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Abstract
In this paper, we propose to analyze cointegrating relationships be-

tween some Italy, Spain, France and Belgium. We found that there is
one common stochastic trend that present selected countries. It appears
that, statistically, Spain and Italy are Granger’s causal. The model is
stable and provides goods forecasts for next quarters.
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1 Introduction
The analysis of the interest rate is a major issue for investors, especially for bond man-
agers and institutional investors. Whether it is in a speculative view or a fundamental
investment bond managers must adapt their strategy with the interest rates movements.
Rates are critical for their performance, so they try, as mush as they can, to anticipate
future trends. One of the tools at their disposal is the study of some similarity among
issuers. Indeed more than represent the cost of money, interest rates reflects the risk of
the bonds that are backed to it. It may be possible to anticipate some rate levels if the un-
derlying entities presents some similarities. These similarities can be of different natures.
For companies, the analogies can be made in terms of their balance sheet, their financial
situation or their success. Concerning States, their resemblance can be translate by their
economic, political or social situation. All of these similarities are crucial for corporate
and sovereign interest rates. Thus, German interest rates are lower than Italian interest
rates because of their different economic situation. With a more uncertain social and po-
litical situation, Italy is a higher source of worry than German’s situation for investors.
This worry is reflected by a high interest rate. Thus, generally a high interest rate reveal
a high fear of not being repaid by the underlying bonds, which represents potential losses
for investors.

It is therefore important for investors to anticipate these risks. Identifying these simi-
larities allows fund managers to adjust their portfolio to avoid significant losses. The
cointegration theory can be useful in order to study similarities, that can be caracterized
by a common stochastic trend. Indeed, from a financial point of view, the cointegration
reflects the ability of several series to follow the same long-term trend, while undergoing
short-term shocks. So if two series are cointegrated, they will most likely tend to join
the same trend. This observation avoids random sales or purchases and allow investors to
have a long-term view. In a strictly point of view, the cointegration theory offers the possi-
bility to deal with non-stationnary datas, that characterized a large part of usual economic
or financial time series. At worst, non-stationary economic time series can be sationarize
with the differentiation method. However, this method leads to a loss of information given
by the level of evolution of the studied serie. Particularly, the mutlvariate cointegration
models as the Vector Error Correction Model (VECM) can help to understand shocks and
correlations disrupt economic structures.
V. Borgy and V. Mignon (2006) [3] show that there is a cointegrating relationship between
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the one month European and American nominal rates. He also shows that European in-
terest rate is influenced by the American interest rate. M. Chinn and J. Frankel (2005) [1]
also study the influence of the american interest rate on the Euro zone. But finally, do not
extend the analysis on intra-relationships in the Euro zone.

Rather then exploring worldwide common long term stochastic trend, we propose to fo-
cus our study in exploring cointegrating relationships in the Euro zone. More precisely,
we focus on long term interest rates. Afterwards, we build a VECM model of selected
European long term interest rates in order to understand links that relates different rates,
especially in term in correlation and causalities. Moreover, we exploit relationships that
relate these aggregates in order to build dynamic forecasts.

The database used is from the OECD2 and includes the series of long-term interest rates
(10-year rate) from France (FRA), Spain (ESP), Italy (ITA) and Belgium (BEL) between
2001 and 2017. In contrast to the first two studies cited above, we decide to study 10 years
rates because we can legitimately think that they could satisfy the definition of a cointe-
gration. Indeed, these rates can be quite volatile in the short term but tend to follow a
common long-term trajectory. The perfect example is the 10-year Italian rate, which suf-
fered from significant shocks in the fall of 2018 (30% increase between mid-September
2018 and mid-November 2018) following the Prime Minister’s decision to not respect
the 3% rule which constrain European members to present a budget in which the public
deficit below is 3% of the GDP. Then this rate returned to the September level of 2018.
Also, we decide to take quarterly data to avoid exploiting noise instead of real underlying
relationships. Variations of daily interest rates data, as for many other financial data, may
be due to non-fundamental shocks (speculation or panic movements). This phenomenon
is less likely to happen with a higher data collection frequency.

At first, we propose to present a schedule of fixtures of different results and analysis
from the econometric literature concerning the topic. In the second part, we expose the
econometric methodology that will be used in this paper. More precisely, we exhibit,
step by step, the concept of spurious regression and its link with the non-stationnarity to
go until the presentation of the VECM framework while introduce to causality analysis
in the Granger’s sense. Afterwards, we present data and differents results derived from
this VECM model. Especially, we will expose specifications and tests that have been
used in this VECM model. Also, we will interpret shocks and causalities that affects this
economic structure. And finally, we will test analyze interest rates forecasts for the next
quarters given by this representation.

