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« Notwithstanding, all the experience that I could have acquired in music, to be practiced 
for a long time, it is only through the help of mathematics that my ideas have managed, and 
that the light has succeeded to a certain obscurity, of which I did not perceive before. »	
!!
Rameau, 1722	
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Introduction	

!

! Impossible relationship for some, obvious but mystical interaction for others; I have 
devoted much of my recent thinking to the potential shaping of this symbiosis. Of course, 
many philosophical questions have almost immediately joined my thinking. How to 
dissociate an almost irrational Beauty that is the one of the art, a rationality and a rightness 
incarnated by mathematics? Should we rationalize elements whose beauty and utility are in 
the imagination?	

It is by discovering, a few years ago, the work of Iannis Xenakis, Greek composer 
naturalized French of the second half of the twentieth century, that I could note that this step 
could be undertaken, and this in a serious way , by composers, musicologists, computer 
scientists, mathematicians, and philosophers throughout history. Pre-Pythagoreans who 
looked at the sky in search of a universal and interdisciplinary cohesion, of the Pythagorean 
School which wanted to insert, to seek, to find the Number in all the constituents of the 
reality, to a fundamental research which continues still, through the physical, mathematical 
and philosophical progress of all times, music and mathematics are two fields whose 
communication, even the uniqueness, is no longer to be proven. It is with this desire to 
know about this that I undertook the bibliographical research of musicologists, 
mathematicians, musicians and philosophers like Gérard Chollet, Gerard Assayag, Moreno 
Andreatta, Iannis Xenakis, Pierre Barbaud, to name a few each. I consider it interesting to 
show and potentially to transmit, these interdisciplinary studies which, today as well as 
tomorrow, revolutionize our way of conceiving Music, Mathematics, Beauty and 
Usefulness.	

We could ask ourselves the purpose of such interdisciplinarity. Whether in the world of 
popular music, or in current mathematical research, or applied mathematics, there is not 
necessarily any interference between these two domains, other than simply wanting find an 
interesting modeling. And History has shown that music has been able to ask many 
interesting questions that only mathematics could solve.	

