; j ¼ 1; . . . ;K. Then a HMM is fully described by
the parameter set H g ¼ A;B;pf g. HMM training typically relies
on Maximum-Likelihood (ML) estimation (Ghahramani, 2001).
While state labels are hidden during HMM application, they are
either hidden or available during training. When the state labels

ðztÞTt¼1 are observed in the training data set (complete training data
set), HMM training is supervised with respect to the state
sequence. While the application of specific algorithms (e.g. the
Expectation-Maximization algorithm) is often required for unsu-
pervised HMM training, direct ML estimation can be performed
when a complete training data set is available. Once the HMM
has been trained, an inference algorithm is applied to estimate

the hidden state sequence ðztÞTt¼1 associated to a new observation

sequence ðxtÞTt¼1. If the full sequence ðxtÞTt¼1 has been observed,
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i.e. if past, current and future observations are known, estimation
of states zt ; t ¼ 1; . . . ; T is generally performed using the Viterbi
algorithm or the forward-backward algorithm. Both Viterbi and
forward-backward algorithms cannot be applied for online pro-
cessing, because they rely on a back-tracking procedure from the
last estimated state ẑT ¼ argmaxk Pðzt ¼ kjx1:TÞ (Rabiner, 1989). By
contrast, the probability Pðzt ¼ kjx1:tÞ yielded by the forward algo-
rithm (Rabiner, 1989) is only conditioned on past and current
observations and can be applied online.

As online estimation of users’ intentions is required for BCI sys-
tems, the MSLM input-dependent mixing coefficients are exclu-
sively conditioned on past and current neural observations:
gt
k ¼ Pðzt ¼ kjx1:tÞ. Mixing coefficients are first decomposed using

Bayes’ rule:

Pðzt ¼ kjx1:tÞ ¼ Pðzt ¼ k;x1:tÞ
Pðx1:tÞ :

Both the denominator Pðx1:tÞ and numerator Pðzt ¼ k;x1:tÞ are
then computed using the forward algorithm.

2.3. Linear experts

The MSLM decoder applies linear experts to model the depen-
dence between the explanatory and response variables xt 2 Rm

and yt 2 Rn:

yt ¼
XK

k¼1
dzt ;kðBkxt þ �t

kÞ k ¼ 1; . . . ;K

where Bk 2 Rn�m and �k 2 Rn is the observation noise.

2.4. MSLM training

Let H ¼ He;H g� �
gather the experts’ and HMM-based gating

network’s parameters He ¼ Bkf gKk¼1 and H g ¼ A;B;pf g. Whereas
state labels are hidden in test data sets, the case where they are
observed in the training data set is here considered. Fully super-
vised training of the MSLM relies on a complete training data set
X;Y; zf g, where X 2 RT�m;Y 2 RT�n, and z 2 NT�K gather the

observed sequences ðxtÞTt¼1; ðytÞTt¼1 and ðztÞTt¼1 respectively. The
Maximum-Likelihood (ML) criterion is routinely used for both
EM (Yuksel et al., 2012) and HMM training (Ghahramani, 2001).
When a complete training data set X;Y; zf g is available, computa-

tion of the ML estimate ĤMLðX;Y; zÞ ¼ argmaxH ln PðX;Y; zjHÞ is
equivalent to separate ML estimations of experts and gate param-
eters (see Appendix A). Training of expert k is based on the training
Fig. 1. ECoG array implantation for Monkeys A, K, B and C (reproduced from Chao et a
principal sulcus; As: arcuate sulcus; Cs: central sulcus; IPs: intraparietal sulcus. A: subdu
subset Xk;Ykf g, where Xk and Yk gather training samples observed
at times t such that zt ¼ k. Training of the HMM-based gating net-
work is performed on the data set X; zf g. Transition and emission
probabilities are separately estimated (Dietterich, 2009). The tran-
sition matrix A is estimated by counting transition frequencies in
the sequence z (Dietterich, 2009).
3. Application

The MSLM decoder was tested for a task of asynchronous 3D
trajectory decoding from ECoG signals. It was compared to the
SKF. The SKF relies on the assumption that its observation and
transition models are conditioned on a Markovian hidden state
(Murphy, 1998). Trajectory estimation is based on a probabilistic
combination of state-specific models (Murphy, 1998). The SKF
can therefore be considered as an analogue of the MSLM in the
frame of dynamic continuous models. SKF state estimation is based
on the consistency of the state-specific dynamic models with the
observed neural signals. Thus, unlike the MSLM, it doesn’t directly
exploit differences between the distributions of neural features
generated during each state. A Wiener filter with post-
processing-based NC support was additionally implemented for
comparison purposes. In contrast with the MSLM and the SKF, state
values are not taken into account when training theWF continuous
decoder. As state detection is performed at the post-processing
stage, its accuracy depends on the quality of trajectory estimates.