2Organisation for Economic Co-operation and Development.
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2 Literature review
The globalization has favoured the global financial integration in the world. Areas be-
comes connected, and the different economic aggregates reacts amongst themselves. In
their paper, V. Borgy and V. Mignon (2009) [3] offer an econometric approach to study
the worldwide financial integration. To do so, the authors propose to explore this finan-
cial integration based on the study of interest rates. Hence, they use two indicators: the
nominal interest rate and the real interest rate. Through this two aggregates, they defined
two commons measures. The first is the uncovered interest rate parity and the second is
the real interest rate. The authors study short and long maturity of interest rates (1, 3, 6
months and 10 years). This uncovered parity condition is an indicator of financial integra-
tion due to the arbitration. A rise in the interest rate in a country implies an appreciation
of the currency that takes the situation back to the equilibrium. As a first econometric
approach, they conclude that uncovered interest rate parity spread for all maturities are
stationary significantly at 5% level. The interest rate spreads are transitory, and go back
to equilibrium. However, they conclude that nominal interest rates are Integrated of order
1. Hence, they build a VECM model between these two rates. They observe there is force
adjustment that take back the situation to the long term equilibrium, this is to say a return
phenomenon. The return adjustment speed to equilibrium is faster for 3 to 6 months rates
than for 1 months rates. The european rates only depends on its own lags and do not de-
pends on american rates. Moreover, the return adjustment speed to equilibrium for long
term rates (10 years) is faster than for short term rates. Authors finally affirm that these re-
sults corroborate the financial integration between the US and the euro zone. Concerning,
the real interest rates, there also is a force adjustment in a way that the european rate fills
the spread with the long term american one, that illustrates the convergence phenomenon
between short term interest rates. In summary, the authors found that the uncovered in-
terest rate parity is verified in the long term for short and long run interest rates. This link
between nominal and real interest rates is confirmed and the results reinforce the financial
integration between both areas. The second part of the paper is about the cointegrating
relationship between the US (Dow Jones) and the European (Euro Stoxx) logarithm of
nominal stock markets in January 1966 to June 2006. The null hypothesis of absence of
cointegration is rejected. Both series follow a common trend. The VECM estimation is
possible. In the short term, first lagged profitabilities of the Dow Jones influence Euro
stoxx ones. The Granger test of causality shows that the null hypothesis that American
yield do not cause European ones is rejected, but the opposite is false. However, results
for real yield differ. If in a first time, both real yield are integrated of order one, it appears
that there is no cointegrating relationship between these series. Thanks to a VAR model,
they finally found that the American yield causes in a Granger’s sense the European one.

M. Chinn and J. Frankel (2005) [1] propose a in-depth study of ramifications of the
structure of euro zone interest rates and its link with the world interest rates. Owing
to the non-stationarity of the interest rates time series, they also build an error correction
dmodel in order to study the cointegrating relationship between several european interest
rates (Germany, France, Spain, Italy and the UK). To do so, the authors estimate equations
in two subsamples: 1973q1-1995q4 and 1996q1-2004q2/3. For the first subsample, they
conclude that the US rate does not respond to european long term real rates. Nonetheless,
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European rates do respond fairly strongly, especialy French and Italian rates. For the sec-
ond sample, authors observe ambiguous results. The US long term real interest rate close
the gap between rates at a faster pace than they did in the earlier period, but interpretations
has to be cautious due to possible imprecision of estimates. Authors anyway emphasizes
much more aggregated results: in the first subsample, US rates adjust at a rapid rate of
0.39 while Euro area rates (Measured by a weighted average) adjust slowly (0.12) rela-
tively to US rates. Afterwards, authors analyze determinants of interest rates. They found
significantly results that tends to confirm that euro zone and US interest rates principally
depends on its current level of debt and its inflation rate.