The great spirit of Leibniz, prolific scientist and philosopher (to name only a few of his 
fields of knowledge), declared in 1734:	
!
"Music is the hidden arithmetic exercise of an unconscious mind that it calculates. "	
!
I will follow Leibniz's statement and even generalize it to most of our actions. The human 
brain is constantly confronted with the different components of reality. our senses, for 
example; and the notion of calculation, though underlying, is constitutive of each of our 
actions. But my wish to generalize a mathematical vision of the universe is not a very 
original thought. The pre-Pythagoreans already thought of a complete system called 
"harmony of the spheres", which tried to combine a "secret vibration and impossible to hear 
planets", with the days of the week and the seven notes of the lyre. There was indeed a 
desire to unify the world and give it a rational cohesion.	
!
The concept of modeling is a part of the important work of modern musical research with 
mathematics.	
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!
« The sciences do not try to explain, they rarely try to interpret, they basically build models. 
By model, we mean a mathematical construction which, by means of appropriate verbal 
interpretations, describes the phenomena observed. The only true justification for this 
mathematical construction is that it works, that is to say that it correctly describes the 
phenomena of a relatively large field. In addition, the model must meet certain aesthetic 
criteria, that is, it must be relatively simple according to its descriptive capacity. »	
!
Father of cybernetics and computer science, and prolific mathematician of the twentieth 
century John Von Neumann, gives us a rather good definition of what is mathematical 
modeling.	
!
With the desire to find models, we can more easily enter the interdisciplinary context of this 
presentation. Music is the true universe of sounds, , senses and emotions. while mathematics 
is the abstract universe of modeling.	
!
The great poet Victor Hugo, in the Preface Rays and Shadows	
!
« The number is in art as in science. Algebra is in astronomy, and astronomy touches on 
poetry; Algebra is in music and music is in poetry. The mind of man has three keys that open 
everything: the number, the letter, the note. To know, to think, to dream. Everything is 
here. » 	
!
The purpose of this presentation is obviously to remove this mysticism between music and 
mathematics and to understand a little better the history of this multi-millennial relationship. 
I will elaborate in a structured way the History of this relation, choosing and insisting 
obviously on some periods, their interrogations and discoveries, their formalisms. This 
presentation does not claim to be too specialized or too innocuous. I do not want to go too 
deeply, or too superficially, into this field of human knowledge that requires a great deal of 
subtlety. The most important point is the general idea of a strong relationship between these 
two domains, through geometric examples, sound etc. This presentation is especially 
reserved for curious people, whose level in mathematics would stop, at most, that of the 
preparatory class or even high school. The main interest is the transmission of this curiosity 
and enthusiasm for these areas whose history fascinates me and which today is not too much 
presented to a wide audience. Most conferences on this subject in France are presented by 
specialists for specialists. Through my research, I immediately had a lot of interest in the 
serial music developed in 1923 by Arnold Schoenberg, of the whole system that resulted; 
and that Iannis Xenakis decided to break in 1954 in his book "Musiques Formelles" and 
more particularly in the article entitled "The crisis of serial music » and the introduction of 
his first piece, Metastaseis. Inventor of stochastic music, Iannis Xenakis has used a lot of 
different mathematical processes throughout his work and his career. Meanwhile, Pierre 
Barbaud invented algorithmic music.	
!
Because, as we all know, inter and multidisciplinary attempts to understand the world, 
starting for example from philosophical questioning, have undeniably led to many attempts 
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to unify the world through models, theories and systems of correspondence. But 
mathematics is nothing more than the science of models. From then on, we will understand 
that to the questions: why listening to this sound is pleasant? what is aesthetic pleasure? 
Philosophy is not the only one to have tried to provide answers. Mathematics has in itself 
and for more than one mathematician or philosopher, a certain beauty, a certain aesthetics, 
through the purity of its models. Aristotle also states, in Metaphysics, that "it is wrong to 
blame the mathematical sciences for absolutely neglecting beauty and goodness. Far from it, 
they take care of it a lot. (...) The most striking forms of beauty are order, symmetry, 
precision; and it is the mathematical sciences that deal with it eminently. For a long time, in 
this sense, mathematics has made it possible to understand certain musical models: "Music 
is a hidden practice of arithmetic, the mind not being aware that it counts," says Leibniz. 
But if mathematics allows us to understand the aesthetic feeling, to understand why beauty, 
does it not also allow us to found musical models? 	

In this sense, we must ask the following question as the guiding principle of this 
presentation: Why do mathematics applied to music make it possible to establish, create and 
understand an aesthetic?	
!
Ruben Benabou.  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I.  The Elementary concepts of Sound	

!

What is a sound ?	
!
	
 A sound is a vibratory movement of the air that propagates in space and time under 
the form of waves and that can be perceived by a human ear or a microphone. It can be of a 
« percussive nature », or undifferentiated (the wind, the sound of the waves…). In those two 
cases it is called a « noise ». It can be pure, or timbered, and is then qualified as a musical 
sound. Only this last case will be treated in this introduction.  !
A musical sound is characterized by four parameters:  !
a) The duration, t. 	

A sound has a more or less long duration. The sound appears (attack phase), fills the 
surrounding space (decay and sustain phases), and, at a certain point, fades (release phase), 
and leaves places to another sound, or silence. Usually, the most adapted unit to measure 
this duration is the second (s).	
!
b) The height, h.  
This characteristic corresponds to the frequency (which means, the number of vibrations per 
second). The higher the height, the more acute the sound is. Inversely, the lower the height 
is, the  lower the sound is. 	
!
The frequency unit is the Hertz (Hz): 1 Hz = 1 vibration per second. 	

The human ear doesn’t hear all the acoustic frequencies.  
An audible sound of frequency f is such that 20 Hz < f < 20 kHz approximately.	

If f < 20 Hz, the sound is called infrasound. 	

If f > 20kHz, the sound is called ultrasound.  
We call period « T » of a sound the duration of a vibration (in seconds). 	
!
It is equal to the inverse of frequency f such as: ��� 	
!!!!
c) The intensity.  
A loud sound corresponds to a high intensity.	