3.1. Data sets

Model identification and test were carried out on publicly avail-
able subdural and epidural ECoG datasets acquired and distributed
by the Laboratory for Adaptive Intelligence, RIKEN Brain Science
Institut, Saitama, Japan (http://neurotycho.org/).

The cortical activity of 4 Non-Human Primates (Monkeys A, K, B
and C) was recorded by chronic ECoG arrays during a food reaching
task. Monkeys A and K were respectively implanted with a 32- and
64-channel subdural ECoG array. Both Monkeys B and C were
epidurally implanted with a 64-channel ECoG array. Fig. 1 shows
the position of the implanted ECoG arrays. The monkeys were sit-
ting in front of an experimenter during the data acquisition ses-
sions. The experimenter presented food to the monkeys at
random intervals. The monkeys performed reaching movements
to grab the food and to bring it to their mouth. ECoG signals were
acquired at a sampling rate of 1 kHz. A motion tracking system
tracked subjects’ wrist coordinates at a sampling frequency of
l., 2010; Shimoda et al., 2012). Solid gray circles indicate reference electrodes. Ps:
ral data set, Monkeys A (a) and K (b). B: epidural data set, Monkeys B (a) and C (b).

http://neurotycho.org/
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120 Hz. Body-centered 3D wrist trajectories downsampled at
20 Hz were extracted from the motion tracking system outputs.
Full descriptions of the experimental set-ups can be found in
Chao et al. (2010) and Shimoda et al. (2012).

One session was discarded from the subdural data set because of
very short idle states. Four epidural sessionspresentedmulti-second
long null velocity periods at essentially different altitude levels. As
the experimental description didn’t permit to label these periods
as NC or IC states with certainty, these sessions were also excluded
from analysis. The final data set was thus composed of 7 subdural
sessions and 16 epidural sessions. The data setwas analyzed session
per session (23 sessions, 4monkeys). Each recordingwas split into a
training and a test set: the first 70% of each session were used to
identify decoder parameters, and the last 30%were exclusively used
to assess the decoders’ generalization performance.

3.2. Feature extraction

3.2.1. Neural signal
Time-frequency features were extracted for each channel from

Dt-long ECoG sliding epochs (Dt ¼ 1 s, sliding step: 100 ms) fol-
lowing (Eliseyev and Aksenova, 2014). A Complex Continuous
Wavelet Transform (CCWT) was applied (Morlet wavelet)
(Eliseyev et al., 2012). The frequency content was analyzed
between 1 and 250 Hz. A redundant sampling of this frequency
domain was achieved via 38 daughter wavelets chosen with a
logarithmic scale. A logarithmic transform was applied on the
CCWT-transformed signals’ absolute value. Average values were
computed in 100 ms sliding windows (100 ms step), resulting in
a 10-point description of ECoG 1s-long time epochs for each
frequency band and each channel. Thus an ECoG epoch was
described by the temporal-frequency-spatial feature vector
xt 2 Rm;m ¼ 32� 10� 38 and m ¼ 64� 10� 38 for Monkey A
and Monkeys K, B and C respectively.

Trajectories. Wrist positions yt 2 R3 were issued by the motion
tracking system. Velocity was derived from position using a
forward-difference approximation (Eberly, 2014). NC and IC states
were manually labeled.

3.3. Decoder implementation

3.3.1. MSLM
A MSLM decoder with K ¼ 2 was trained using the complete

training data set X;Y; zf g, where zt ¼ 0 for NC samples and zt ¼ 1
for IC samples.

The IC expert was dedicated to wrist position decoding during
IC periods. The NC expert yielded the NC neutral position value
�yNC , estimated as the average value of yt computed over NC states.
A Gaussian noise was associated to the IC expert. A few NC transi-
tion samples were added to the IC samples for training. Partial
Least Squares (PLS) (Höskuldsson, 1988) regression was chosen
as an approximate ML estimator for the IC expert because of the
high dimension of input variable xt , which makes Ordinary Least
Squares (OLS) solutions unstable. PLS regression is a training
method able to handle high dimensional and/or correlated
explanatory variables, especially when the explanatory variable’s
dimension is higher than the number of training samples. PLS
regression has been performed on high-dimensional data sets in
several BCI studies (Bundy et al., 2016; Chao et al., 2010;
Eliseyev and Aksenova, 2014). It is based on the projection of xt