Financial stock markets also are cointegrated. A. Golab, F. Jie, R.J. Powell and A. Zamo-
jska (2018) [2], as for themselves, propose an cointegration analysis of world financial
stock markets after the following sovereign debt crisis. They use daily financial stock
markets datas in order to capture a possible cointegrating vector in a VECM model be-
tween some selected market (USA, UK, Germany, Australia, Japan and China). First,
they apply Augmented Dickey Fuller (ADF) test and observe the non stationarity of these
datas. After, thanks to the Johansen cointegration rank test, they found one cointegrating
relationship between that structures a long-run relationship between this stand of mar-
kets. It appears that European markets are the most volatile compared to others. Finally,
they also decide to analyze causalities by using the Granger-causality. To do so authors
differentiate datas and implement Granger causality tests. They divide the sample into
two sub-samples. The first one covers the period from January 2010 till June 2012 (the
assumed end of the European sovereign debt crisis as per Wearden 2016 and BBC News
2016). The second sub-sample covers the period of the beginning the recovery process
from July 2012 till December 2016.. Hence, they found that the US and the Japan market
stock highly influence the other four markets. Also, Australia influences China, Japan
and the US. The Chinese market influences Japan and US. The US influences China and
Japan. Surprisingly, the two selected European market, Germany and the UK influence
all market except each other. Concerning the psot-crisis sub period, the Granger causal-
ity appears slightly different. The UK and Germany are the most influencing markets.
According to authors, this can be related to recent Brexit referendum that implies this in-
fluence. China influences Japan and the US and the US influences Japan. Australia is only
influenced by european countries. The presence of the Granger causality among these six
stock market can offers short-term profit strategies. If there a stock market causes in a
Granger’s sense another market, then asset managers can forecast consequences on its
entailed other market. In contrast to this, if there is no Granger causality between two
markets, asset managers can benefit from the portfolio diversification in the short run.

G.M Caporale, H. Carcel and L. Gil-Alana (2017) [4] in their discussion paper analyze
the cointegration between central bank Policy Rates. More precisely, authors study the bi-
variate cointegration among central bank interest rate of the Eurozone, the USA, the UK,
Canada, Japan and Australia. Principally, they found that Australian rates are cointegrated
with the Eurozone and UK ones. There is one cointegration relationship with Canadian
rates, the UK ans US ones. And Japanese rates with the UK ones. According to authors,
this can be related to coordination in monetary policies responses that has followed the
global financial crisis.
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3 Econometric methodology

3.1 Non-stationarity to cointegration
A plenty of time series are not constituted by stationary process, which reduce to nothing
analysis from usual tools as OLS or ARMA models. This is called the issue of spurious
regressions featured by Granger and Newbold (1974). If one assumes xt and yt, two time
series each integrated of order 1 following a random walk:

xt = xt−1 + ut

yt = yt−1 + vt

Where ut and vt are independant white noises. If one applies linear regression yt =
α+βxt+εt, one should observe that β = 0. However, by doing Monte Carlo simulations,
Granger and Newbold (1974) have shown that β is markedly different from zero. In
other words, xt appears as a dependant variable of yt, which is a nonsense, because these
two variables are linearly independents. The non-stationarity equally prevent the use of
statistical inference. Indeed, if for instance, xt is I(1), it signifies that, under the null
hypothesis, vt also will be I(1). Well, usual tests are based on the white noise hypothesis,
that is not confirmed in this case. Moreover, the ARMA model only can be applied on
stationary processes. Thus, the differentiation still can be a solution but involves limits:
the model only captures changes between periods but not level relationships; long term
equilibriums between series cannot be catched, that is commonly called cointegration.

3.2 The Error Correction Model
Finally, the cointegration theory proposes to circumvent the problem by making a station-
nary linear combination of non-stationnary time series. Granger has shown that, because
of its non-stationarity component that xt and yt can have a divergent development in the
short term, but they will progress together in the long term. Thus, there is cointegration
when a linear combination of these two variables leads to a stationary process. The op-
posite leads to a spurious regression. If the cointegration is proven, an Error Correction
Model (ECM) can be estimated. Here it is about to propose in an integrated model a
statistical representation that forms a long term target (cointegration relationship) and a
short term dynamical representation (adjustment force). Formally, by reconsidering the
previous example, in the case of cointegration relationship the linear combination of these
two variables yt = γxt + vt can reformulated as follows:

∆yt = −(yt−1 − γxt−1) + γ∆xt + vt

This ECM representation displays the dynamical growth rate yt determined by long term
target (the cointegration relationship yt−1 − γxt−1). If it subsists a positive spread at the
t−1 period in comparison to this long term relationship, so the negative coefficient before
the long term relationship (−1) implies lessening of the growth rate yt at the t period.
Hence, the −1 coefficient is called adjustment force. Last, the dynamical component
of the model is displayed by γ∆xt. Now if one considers the generalization with N
processes xi,t integrated of order 1 satisfying a cointegration relationship displayed by the
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3.3 The Vector Error Correction Model

vector α such as the linear combination µt = α0 + α1x1,t + α2x2,t + ... + αNxN,t has to
be stationary. Then, it subsists an ECM representation for each processes xi,t such as:

∆x1,t = c+ γµt−1 +

p∑
k=1

β1,i∆x1,t−k +

p∑
k=1

β2,i∆x2,t−k + ...+
∑

βN,i∆xN,t−k + εt

The parameter γ < 0 represents the retraction force. If γ before the cointegrating rela-
tionship residual is positive or null, the ECM model is not valid.