A little sound corresponds to a low intensity.	

The mathematical study of this characteristic needs the notion of logarithms.	

The different shades used in music go from pp (pianissimo), to ff (fortissimo).	
!!!
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d) The timbre.	

It is linked to the decomposition of the sound (periodic function of period T=1/f) in Fourier 
Series.	

The mathematical notions are developed ulteriorly.  
The simplified qualitative results (used in harmony) are the following:	

a timbered sound is a mixture of a pure sound called S1 (called fundamental), of frequency 
f=f1 (called fundamental frequency) and of his harmonics that are no other than a 
superposition of pure sounds of frequencies fn = n x f for the nth harmonic (n being an 
integer different of zero). 	
!
For example, if n = 2, the corresponding harmonic is called « octave ». 	

For n high, the intensity (or amplitude) of the corresponding harmonic sound is very weak, 
or equal to zero.  
 
For a given sound, we call spectrum, the set of all of this harmonic frequencies whose  
corresponding sound is significative (for example, intensity superior to a hearing threshold). 
The timbre is the element that allows our brains to differentiate and recognize an instrument 
from another. Also, this theory explains, in a certain way, that some sounds « fit », which 
means that they are pleasant to the ear when they are perceived simultaneously or when they 
are next to each other in time. All of these elements give birth to « harmony » (tonality, 
chords…).	


!
Example of a recording of a clarinet playing a F note. The amplitude of the signal show the 
intensity. We can clearly identify the periodicity T of the signal, approximately equal to 5.5 
ms. 	


!!
Simplified spectrum of a clarinet playing a F note. This spectrum is the Fourier 
decomposition of the entire signal emitted by the clarinet. We will study this phenomenon 
later.  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II. From the ancient civilization ideas and first 
theories…	


!
	
 « The order of the Universe is a derived concept of religious belief in the rationality 
of the God that brought to life the movement of a perfect Universe to demonstrate its 
omniscience. »	
!
Edgar Morin, Science avec conscience, Édition Seuil (1990)	
!
1. Pre-Pythagorean Concepts and Spheres’ Harmony	
!
This sentence can also sum up the story of relations maintained between music, sciences 
(cosmology, mathematics, acoustic…) and religion. At the known origins, the human 
thought in this field was relying on presuppositions and metaphysical and theological 
postulates of the idea of order and rationality of the world:  
 
There exists laws of correspondance between the cosmological universe and the 
mathematical-musical harmony. This mystic, or fundamental preconception, this research of 
the unity of the world is present since the first Chinese and Sumerian civilizations. In 
particular, the ethnomusicologists showed the links between the five notes constitutive of 
the Middle Empire’s music (pentatonic scale) in Ancient China, and the Big Whole of the 
symbolic correlations describing the Universe: 	
!
The 5 notes (jias, zhi, gong, shang, vu)	

The 5 elements (wood, fire, earth, metal, water)	

The 5 Chinese seasons (Springs, Summer, End of Summer, Automn, Winter)	

The 5 directions (center, north, south, east, west)	

The 5 numbers (9,8,7,6,5)	

…	
!
It is only with Ancient Greece, that these concepts will emerge and reach occident. Let’s 
imagine the dreams and mental adventures in the thoughts of a shepherd of the time, busy to 
contemplate the sky while playing syrinx. The sphere’s harmony was beginning to live.	
!
This idea of a rational and harmonious universe, opened the path and orientated every 
ulterior theoretical constructions in these fields.  
 
From the pythagorean model, two thousands years brought us to the signal theory and 
current quantum physics. 	

Let’s consider this era, where Greeks, and especially Pythagorus (-580 - -504 ?) were 
establishing the first links between music, astronomy, numbers, and celestial mechanics.	
!
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At the beginning, the visible planets, associated to the Sun and to the Earth, were being put 
in correspondance with the seven sounds of the scale (they associate one sound to each 
planet). They suppose also that they turn at a constant speed around the Earth and emit a 
musical sound. The planetary harmony would therefore be governed by a certain 
mathematical corpus; and its base would be the following system: 	
!
A —> Moon —> Monday	

F —> Mercury —> Wednesday	

G —> Venus —> Friday	

E —> Sun —> Sunday	

D —> Mars —> Tuesday	

C —> Jupiter —> Thursday	

B —> Saturne —> Saturday	
!!!!!!
1. Pythagorus’ Formalism and Cycle of Fifth	
!!
	