and yt onto low-dimensional subspaces. The subspaces are found
jointly on the criterion that they maximize the covariance between
the respective projections of xt and yt . The optimal subspace
dimension was here found by 6-fold cross-validation on the train-
ing data set.
The movement models were gated by a hybrid logit-HMM
model. Conventional HMMs directly model the emission distribu-
tions Pðxt jzt ¼ jÞ; j; . . . ;K. Variants based on discriminative model-
ing were proposed by several teams (e.g., using Neural Networks
(Renals et al., 1994) or Support Vector Machines (Valstar and
Pantic, 2007)). A discriminative approach consists in modeling
the class conditional probabilities Pðzt ¼ jjxtÞ; j; . . . ;K (e.g., Valstar
and Pantic, 2007). By contrast, ‘‘generative” classifiers infer
equiprobable decision boundaries from the probabilities
Pðxt jzt ¼ jÞ; j; . . . ;K. To clarify the relevance of both approaches
for the considered NC/IC classification task, pilot tests were com-
pleted on a reduced data set (7 acquisition sessions). The classifica-
tion accuracies of one generative (Gaussian distribution within the
NC and IC periods, resulting in a Bayes classifier) and one discrim-
inant classifier (logistic regression) (Bishop, 2006) were compared.
The logit model was found to slightly outperform the Bayes classi-
fier (average improvement of 6%). It was consequently integrated
into the HMM-based gating network for dynamic state detection.
Following (Valstar and Pantic, 2007), class priors Pðzt ¼ jÞ and
Bayes’ rule were combined to compute HMM emission probabili-

ties Pðxt jzt ¼ jÞ / Pðzt¼jjxtÞ
Pðzt¼jÞ . Dimensionality reduction was carried

out before feeding neural features to the logit class decoder. 6-
fold cross-validation on the training data set was performed to
choose the optimal dimension of a latent subspace found by PLS
regression between xt and zt . ML estimates of the logit model
parameters were computed using the Iteratively Reweighted Least
Squares algorithm (Bishop, 2006).
3.3.2. SKF
A SKF (see Appendix B) was implemented for dynamic combi-

nation of K ¼ 2 Kalman filters, one specialized in NC periods and
the other in IC periods. The SKF state variable (i.e., response vari-
able) yt

SKF was chosen as the monkey’s wrist position and velocity,
as it was reported optimal for ECoG decoding (Pistohl et al., 2008).
Similarly to the MSLM state decoder, the dimension of the neural
features xt was reduced before application of the SKF. Dimension-
ality reduction permitted to limit the SKF computational cost. PLS
regression between xt and yt

SKF was used to identify an informative
low-dimensional subspace. Subspace dimension was chosen by 6-
fold cross-validation on the training data set. OLS estimates of the
transition Ak and emission Ck matrices were computed on the
training data sets Xk;Ykf g. ML estimates of the variance matrices
Ck and Rk were found following (Aggarwal et al., 2013).
3.3.3. Thresholded Wiener filter
AWiener filter was fit via PLS regression on the training data set

X;Yf g. The optimal number of PLS factors was estimated by 6-fold
cross-validation on the training data set. Trajectory thresholding
was used to integrate basic NC support into the decoder. Joint
thresholding of ŷti ; i ¼ 1;2;3 was performed using probit regres-

sion. It was identified on the training data set Ŷ; z
n o

.

3.4. Performance indicators

Both state and trajectory decoding accuracy were assessed to
evaluate the hybrid decoders’ performance.
3.4.1. Performance indicators for state decoding
First, the positive or negative delay with which transitions were

predicted by decoders was estimated. A second indicator set char-
acterized classification error (i.e., number of misclassified sam-
ples). The last indicator set focused on the number of false
activations/deactivations and on their durations.
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Fig. 2. Temporal errors (ms) between observed and estimated state transitions for
the MSLM, WF and SKF decoders (average over 7 and 16 sessions for the subdural
and epidural data sets respectively). The state transition temporal error was
computed as the average absolute value of the positive or negative delay observed
between each true and estimated state transitions.

Table 1
State classification performance. Average False Positive Rate (FPR), True Positive Rate
(TPR) and Error (ERR) are displayed for the MSLM, WF and SKF decoders on subdural
and epidural ECoG data sets.

FPR (%) TPR (%) ERR (%)

Subdural (7 sessions) MSLM 4.0 96.5 3.9
WF 6.0 94.5 6.0
SKF 20.2 84.6 20.5

Epidural (16 sessions) MSLM 9.7 84.5 11.9
WF 17.6 83.3 16.3
SKF 63.0 65.3 50.5

Table 2
P-values for state classification performance. The significance of the differences
between the decoders’ respective performances was assessed using the Friedman test
with the significance level a ¼ 0:05. Post-hoc comparisons were performed using the
Wilcoxon signed-rank test with Bonferroni correction, i.e. aBonferroni ¼ 0:0167. Non-
significant differences are indicated by ‘‘n.s.”.