3.3 The Vector Error Correction Model
Usually, the complexity deduced from economic relationships obliges economists to use
multivariate systems. From a Vectorial Autoregressive Model (VAR), one can deduce a
Vector Error Correction Model (VECM). In other words, contrary to the VAR, the VECM
model can deal with non-stationnary datas. If one considers the following VAR(p), written
Xt with an (N, 1) dimensions such as:

Xt = A0 + A1Xt−1 + A2Xt−2 + ...+ ApXt−p + εt

This VAR model can be transformed as a VECM model:

∆Xt = B0 +B1∆Xt−1 +B2∆Xt−2 + ...+Bp−1∆Xt−p+1 + ΠXt−1 + εt

where matrixes Bi are functions of matrixes Ai and where :

Π =

p∑
k=1

Ak − I = α′β

More precisely, the vector α is the adjustment force towards the long term equilibrium
and the matrix β which its column vectors are constituted by coefficients of cointegration
relationships that exist between the N variables of the vector Xt. The number r of coin-
tegration relationships is primordial here. If rank of the matrix Π equals the dimension
N of the VAR, therefore all variables of the VAR are stationnary and there cointegration
issue. However, if the rank of matrix Π statistfies the condition 1 ≤ r ≤ N−1, then there
is r cointegration relationships and the VECM model applyable. Cointegration relation-
ships can include determinist trends and constants. The maximum lag p can be found by
Schwarz-Bays or Aikake information criterion.

3.4 The cointegration analysis
The r cointegration relationships principally can be found by two tests. The first is the
Trace Test. It consists in testing the likelihood maximum relation in computing the fol-
lowing statistic:

TR = −T
N∑

i=q+1

log(1− λ̂i)

The null hypothesis that is to be tested is r ≤ q, this is to say that there is at most
r cointegration vectors. This test comes donwn to test the rank of matrix Πp because
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3.5 Impulse response function

testing the realness of r cointegration vectors comes down to test the null hypothesis
Rank(Πp) = r. Johansen (1988) has shown that, under the null hypothesis, the TR
statistic assumes for its asymptotic distribution the distribution of:

Trace

[∫ 1

0

W (r)dW ′(r)

(∫ 1

0

W (r)W ′(r)dr

)−1 ∫ 1

0

dW (r)W ′(r)

]
The critical values of the TR statistic has been written by Johansen and Juselius (1990)
then by Osterwald-Lenum (1992). We reject the null hypothesis of r cointegration rela-
tionship when the TR statistic is higher than the critical value. From here, three cases can
appear :

Case 1 : If Rank(Π) = 0, then r = 0. It does not exist a cointegration relationship.
The estimation is impossible. However, one can estimate a VAR model on ∆Xt.

Case 2 : If Rank(Π) = r, then there is r cointegration relationships. The VECM es-
timation is possible.

Case 3 : If Rank(Π) = N , then there is no cointegration relationship. However, a
VAR model can be estimated on Xt.

It is very important to notice that the trace test permit to determine the r cointegration
relationships, but does not indicate which of these variables are cointegrated.

The second test is the maximum eingeinvalue. Its statistic test is given by:

EVmax = −T log(1− ˆλq+1)

Here, one tests the null hypothesis r = q in comparison to the alternative hypothesis
r = q + 1.

3.5 Impulse response function
In econometrics, the principal application of the VAR models is in the impulse response
analysis. The impulse response function represents the implication of a shock of an in-
novation on other endogenous variables. A shock on the i-th variable can directly effect
itself, but it also spreads itself on other variables through the VAR dynamic framework.
When the VAR dynamic is non-stationnary, as is the case for the VECM model, it can be
possible to introduce long term constraints. Thus, long term effect are constituted by long
term dynamical multipliers defined by the VMA representation (Wold Decomposition) of
the differentiated structural VAR:

∆Xt =
∞∑
h=0

Ωhωt−h

Furthermore, one can notice that:

Xit =
t−1∑
h=0

∆Xit−h +Xi0
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3.6 The Granger-Causality

Where Xit is the response of the shock ωjs, that is ∂Xit/∂ωjs equals the differentiated
response accumulation ∂∆Xit−h/∂ωjs, h ≤ t − s, for this same shock. Also, because
∂∆Xit−h/∂ωjs = Ωij,h, the response of Xit to the shock ωjs equals

∑t−s
h=0 Ωij,h. The long

term response written Ωij(1) can be computed when t→∞:

Ωij(1) = lim
t→∞

t−s∑
h=0

Ωij,h

Finally, this last equation represents the long term dynamical multiplier.