 The studies of the pythagorean school in the field of music were born on the bas of 
sounds produced by playing a unique-rope instrument. Changing the length of the rope 
implied changing notes of music. The shorter the rope, the higher or acute, the note. 
Methodically, Pythagorean used to compare, pair by pair, the different sounds produced by 
the rope. Their experiments implied the manipulation of small numbers (like dividing the 
original length of the rope by 2, by 3…).  
	
 The results were quite surprising: the sounds provoked by the long ropes, while 
playing shorter ones, were generating pleasing sounds to the ear; which mean, more 
harmonious. Thanks to these observations, Pythagoreans managed to establish a 
mathematical model of a physical phenomenon, without losing of sight, the aesthetic 
dimension. Same happened at the Renaissance, with the Golden Number. 	
!
The most basic ratio is the one that can be obtained while pressing the rope in the middle of 
its length. This ratio expresses numerically 2:1, and is, musically, an octave. 	

Using the same analogy, 3:2 is the fifth (rope pressed on the third of its total length), 4:3 is 
the fourth…	
!
For the explanation of the Pythagorean scale, I will say interval for the distance between 
two notes, ascending or descending.  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The pythagorean scale  !
Pythagoreans organized their scales, basing themselves on simple numeric ratios between 
the different tones. Therefore, the pythagorean scale structures itself between two intervals: 
the octave, which is a frequency ratio between the notes, of 2/1, the fifth with a frequency 
ratio of 3/2. Pythagoreans obtained various sounds of the scale by concatenating fifths, 
using the « octave reduction » to locate these notes at the wanted rank.  
 
Let’s take the C, for example. We first calculate the ratio of the first ascending scale to get 
the G. Another concatenation leads us to D, to continue to an A, an E, and finally, a B. If we 
take a descending fifth from the initial C, we get F. We then have the seven sounds of the 
scale: 
 
��� 	
!!!
If we pursue the concatenation of fifths, we can reach the twelve sounds of the chromatic 
scale, which forms what is commonly known as the cycle of fifths. 	

��� 	
!!!
where ♭(Flat) and # (Sharp) design semi-tones adjustments, respectively inferior and 

superior. 	


!
	
 Once the twelve notes are obtained thanks to the successive concatenation process of 
fifths, we will only need to locate the sounds of the same scale at the level of one octave, 
thanks to the octave reduction process.	
!!!!
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F←C→G→ D→ A→ E→ B

G♭←D♭←A♭← E♭← F←C→G→ D→ A→ E→ B→ F #



Calculations	
!
We are now going to determine the chord of each note thanks to the concatenation of fifths 
and « octave reduction » (ie. multiplying or dividing per two), so that let’s remember, the 
value of their relative frequencies are always between 1 (the ratio involving the C itself) and 
2 (the ratio between the C and the C of the next scale).  
We first determine the G which is a fifth of the C.  
 
��� 	
!!!
Then, the D, which is at one fifth of the G (so we multiply by 3/2), but we need to octave-
reduce it, which leads to: 	
!!!!
The distance from C to D is called a tone, which is equal to two semitones. 	
!!
Then, A is located at one fifth of D:	

	

��� 	
!!!!
The E, located at one fifth of the A, but that we need to octave reduce: ��� 	
!!!!!!
The scale is the completed by the B, which is a fifth away from the E, and the F is a fifth 
below the C (but we then need to multiply to one octave above). 	
!
If we resume, by taking C with a normalized value of 1	
!!
Note C D E F G A B C

Frequenc
y Ration

1 9/8 81/64 4/3 3/2 27/16 243/128 2
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G = 3
2

D = G × 3
2
× 1
2
= 3
2

⎛
⎝⎜

⎞
⎠⎟
2

× 1
2
= 9
8

A = D × 3
2
= 9
8
× 3
2
= 27
16

E = A × 3
2
× 1
2
= 27
16

× 3
2
× 1
2
= 81
64



!
This process can be pursued to determine the chords of the black notes or flats, by 
descending with fifths from F.  
 !!