FPR (%) TPR (%) ERR (%)

Subdural (7 sessions) MSLM/WF n.s. n.s. n.s.
MSLM/SKF 0.0156 0.0156 0.0156

Epidural (16 sessions) MSLM/WF 0.0023 n.s. <0.001
MSLM/SKF <0.001 0.0061 <0.001
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Transition detection The temporal resolution of transition detec-
tion was estimated by computing the average absolute value of the
temporal error (positive or negative delay) between true and esti-
mated state transitions.

Confusion matrix-based performance indicators. The indicators
used to assess the performance of binary decoders (Mason et al.,
2006) mainly rely on the confusion matrix. The confusion matrix
gathers the number of NC states which are correctly (True Nega-
tives, TN) or wrongly (False Positives, FP) labeled, and the number
of IC states which are correctly (True Positives, TP) or wrongly
(False Negatives, FN) labeled by the decoder. The True Positive Rate
TPR ¼ TP

TPþFN (sensitivity) and the False Positive Rate FPR ¼ FP
FPþTN are

widely used to assess the performance of asynchronous NC/IC
decoding. Both the TPR and FPR were applied to assess the state
decoding performance. Because the NC and IC classes were rela-
tively well balanced in the considered data sets (average ratio
TN�TPj j
TN : 36� 18% and 14� 10% respectively for the subdural and

epidural data sets), the classification error ERR ¼ FPþFN
TPþTNþFPþFN

(Mason et al., 2006) was additionally computed.
False activations and deactivations. The TPR, FPR and ERR are

sample-based indicators. They don’t take into account the dynamic
of misclassified samples. For example, several consecutive misclas-
sified samples are liable to be less disturbing to users that the same
number of isolated misclassified samples. State decoding perfor-
mance was thus considered in terms of false activations/deactiva
tions’ durations and occurrence number, where a ‘‘false activa-
tions” (respectively, a ‘‘false deactivation”) refers a block of consec-
utive NC samples misclassified as IC samples (respectively, a block
of IC samples mistaken for NC samples). A block of misclassified
samples was counted as one false activation or deactivation. Its
duration was computed as the number of samples divided by the
decision rate.

3.4.2. Performance indicators for continuous variable decoding
Accuracy of the estimates of continuous variables is typically

assessed via Pearson Correlation Coefficient (PCC) and the Normal-
ized Root-Mean-Squared Error (NRMSE) (Spuler et al., 2015). The
PCC measures the amount of linear dependence between observed

y and predicted ŷ variables: PCCðy; ŷÞ ¼ covðy;ŷÞ
ryrŷ

, where covðy; ŷÞ indi-
cates the covariance between y and ŷ and ry refers to the standard

deviation of y. The NRMSE measures the l2-error between the vec-
tors of observations y ¼ ðy1; y2; . . . ; yTÞ0 and ŷ ¼ ðŷ1; ŷ2; . . . ; ŷTÞ0,
where ð:Þ0 denotes the transpose: NRMSE ¼ y�ŷk k2

y��yk k2, where

yk k2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPT

t¼1ðytÞ2
q

and �y ¼ 1
T

PT
t¼1y

t .

4. Results

The MSLM decoding performance was compared to SKF and WF
respective performances on the test data set of the 23 acquisition
sessions (2 and 2 monkeys, 7 and 16 sessions for the subdural
and epidural data sets, respectively). Significance of performance
differences was established using the Friedman test (Demšar,
2006) with the significance level a ¼ 0:05. Where appropriate, post
hoc pairwise decoder comparisons were performed using the Wil-
coxon signed-rank test with Bonferroni correction.

4.1. State decoding performance

Fig. 2 shows the average temporal error with which a state tran-
sition was detected on the subdural and epidural data sets. Table 1
shows the respective performances of the MSLM, SKF and WF
decoders in terms of NC/IC samples classification accuracy. The
corresponding p-values are gathered in Table 2.
The state transition temporal resolution of the 3 decoders
results in misclassified samples located around true state transi-
tions. In order to dissociate the decoder temporal resolution and
misclassification effects, samples located around transitions were
not considered when computing the confusion matrix. The num-
ber of discarded samples was taken equal to the maximal average
decoder transition delay plus its standard deviation, i.e. 6
(= 600 ms) and 10 (= 1 s) samples for the subdural and epidural
data sets respectively. It additionally permitted to take into
account possible manual state labeling inaccuracies in transition
surroundings. The MSLM state decoder outperformed the WF
state decoder for the FPR and ERR (average improvements of
25.0% and 36.1% respectively for the subdural data set, significant
improvements of 37.2% and 26.3% respectively for the epidural
data set). When compared to the SKF, the MSLM significantly
improved the FPR, TPR and ERR for both the subdural and epidu-
ral data sets. Table 3 shows false activations/deactivations in



Table 3
False activation/deactivation average frequency and duration for MSLM, WF and SKF
decoders on subdural and epidural ECoG data sets. False activations (respectively,
false deactivations) are blocks of consecutive NC samples misclassified as IC samples
(respectively, a block of IC samples mistaken for NC samples).