3.6 The Granger-Causality
An other tools of the VAR structural analysis is the Granger causality. Granger (1969)
[7] defines the idea of causality in formalizing that a cause cannot come after the effet.
In other words, if a variable x affects a variable z, the former should help improving the
forecasts of the latter variable. By retaking, the formulation of Lukthepohl, suppose that
Ωt is the information set containing all the relevant information in the universe available
up to and including period t. If one considers zt(h|ωt being the optimal (minimum MSE)
h-step predictor of the process zt at origin t, based on the information in Ωt. The corre-
sponding forecast MSE will be denoted by σz(h|Ωt. The process xt is said to cause zt in
Granger’s sense if:

Σz(h|Ωt) < Σz(h|Ωt\{xs|s ≤ t})

If this equation is true, one can also say that the process xt is Granger causal for the
process zt. Moreover, in this previous formalization, the expression of Ωt\xs|s ≤ t is the
set containing all the relevant information in the universe for the information in the past
and present of the xt process.

Also, always by retaking formulation of Lukthepohl, zt can be predicted more efficiently
if the information in the xt process is taken in account in addition to all other informa-
tion in the universe, then xt is Granger-causal for zt. Equally, if zt and xt are M - and
N -dimensional processes, respectively, xt is said to Graner-cause zt if:

Σz(h|Ωt) 6= Σz(h|Ωt\{xs|s ≤ t})

for some t and h and where yt = (ztxt)
′.

Furthermore, concerning the Granger-causal in the VAR model with its following canon-
ical MA representation:

yt = µ+
∞∑
i=0

Φiut−i = µ+ Φ(L)ut, Φ0 = IK

where ut is a white noise process with nonsingular covariance matrix Σt. In this case, zt
does not cause in Granger’s sense if:

zt(1|{ys|s ≤ t}) = zt(1|{zs|s ≤ t}) ⇔ Φ12,i = 0 for i=1,2,..,n.
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4 Results

4.1 The data
In this empirical paper, four variables are involved. The long term (10 years) interest rates
of four countries as Italy, Spain, France and Belgium. We have chosen to separate a year
in quarters in order to catch a long term trend. The period start at the last quarter of 2001
to the the second quarter of 2018. These countries offer some resemblances that deserve
to be noticed. First, they all are in the European Union, and most precisely in the Euro
Zone. Second, one can see globally that there is a common trend between these countries.
Thus, there is a risk of multivariate cointegration.

In details, one can see there is two groups in there that each follow a common trend:
Italy and Spain; France and Belgium. This especially can be seen after the structural
break in 2012. For Italy and Spain, there is speed downturn while there is a slow decrease
for France and Belgium.

Figure 1: Interest rates

In this paper, we will take advantage of this relationship between these European interest
rate in order to understand in order to make forecast and to understand possible causalities
between themselves through a VECM model. First, to do so, we propose to analyze the
stationarity of these times series as a first approach.
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4.2 Stationarity analysis

4.2 Stationarity analysis
Table 1 shows all the t-stats of the dickey fuller’s augmented regressions from the most
complete model order (DGP3: constant and trend) to the most restricted model (neither
constant nor trend). We observe that for each country the t-stats are lower (for the bilateral
tests of the trend and the constant), higher (for the right side unilateral tests) at 5 percent
of confidence level tabulated by Dickey and fuller3, which means that for each model the
null hypothesis of non-stationarity is not rejected (H0: φ = 0).

ITA ESP
DGP 3 DGP 2 DGP 1 DGP 3 DGP 2 DGP 1

φ -1.781 -1.416 -1.214 -1.479 -1.021 -1.356
Const 1.514 1.092 1.277 0.661
Trend -1.078 -1.138

BEL FRA
DGP 3 DGP 2 DGP 1 DGP 3 DGP 2 DGP 1

φ -2.152 -1.061 -1.761 -2.445 -0.994 -1.904
Const 1.881 0.354 2.207 0.209
Trend 2.575 -2.221

Table 1: T-student of Dickey-Fuller stationnarity test

We now testing the integration order of the series. Table 2 shows the t-stats of the unit root
tests on the order 1 integrated series for each country. We observe from DGP 3 that the
t-stats of the right side unilateral test on phi are higher than the critical values at 5 percent
tabulated by Dickey and fuller. The series integrated of order 1 are therefore stationary
and we say that they are I(1). The presence of unit root in the series and their order of
integration make us suspect a presence of cointegration relation between the series. The
nature of non-stationarity (trend stationarity or deterministic stationarity) is not studied
here because it does not influence the rest of the study.