!!
The Pythagorean comma	
!
If we upgrade the B of one fifth, we end up in F #, which should be the same sound than the 
G♭by reaching the other extreme, after doing the corresponding octave reductions 

processes. But these sounds are not strictly identical: the difference between the F # and 
G♭ us called «  pythagorean comma  ». On another identical way, after doing the 

corresponding octave reductions processes, the terminal sounds of  F # and D♭ are not 

separated by exactly one fifth, but they form an interval that differs of this one by a 
pythagorean comma. This fifth is lightly shorter and is called « Wolf Fifth », or « Quinte du 
loup » in French. 	
!
The assembly of the fifth cycle includes the concatenation of 12 fifths to land on a note that 
is « nearly the same » as the one of the beginning, but of a distance of seven octaves.  
 
The Pythagorean comma is that « nearly ». We can calculate its value (let’s call it PC, for 
Pythagorean Comma), by starting of a f frequency and by comparing the concatenation of 
12 fifths, from f, with this concatenation of seven octaves: 	
!!!!!!
The difference is a little bit more than 1% of an octave, or is nearly equivalent to a quarter 
of a semi-tone. This difference is due to the fact that the calculus of the fraction that defines 
the fifth is incompatible with the octave, as we can easily see it.  !!!!!

Note D♭ E♭ G♭ A♭ B♭

Frequency 
Ration

256/243 32/27 1024/729 128/81 16/9
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2
⎛
⎝⎜

⎞
⎠⎟
12

f × 27
= 1,013643265.



Let’s see if there exists any two exponentiations, p and q, that would allow us to « marry » 
the two fractions.  
 
��� 	
!
	
!
	
 	
 	
 	

	
 	
 	
 	
 therefore, 	

��� 	

	
 	
 	
 	
 therefore, 	

��� 	

	
 	
 	
 	
 therefore, 	
!
We can deduct, from the last expression that we could also find a number that would be a 
power of 2 and also, a power of 3. However, and as 2 and 3 are prime, this would be a 
contradiction with the fundamental theorem of arithmetic, stipulating that every positive 
integer has only one prime numbers product representation. This theorem was stipulated by 
Euclid, and was completely demonstrated for the first time by Carl Friedrich Gauss. This 
whole little paragraph shows that the fifths and octaves defined by the pythagoreans will 
never get along, or, that there can’t be any chromatic scale with no pythagorean comma. 	
!
 After Pythagorus:	
!
Next, Plato (-428  -  -347), takes the main theme of spheres’ harmony, but includes 
divinities. We arrive to the geocentric model (fixed Earth, centre of the universe), of 
Ptolemee of Alexandrie (100 - 170), described in his harmonic manifest. Earth is central, so 
it does not rotate, so it is absolutely silent. For Plato, only ears and souls of privileged 
people can hear this cosmic music thanks to a certain spiritual elevation. 	
!
Romans took this hellenistic legacy and innovated very poorly in that field. This civilization 
is more of a builder one than a philosopher one, so that the main thought of the time, in that 
field, was still the spheres’ harmony (especially to Ciceron), and the geocentric model. 	
!
Then, with western christianity, The Church legislates for musical research in order to serve 
the Creator, but puts astronomy on the side. We go from Greek modes to Gregorian modes 
(VI century). 	
!
The neo-platonicians (III to VI century) will follow Pythagorus concepts and works before 
taking another path. They associate the A note to the Earth. With Plotin (203 - 270) and 
Proclus (410 - 485), we enter in the high Middle Age.  
 
From an ecclesiastic conception where mathematics, music and soul have a common 
function between the world and the spiritual universe, the musical language begins slowly to 
take its independence from the Church.  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= 2q
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During the Middle Age, higher education was composed of the trivium, which was 
grammar, logic and rhetoric and of the quadrivium including and associating arithmetic, 
geometry, astronomy and music. 	