False activations False deactivations

Number per
min

Duration
(ms)

Number per
min

Duration
(ms)

Subdural MSLM 0.7 520 0.4 540
WF 2.1 290 0.9 390
SKF 3.2 650 1.2 670

Epidural MSLM 0.7 800 0.9 870
WF 2.9 380 2.0 410
SKF 2.1 1490 1.3 650
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terms of occurrence number and duration. The MSLM resulted in
significantly fewer false activations/deactivations than the WF
and SKF.
4.2. IC decoding performance

The relevance of the continuous IC kinematic models embedded
in the hybrid decoders was then assessed. As state labels are tradi-
tionally hidden during decoder application, the decoding accuracy
measured over IC states reflects both the quality of the IC continu-
ous decoder and of the state decoder (e.g., a false negative results
in a high l2-error). To decouple the impact of the state and contin-
uous decoders, the MSLM, WF and SKF were applied on complete
test data sets X; zf g, i.e. the state sequence was not hidden during
application. Continuous performance indicators were then com-
puted using exclusively the true IC samples. Fig. 3 shows the IC
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Fig. 3. IC decoding performance of the MSLM, WF and SKF decoders when the state seque
trajectories are averaged over 7 and 16 sessions, for the subdural and epidural data
each decoder. The significance of the differences between the decoders’ respective perfo
Post-hoc comparisons were performed using the Wilcoxon signed-rank test with Bonfer
continuous models decoding performance. Correlation and NRMSE
were not significantly different for the MSLM and WF. The MSLM
significantly outperformed the SKF in terms of NRMSE on the
epidural data set (average NRMSE improvement of 6.6% and
10.1% for the subdural and epidural data sets, respectively).
4.3. Overall decoding performance

Fig. 4 shows the global decoding performance of MSLM, SKF and
WF using continuous performance indicators. To discard perturba-
tions induced by slight variations of monkeys’ tracked wrist posi-
tion during NC periods, the target yt was taken to be the neutral
value �yNC during NC periods. MSLM and WF performances were
not significantly different. The MSLM significantly outperformed
the SKF for both correlation (average improvement of 19.6% and
16.2% on the subdural and epidural data sets, respectively), and
NRMSE (average improvement of 28.4% and 23% on the epidural
and subdural data sets, respectively). Examples of decoded trajec-
tories are presented on Fig. 5. Fig. 6 illustrates the average influ-
ence of frequency, temporal and spatial features of the IC expert
and the gating network for Monkey B (6 sessions, 3 axes).
5. Discussion

In spite of proofs of concept in laboratory environments
(Collinger et al., 2013; Wodlinger et al., 2015), clinical applications
of movement-control BCIs remain rare (Mak and Wolpaw, 2009).
NC support is one of the crucial problems currently faced by the
BCI community (Graimann et al., 2010). NC support is particularly
important when users physically interact with the BCI effector, as
MSLM WF SKF

P
C

C

0

1

2

3
Epidural data set

MSLM WF SKF

N
R

M
S

E

0

2

4

axis y
2

axis y
3

*
*

nce is known during application. The PCC and NRMSE between true and estimated IC
sets respectively. The vertical bar indicates the standard deviation associated to
rmances was assessed using the Friedman test with the significance level a ¼ 0:05.
roni correction. Significant differences are indicated by a star (⁄).
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Fig. 5. Example of observed and estimated trajectories for the subdural data set (Monkey K). The projections of the monkey’s wrist trajectory onto the horizontal axes (y1 and
y2) and the vertical axis (y3) are indicated in solid black lines. Red trajectories represent the estimates yielded by the MSLM, SKF and WF decoders.
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Fig. 4. Overall decoding performance of the WF, MSLM and SKF decoders. The PCC and NRMSE between true and estimated trajectories are averaged over 7 and 16 sessions,
for the subdural and epidural data sets respectively. The vertical bar indicates the standard deviation associated to each decoder. The significance of the differences between
the decoders’ respective performances was assessed using the Friedman test with the significance level a ¼ 0:05. Post-hoc comparisons were performed using the Wilcoxon
signed-rank test with Bonferroni correction. Significant differences are indicated by a star (⁄).
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Fig. 6. Example of the average contribution of frequency, temporal and spatial modalities to the MSLM IC expert and to the MSLM state decoder (epidural data set, Monkey B,
average over 6 acquisition sessions). Contributions were assessed as the normalized summation of absolute values of models’ coefficients along each modality. Dashed blue
lines indicate the average weight value plus or minus the standard deviation.
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is the case with neurally-driven ortheses. False activations are
likely to be particularly disturbing and stressful to users.