ITA ESP FRA BEL
DGP 3 DGP 3 DGP 3 DGP3

phi -5.045 -5.115 -6.808 -5.246
Const -0.443 -0.239 -1.107 -0.803
Trend 0.018 -0.0379 0.057 0.036

Table 2: T-student of DF stationnary test on integrated series

4.3 Cointegration analysis
We have launched on R a VAR Select which indicates the number of lags which minimizes
the information criteria (AIC, HQ, SC, FPE). The results are not homogeneous among
these four selection criteria. We then decided to select the Schwarz-Bays criteria that
corresponds to a lag of 2. In order to build a VECM, we have to find the number of

3Dickey and Fuller critical values at 5 percent confidence level (1981): DGP3: -3.45,2.78,
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4.3 Cointegration analysis

cointegration relationship thanks to the Johansen approach. To do so, we use the trace
and the eigenvalue test. However, to do so, two cases have to be noticed. Critical values
of these tests are impacted by the framework that it used. Two cases have to be noticed:
the absence or the presence of the constant in the error correction model; the absence or
the presence of the constant and the trend in cointegrating relationships.

Table 3: Johansen cointegration rank tests

Table 4: Eigenvalue

test 10% 5% 1%
r<= 3 2.59 10.49 12.25 16.26
r<=2 8.12 16.85 18.96 23.65
r<=1 25.75 23.11 25.54 30.34
r=0 85.53 29.12 31.46 36.65

Table 5: Trace

test 10% 5% 1%
r<= 3 2.59 10.49 12.25 16.26
r<=2 10.71 22.76 25.32 30.45
r<=1 36.46 39.06 42.44 48.45
r=0 121.99 59.14 62.99 70.05

Here, we build these tests in assuming the absence of a trend in the cointegrating relation-
ship and the presence of a constant in the error correction model. From an economic point
of view, this can be justified in supposing that equilibrium relationships among long term
interest rates are not constituted by a deterministic trend. The presence of a constant here
can be justified by the fact these time series are characterized by a decreasing linear trend.
Both test suggest that there is only one single cointegrating relation between these four
European interest rates significantly at one percent. Hence, the presence of cointegration
vectors confirms the existence of a long term relationship among these interest rates. Fi-
nally, the estimated VECM model is the following :

Error Correction ITA ESP FRA BEL
CointEq1 -0.5629** -0.3368 0.1653 0.0338
ITA(-1) -0.2923 -0.7713* -0.0619 -0.1666
ITA(-2) 0.0662 0.675 0.0097 -0.3003
ESP(-1) 0.4228 1.0330*** -0.1081 -0.1272
ESP(-2) -0.2397 -0.6530 0.1227 0.3215
FRA(-1) -1.0284* -0.735 -0.3110 -0.4750
FRA(-2) -1.1426 -0.491 -0.4211 -0.4193
BEL(-1) 1.0017 0.6385 0.6872 0.09417*
BEL(-2) 0.3695 0.3615 0.0201 0.2904

C -0.0331 -0.0543 -0.0738 -0.0607

Table 6: The VECM model

With its long term relationship:

ITAt = −0.8276155∗∗∗−0.3409438∗∗∗ESPt+1.763863∗∗∗FRAt−2.237599∗∗∗BELt+zt

In the long term4, one can see that when the spanish rate raises by one unity, the italian
decreases by 0.3409438. Moreover, when the french rate raises by one unity, the italian

4The next interpretations all are ceteris paribus
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4.3 Cointegration analysis

rate raises by 1.763863. However, when the Belgian rate raises by one unity, the ital-
itan rate decreases by 2.237599. In the short term cointegration relationship (Table 6),
we observe several points that has to be noticed. The short term equation of the italian
interest rate is highly correlated by its error correction parameters (significantly at 5%)
and also is dependant of the first lag of the french rate (significantly at 10%). The spanish
rate significantly depends on its own lag (at 1%) and on the first lag of the italian rate (at
10%). It appears that the french rate does not depends on its counterparts because none of
its estimated parameters are statistically significant. Concerning the Belgian rate, it only
significantely (at 10%) depends on its own first lag.

As for the stability of the VECM, the shapiro-volk test5, and the QQ-plot permit to con-
firm the normality of estimated residuals. A The VECM model is stable.