	


!!!
« Mathematics, that we can call doctoral philosophy in latin, is the science of the abstract 
quantity. Indeed, is said to be abstract the quantity by which understanding is independent 
of matter or other accidents, for example, odd and even or other concepts of that type that 
we only use in reasoning. It divides like this; division of mathematics in arithmetic, music, 
geometry and astronomy. » 
by Cassiodore, Des arts et des sciences relevant des études libérales, 550	
!
This union materializes by the denomination of notes: ut, ré, mi fa sol, la (Equivalent to 	

C, D, E, F, G, H, B) 
 
 
	
 And yet, it is in this very success that will be born the long process that will lead to 
radical changes and implosion. Like any system that is too rigid, the Pythagorean system 
will have to face the test of experience for a very long time. To start from the medieval 
scholasticism we have arrived at, an unforeseen consequence of the success of the Schools 
was to provide weapons for this questioning. Saint Bernard, who had foreseen it well, did 
not cease to belligerent so that the monks remain locked in the works of the fields and the 
orations instead of risking the contact with the outside world. Abelard, to the great scandal 
of St. Bernard, writes: "My students needed intelligible explanations rather than 
affirmations." In fact, the deviation between the system of Pythagoras and Plato and the 
harsh reality had appeared much earlier, and this from the Greek era. Just as the planets did 
not resign themselves to follow rigorously the trajectory which was assigned to them (in 
spite of the derisory technical means, the Greeks had already noted anomalies in these 
movements: a beautiful lesson of humility for us and our laptops with the pentium !), the 
sounds made resistance. There was for example the fact that the succession of fifths did not 
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allow "exactly" to fall back on his feet: if you leave in a fa, and progress from fifth to fifth, 
you will successively get do, ground, re, the, mi, si, fa #, do #, sol #, re #, the #, mi # etc ... 
and the "etc ..." do not stop. At first, with or without bad faith, Pythagoras and Plato must 
have thought that "mi #" and "fa" were the same note … For centuries, this fact will poison 
(and enrich!) The musical life under the aspect of the search for the good temperament: the 
problem came from the fact that if one started from the "classical" succession of the twelve 
sounds, all the tonalities were not equal and so we were limited in modulations. 
Werckmeister proposed in the XVIIth century a system of tuning of the keyboard where the 
difference between "mi #" and "fa" is distributed equally between the other notes (which has 
the amusing consequence that "on a piano everything is false"!) . The most famous 
illustration of this problem is given by Bach's interest in it; his reflection culminated in his 
founding work "Le Clavier Bien Tempéré", a first theoretical composition intended to 
demonstrate the harmonic possibilities that resulted from a good choice of temperament. 
There were in fact more and more problems and a surprising consequence, of which we are 
not very aware today, is that for classical philosophy (until the 18th century), the true 
musician is the musician-theorist, the composer and especially the instrumentalist being 
only despicable tampering. One of the major works of medieval musical science, De 
Institutione Musica de Boece, which dates from the beginning of the fifth century (so the 
very early Middle Ages) distinguishes noble musici and simple cantores. At Oxford 
University, De Institutione remained a basic text of musical studies until 1856 !!! As a 
result, it is not surprising that later on, the two pathways, one with the sciences and more 
particularly one with the mathematics and the other with the living music (that is to say the 
one that is actually produced in a sensible way), separate more and more. Beyond the 
Middle Ages, the many scientists interested in music did so in the spirit of "theoretic 
musicians" seeking to find in the sound and harmonic systems keys for the explanation of 
the world. The great astronomer Johannes Kepler, for example, takes up the theses of Plato's 
Timaeus in "De Harmonice Mundi" and marvels at the music of the Spheres that he 
manages to compose with his observations of the planets: "In celestial harmony, have found] 
what planet soprano sings the voice, that of alto, tenor and bass ". Robert Fludd, a 
contemporary of Kepler and a great initiate of the Rose-Croix (who also despised Kepler's 
"simplistic" theses), proposes another type of model in the form of the "Divine 
Monochord »:	

	
!!!!!!!!!!!!
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!!!
	