Dynamic data processing was chosen in the present article as a
tool liable to reduce BCI systems’ false activations. A hybrid logit-
HMM dynamic state decoder was integrated into a continuous tra-
jectory scheme. In contrast with the Winner-takes-all strategy
used for model combination by most hybrid decoders, a probabilis-
tic combination strategy was utilized. This statistically optimal
combination approach results in smoother transitions, which we
expect to be liable to facilitate effector control.
The training of the proposedMSLM decoderwas here considered
in the case of complete training data sets. Parameter identification
was thus supervised with respect to both trajectory and state
sequences. Generalization to the case of training unsupervised with
respect to the state sequence is a prospective extension of the pre-
sent study. It would permit to explore the use ofmultiple sub-states
for accurate modeling and classification of NC and IC periods, and
the combination of several IC experts to improve movement esti-
mation. The respective relevance of Expectation-Maximization or
Variational Bayes training approaches will be investigated.
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The proposed MSLM decoder was evaluated on epidural and
subdural ECoG data sets. It was compared to 2 hybrid decoders, a
SKF and a post-processed Wiener filter. Results were generally bet-
ter when decoders were applied on subdural recordings rather
than on epidural recordings. The MSLM and the SKF presented sim-
ilar IC trajectory decoding performances if the state sequence was
known during decoder application. On the other hand, in the prac-
tical case where state labels are hidden during decoder application,
the SKF’s overall correlation on subdural (respectively, epidural)
data sets was 19.6% (respectively, 16.2%) lower than the MSLM’s
one. The fact that the SKF was significantly outperformed by the
MSLM in terms of state detection (76% average increase of the clas-
sification error ERR) may have contributed to this degraded overall
decoding performance. The SKF state estimation is based on the
consistency of the NC- and IC-specific dynamic models with the
observed neural signals. It was here less accurate that MSLM state
detection, which directly exploits differences between the distri-
butions of NC and IC neural features. The SKF tendency to drift dur-
ing NC states was additionally observed on subdural recording (see
Fig. 5), and may have impacted the overall decoding performance.
These results suggest that the SKF-based NC support may be sub-
optimal for some applications, e.g. for neural signals with degraded
Signal-to-Noise Ratio or spatial resolution. A supplementary study
is thus required to investigate the performance of the SKF during
closed-loop experiments.

The MSLM IC expert and the WF performed equivalently when
they were applied to IC states (Fig. 3). Thus, excluding NC samples
when training the MSLM IC expert did not improve the model
between neural signals and kinematic parameters during IC peri-
ods. When compared to the WF, the MSLM state detection error
was lower by 36% and 26% for subdural and epidural ECoG data,
respectively. False activations and deactivations, i.e. blocks of con-
secutive false positives or false negatives, were longer (plus 380 ms
and 690 ms on average for the subdural and epidural data sets
respectively) but fewer (on average, minus 2:7 and 5:3 false activa-
tions/deactivations per minute for the subdural and epidural data
sets, respectively). We expect that a block of adjacent misclassified
samples is less disturbing to BCI users than a few isolated erro-
neous state estimates. Improvements came at the price of a slight
increase of the state detection delay (on average, plus 40 ms and
180 ms on the subdural and epidural data sets, respectively). It
was nevertheless essentially lower than the SKF delay (on average,
minus 160 ms and 230 ms on the subdural and epidural data sets,
respectively). This delay may explain why state detection improve-
ment was not reflected in the MSLM and WF overall trajectory
decoding performances, which were not significantly different.
MSLM- and the WF-based state estimation mainly differ in two
aspects, which may both have contributed to MSLM significant
improvement of state detection in comparison to WF. First, the
MSLMmakes use of a Markov hypothesis to model NC/IC state suc-
cession, while the WF relies on static state detection. Secondly,
state- and kinematic-related variables are independently modeled
by the MSLM decoder. By contrast, the WF infers state values from
the estimated trajectories. Several studies have reported that state
and kinematic parameters are encoded in different frequency
bands (Williams et al., 2013; Bundy et al., 2016). This observation
suggests the interest of building independent state and movement
decoders. The difference in neural feature contributions to the
state and movement decoders is illustrated by the modality
influence study presented in Fig. 6. Supplementary studies are
required to explore this topic.