Figure 2: Respectively, VECM residuals for Italy and Spain

Figure 3: Respectively, VECM residuals for France and Belgium

5See Appendix.
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4.4 Shocks analysis

Globally, one can observe that the cumulative effect for all theses shocks generally start
in the long term - the effect principally appears after 4 quarters. An impulse in the Ital-
ian interest rate induces a positive effect on other European interest rate. An impulse in
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4.5 Granger-causality analysis

the Spanish rate also induces a positive reaction on other interest rates, but this effect is
especially amplified for the Italian interest rate. Nonetheless, the effect is much more am-
biguous for the Belgian and the french interest rate. Indeed, the french interest rate shock
causes a negative effect on the Italian and the Spanish interest rate, but causes a positive
effect on the Belgian one. Furthermore, an impulse response in the Belgian interest rate
induces to positive effect on the Italian and Spanish interest rate, but does not have an
impact on the french interest rate.

Finally, the Spanish interest rate is the most dependant towards these others European
interest rate. The Italian one have the most powerful influence on others European rates.
Concerning the french rate, we see that this is the less dependant towards its neighbours,
relatively to others, except to the Italian shock.

4.5 Granger-causality analysis
To complete responses that have been brought by impulse response functions, we pro-
pose to test the multivariate causalities by the multivariate Granger causality. Given the
non-stationnarity of the time series, we compute a differentiated VAR model with sta-
tionary data (order one integrated series). We estimate a VAR (see appendix 2) with a
lag order p = 2 that we have determined by the lag order selection test proposed by R.
The validity of the VAR was checked with the portemanteau test (cross autocorrelogram).
The null hypothesis of this test, which is "the cross-correlation of the residuals is null" is
rejected. (p−value = 0.4267). We can say that the residuals of the VAR model are white.

Following this estimation, we carry out the multivariate Granger’s causality test between
the interest rate series of each country and a multivariate instantaneous causality test:

HO p-value
ESP do not Granger-cause ITA FRA BEL 2.556e-06
FRA do not Granger-cause ITA ESP BEL 0.1578
ITA do not Granger-cause ESP FRA BEL 1.855e-10
BEL do not Granger-cause ITA ESP FRA 0.4857

Table 7: Granger’s causality test results

The assumption that the Spanish interest rate causes neither the French rate, nor the Italian
rate nor the Belgian rate is rejected: the spanish rate has therefore a causal effect in the
sense of Granger on at least one of the rates of the other countries. The assumption that
the Italian rate does not cause the French rate, nor the Spanish rate nor the belgian rate
is rejected: the Italian rate has a causal effect in the sense of Granger on at least one of
the rates of the other countries. Finally, this is in accordance with the previous analysis
of shocks because the italian and the spanish interest rate are the most dependant towards
(at the same time in receiving and causing shocks) comparing to its opposite numbers, the
french and the Belgian interest rate.
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4.6 Dynamic forecasts

The VECM model gives forecasts in rolling. The red curve indicates the rolling forecast
and the black curve the reality. To do so, we separated the data in two part, the train and the
test. One can observe that the forecasts fit quite well the reality. More precisely, wee also
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notice two clusters of forecasts that totally corresponds to our previous analysis. Indeed,
the forecasts better fit the french and the Belgian interest rate relatively to the Spanish
and Italian one. One can see in the middle of the years 2015, that forecasts raise while
the reality carries on its decreased. Nonetheless, the forecasts anyhow decreases in 2016
that finally corresponds to the reality. One can equally notice that even tough forecast
direction corresponds to the reality, the appearance of a spread disrupts the quality of these
forecasts. This little gap in 2016 is also present for the Belgian case. Finally, although
a little spread during the year 2015, it appears that the most fitted forecasts relates to the
french interest rate.

5 Conclusion
Long term interest rates of Italy, Spain, France and Belgium are non-stationnary. Hence,
a VECM representation permit to exploit this statistical particularity, in order to find com-
mon stochastic trend that leads these economic time series. Finally, thanks to the Johansen
approach, we find there at most one cointegating relationship between selected European
countries. The Italian interest rate depends the first lag of the french one. The Spanish
rate depends at once on its own first lag and the Spanish one. The french interest rate
appears to be influenced by nothing, while the Belgian one only depends on its own first
lag. Also, it appears that a Italian’s shock impacts its all neighbours. The Spanish as
well, but with lowered impact on the French rate. The effect of a French’s is much more
equivocal. Indeed, if in a first time, it affects positively the Belgian rate, it appears that
this effects provokes a negative effect on Spanish and Italian rates. As for the case of a
Belgian’s shock, it affects positively Italian and Spanish rates, but does not influence the
French one. Plus, the Granger causality test, build on the differentiated VAR model, we
reject the null hypothesis of no causality of Italian and Spanish rates. Finally, this VECM
model performs well concerning the quality of forecasts. Forecasts fit better the reality
for French and Belgian rates than for Italian and Spanish ones.