The present offline study suggests that the proposed MSLM
decoder may be profitably used to introduce NC support into asyn-
chronous kinematic decoders. Further investigations are necessary
to strengthen and possibly extend the present study. In particular,
the wrist trajectories used to assess decoders’ performance were
associated to a limited space exploration. The relevance of the
MSLM remains to be explored in the case of complex trajectories.
While piecewise linear static and dynamic decoders were consid-
ered in the present article, the use of other nonlinear decoders,
for example Generalized Linear Models (Eliseyev and Aksenova,
2014), Multilayer Perceptrons (Kim et al., 2006) or Support Vector
Machine Regression (Kim et al., 2006; Mehring et al., 2003), has
been proposed for the estimation of kinematic parameters from
neural signals. The respective performances of these nonlinear
decoders have yet to be compared for asynchronous ECoG
decoding.

Future work will consist in testing the proposed decoder during
neural control sessions in human subjects. ECoG-based BCI in
humans is the objective of CLINATEC ‘‘BCI and Tetraplegia” clinical
research protocol which Principal Investigator is Prof. A.-L. Benabid
(https://clinicaltrials.gov/show/NCT02550522). The wireless
64-channel ECoG implant WIMAGINE� has been specifically
designed for stable and long-term signal acquisition (Mestais
et al., 2015). CLINATEC BCI platform (Eliseyev et al., 2014) also
includes the 4-limb exoskeleton EMY (Morinière et al., 2015) and
the software environments required for real time processing of
the neural signals. As the forward algorithm used by the MSLM
for model gating is computationally efficient (Rabiner, 1989), we
expect the MSLM to be compatible with real-time BCI decoding.
Because of a change of context between open-loop and closed-
loop BCI settings, open-loop neural patterns may differ from
closed-loop patterns (Leuthardt et al., 2006; Jackson and Fetz,
2011; Jarosiewicz et al., 2013). The MSLM decoding performance
thus remains to be investigated during closed-loop experiments.
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Appendix A. MSLM training

Let us consider a MSLM composed of K linear experts gated by a
HMM-based sequential decoder. Each linear expert i is
parametrized by Bi. Let A ¼ ðaijÞ be the transition matrix
aij ¼ Pðztþ1 ¼ jjzt ¼ iÞ; i; j ¼ 1; . . . ;K and p be the initial state
distribution pi ¼ Pðz1 ¼ ziÞ; i ¼ 1; . . . ;K. Finally, let bi gather the
parameters of the chosen emission distribution Pðxt jzt ¼ jÞ, e.g.
mean and variance in the case of Gaussian emissions.
Let X;Y; zf g be a complete training data set available for
Maximum-Likelihood estimation of the MSLM parameters

H ¼ Bif gKi¼1;p;A; bif gKi¼1

n o
. Maximization of data complete log-

likelihood LcðH;X;Y; zÞ ¼ lnPðX;Y; zjHÞ is equivalent to solving of
separate ML problems.

LcðH;X;Y; zÞ ¼ ln PðX;Y; zjHÞ; ðA:1Þ
where

PðX;Y; zjHÞ ¼ PðX;Yjz;HÞPðzjHÞ
¼ Pðx1:T ; y1:T jz1:T ;HÞPðz1:T jHÞ: ðA:2Þ

Following a typical HMM hypothesis, observations xt are
assumed to be temporally independent when conditioned on z1:T .
The same hypothesis is made for the dependent variable yt . Thus,

http://https://clinicaltrials.gov/show/NCT02550522
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Pðx1:T ; y1:T jz1:T ;HÞ ¼
YT
t¼1

P x1:T ; y1:T jz1:T ;H� �
: ðA:3Þ

Because the emission distribution of xt is only conditioned on zt ,

Pðx1:T ; y1:T jz1:T ;HÞ ¼
YT
t¼1

Pðxt ; yt jzt ;HÞ; ðA:4Þ

with Pðxt; yt jzt;HÞ ¼ Pðytjxt; zt ;HÞPðxtjzt ;HÞ.
Pðyt jxt ; zt ;HÞ corresponds to expert zt , and only depends on Bzt

and on noise distribution associated to the expert, i.e.
Pðyt jxt ; zt ;HÞ ¼ Pðytjxt ; zt ;Bzt Þ. Pðxt jzt ;HÞ is the HMM emission
model corresponding to the state zt , and parametrized by bzt . Thus,
Pðxt jzt ;HÞ ¼ Pðxt jzt ; bzt Þ and

Pðx1:T ; y1:T jz1:T ;HÞ ¼
YT
t¼1

Pðytjxt; zt;Bzt ÞPðxtjzt; bzt Þ: ðA:5Þ

The second term of (A.2) can be rewritten as

Pðz1:T jHÞ ¼ PðzT jz1:T�1;HÞPðz1:T�1jHÞ ðA:6Þ
Taking into account the first-order Markovian hypothesis and

the chosen parametrization,

Pðz1:T jHÞ ¼ PðzT jzT�1;AÞPðz1:T�1jA;pÞ: ðA:7Þ
By recurrence,

Pðz1:T jHÞ ¼ Pðz1jpÞ
YT�1

t¼1

Pðztþ1jzt;AÞ ¼ pz1
YT�1

t¼1
azt ;ztþ1 : ðA:8Þ

Finally, from A.2, A.5 and A.8,

LcðH;X;Y; zÞ ¼ lnpz1 þ
XT�1

t¼1

ln azt ;ztþ1 þ
XT
t¼1

ln Pðyt jxt ; zt;Bzt Þ

þ
XT
t¼1

ln Pðxt jzt ; bzt Þ: ðA:9Þ

Let us introduce the following notation: dzt ;k ¼ 1 if zt ¼ k and
dzt ;k ¼ 0 otherwise, and xtði; jÞ ¼ 1 if zt ¼ i and ztþ1 ¼ j, and
xtði; jÞ ¼ 0 otherwise. Then (A.9) can be rewritten as

LcðH;X;Y;zÞ¼
XK

i¼1

dz1 ;i lnðpiÞþ
XT�1

t¼1

XK

i¼1

XK

j¼1

xtði; jÞ lnðaijÞ

þ
XT
t¼1

XK

i¼1

dzt ;i lnðPðyt jxt ;BiÞÞþ
XT
t¼1

XK

i¼1

dzt ;i lnPðxt jbiÞ: ðA:10Þ

Switching the sum operators,

LcðH;X;Y;zÞ¼
XK

i¼1

dz1 ;i lnðpiÞþ
XK

i¼1

XK

j¼1

XT�1

t¼1

xtði; jÞ lnðaijÞ

þ
XK

i¼1

XT
t¼1

dzt ;i lnðPðyt jxt ;BiÞÞþ
XK

i¼1

XT
t¼1

dzt ;i lnPðxt jbiÞ: ðA:11Þ

Parameters of interest are thus decoupled in (A.11). Maximiza-
tion of each term of (A.11) can be performed separately.

Appendix B. Switching Kalman filter

The Switching Kalman Filter is a hybrid decoder which proba-
bilistically combines K Kalman Filters (Murphy, 1998). It permits
to infer a hidden trajectory yt from noisy measurements. The con-
tinuous response variable yt is composed by the trajectory coordi-
nates and derivatives (velocity, acceleration, etc.). The SKF applies
to switching state-space models specified as follows:

ztþ1 ¼ Aswitchzt ; ðB:1Þ
ytþ1 ¼ Aztyt þwt; ðB:2Þ
xt ¼ Cztyt þ vt; ðB:3Þ
The ‘‘transition” Eq. (B.2) describes the dynamic of the hidden

sequence yt 2 Rn, where Azt 2 Rn�n is the transition matrix and
wt is a a Gaussian observation noise, PðwtÞ � Nð0;Czt Þ;
Czt 2 Rn�n. The ‘‘emission” Eq. (B.3) characterizes the dependence
between the measurements xt and the hidden state value yt .
Czt 2 Rm�n is the emission matrix, and vt is a Gaussian observation
noise, PðvtÞ � Nð0;Rzt Þ;Rzt 2 Rm�m. Both the transition and emis-
sion equations are conditioned on the discrete switching variable
zt . Eq. (B.1), where Aswitch is the switching transition matrix,
describes the dynamic of zt which is assumed to be generated by
a first-order Markov process. The probability of the initial state
y1 is conditioned on z1 : y1 ¼ l0;z1 þ uz1 , with Pðuz1 Þ � Nð0;P0;z1 Þ.
The initial probabilities Pðz1 ¼ kÞ; k ¼ 1 . . .K of the switching vari-
able are gathered in p 2 RK .

In contrast with Kalman filtering, exact estimation of
ŷt ¼ Eðyt jx1:tÞ is intractable because of the exponential number of
possible state sequences. The SKF therefore relies on approximate
solutions (Murphy, 1998).

Supervised Maximum-Likelihood training is possible when a
complete training data set X;Y; zf g is available. Maximization for-
mula (Murphy, 1998) for EM-based SKF training are applied, taking
into account that the hidden switching state sequence is known.
ML estimates of the matrices Azt¼k;Czt¼k;Czt¼k and Rzt¼k are com-
puted on the training data subsets Xk;Ykf g, where Xk and Yk gather
training samples observed at times t such that zt ¼ k. The switch-
ing transition matrix Aswitch is fit on the basis of transition frequen-

cies in the sequence ðztÞTt¼1.
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