Admittedly, the US long term interest rate is cointegrated with European ones, more,
it can cause them. But it appears that it can subsists some cointegrating relationships
even into the Euro Zone. Surprisingly, Italian and Spanish interest rates seem to be very
influential on French and Belgian ones. These four aggregates are closely related each
other. Therefore, asset manager can benefits of these relationship in order to settle port-
folio strategies.

Nonetheless, some limits can disrupt interpretations of the model. Certainly, VECM
modeling appears to be a excellent tool in order to study non-stationnary datas, espe-
cially by exploring cointegrating relationships. However, this model only captures linear
dependencies, well interest rate relationships can be characterized by other forms of links.
Equally, VAR models present some limitations, especially on its impulse response func-
tions. Lukthpohl [7] points out that, each economic aggregates depend on everything else,
while VAR systems work with low variables. Hence, phenomenon of omitted variables
appears. This is to say, a lot of non-captured effects forwards into innovations. This effect
leads to major distortions in the impulse response function that affects possible economic
interpretations. Last but not least, our Granger causality analysis can suffer of inadequa-
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cies. Indeed, we had to differentiate datas due to the non-stationarity of datas, in order to
build a Granger causality test. Then, captured Granger-causalities between periods, but
in level. In other words, we did not capture long term causalities. This fact can be the
reason why interpretations between our Granger causality test and our Impulse response
analysis do not totally concur. Because, to be sure, both are agree on the fact that Italian
and Spanish rates each causes others, but this is not totally the case concerning French
and Belgian rates. Actually, both are not Granger causal, and yet the results of their each
impulse response function tends towards to say its each shocks influence other rates. This
inconsistency can possibly explicated by the weakness imposed by the VAR differentia-
tion: both series can be no Granger-causal between periods but they can be in the long
term.

Interest rates investigation could not stop here. Other possibilities of econometric model-
ing can be done. For instance, one can see that the Italian long term interest rate has been
effected by a structural break during the period 2012-2015. This correspond to an abrupt
change of direction, that non-linear models would much more in tune with - here we think
of Integrated Smooth Transition Model for example. Another avenue could be followed
in this study would be to seperate two periods: before and after the placing of the Euro
currency in order to see impacts on these rates. This would be imply to take a larger time
horizon if we had to deal quarterly datas6. Also, another avenue to explore would be to
analyze real interest rates, or uncovered interest rates parity, in order to explore speci-
ficities of rates or financial integration. Moreover, if the cointegrating link among world
interest rates is obvious, it would be interesting to explore if derivatives as Credit Default
Swap spreads in Europe could be cointegrated - because this aggregate also is a measure
of sovereign risk by market participants.

6Another way is to work with monthly datas, but there is a risk to be disrupted by non desirable noises.
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6 Appendix

Italie Espagne France Belgique
Min 1.223 1.075 0.1685 1.1767
1st quarter 3.595 3.430 2.1854 2.3550
Median 4.240 4.144 3.5125 3.7800
Mean 3.960 3.870 3.0639 3.2348
3rd quarter 4.651 4.540 4.0944 4.2033
Max 6.614 6.432 5.2034 5.3300

Table 8: Descriptive statistics

Italie Espagne France Belgique
Italie 1.000 0.9701 07985 0.8684
Espagne 0.9701 1.000 0.743 0.8145
France 0.7985 0.743 1.000 0.9852
Belgique 0.8684 0.8145 0.9852 1.000

Table 9: Correlation matrix

ITA ESP FRA BEL
CointEq1 -0.5629** -0.3368 0.1653 0.0338
ITA(-1) -0.2923 -0.7713* -0.0619 -0.1666
ITA(-2) 0.0662 0.675 0.0097 -0.3003
ESP(-1) 0.4228 1.0330*** -0.1081 -0.1272
ESP(-2) -0.2397 -0.6530 0.1227 0.3215
FRA(-1) -1.0284* -0.735 -0.3110 -0.4750
FRA(-2) -1.1426 -0.491 -0.4211 -0.4193
BEL(-1) 1.0017 0.6385 0.6872 0.0.9417*
BEL(-2) 0.3695 0.3615 0.0201 0.2904

C -0.0331 -0.0543 -0.0738 -0.0607
R squared 0.1437 0.2885 0.196 0.1852

R squared adj 0.009379 0.1769 0.06992 0.05741
SE equation 0.3668 0.3188 0.2708 0.2909
F-statistique 1.07 2.586 1.554 1.449

p-value 0.3987 0.1882 0.1622 0.1994

Table 10: VAR(2)
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