 Newton, whom the science of the eighteenth and nineteenth centuries hastened to 
strip of his astrological obsessions which were disorder (but, no offense to those that start, 
which were at the origin of his work), n ' He also had to find the mysterious links that united 
the created universe. Leibniz, to whom we owe this beautiful formula: "Music is a secret 
calculation of the soul which does not know it counts" had probably not in mind when 
writing it other than theoretical music. As Euler, the greatest mathematician of the 
eighteenth century, who was keenly interested in establishing an arithmetic system of scales, 
he wrote just about this at the beginning of his book: "We will only be interested here in the 
music as a whole. than theory, the other being, after all, only the art of playing an instrument 
". It would have been difficult to imagine that this multiplication of problems, this widening 
gap between the theory and the practice of music, does not at some point lead to a brutal 
break. It is to Romanticism that this moment has expired and this, of course, first of all like 
a break with "an old order of things". The inherent contradictions of the musical system 
greatly facilitated this upheaval. The romantic creed put above all the psychological painting 
of the human soul, and especially the conflicts and torments of the composer himself. The 
romantics furiously seized all that had been rejected as in disagreement with the "good 
progress of the universe". In this sense, and because, for the moment, the period of History 
before Romanticism (two millennia and a half) is much longer than that which comes after 
(barely two centuries), it appears as a kind of anomaly. And yet, we must be careful not to 
think that the rupture was as complete as some people wanted to pretend. The plot is always 
much more continuous than our classification labels describe it and it is remarkable for 
example to note that it is to Mendelssohn, a typical romantic, that we owe the discovery of 
Bach. What would we know today if Mendelssohn had not taken him out of a complete 
oblivion? But, in any case, the scientific systems, or rather pseudo-scientific music that the 
nineteenth century bequeathed to us are rather to rank in the radius of pranks and tricks. 
Only the fact that we have continued to seek to exhibit a strong link between music and 
mathematics teaches us something: it is that ideas are tenacious.	
!
	
 One of the fundamental tools developed for the analysis of vibratory phenomena is 
spectral decomposition. It was developed by Joseph Fourier (1768 - 1830). It consists of the 
decomposition of functions on a basis composed of elementary random functions (usually 
complex exponentials).	

There are multiple frames that can be given to this composition according to the more or 
less large requirements that one is ready to put on the function to decompose. In this part, 
and as a first approach, we will focus mainly on the simplest case, that of the Fourier series 
where the function that is decomposed is periodic. This is naturally the case for the simplest 
sound wave models whose frequency is considered constant.	

This part is divided into two parts. The first will introduce the mathematical notions 
associated with Fourier's theory. It is at the same time rather technical and relatively simple, 
in any case as for the results which it is necessary to know. In the second part, we will focus 
more specifically on the application of the Fourier theory to the phenomenon of sound 
which will allow us to set up the classical framework of the study of sounds.  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Fourier formalism of the Fourier Series	

!

Definitions:	

A function f of R in C is said to be periodic of period T (positive real number), if	


��� 	

	
!!

is called pulsation.  
 
 

We call trigonometric series (or Fourier series), a series of function defined on R by its 
partial sums ��� ��� 	

	
!
	
           	
  with ��� 	
!
!
an and bn  being constant, they only depend on n, and u0 = b0.	

	

Convergence	
!
If the numeric series  	
are absolutely convergent, then the sum of uN (t) 	

!
converge absolutely on R.	
!
Especially, is the series (an) and (bn) are decreasing positive-terms series with a limit of 
zero, then sum of uN (t) converges.	

!
Development of a periodic function into trigonometric series: 	
!
f is a integrable function and periodic of period ��� we can associate a 	
!
trigonometric series called Fournier Series relative to f defined by: 	
!

��� 	

for n > 0 and ��� 	
!
for n > 0	

!
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∀t ∈R, f (t −T ) = f (t)

ω = 2π
T

fN (t) = un (t)
n=0

N

∑ un (t) = an sin(nωt)+ bn cos(nωt)

an∑ , bn∑

T = 2π
ω

bn =
2
T

f (t).cos(nωt)dt
t0

t0+T

∫
an =

2
T

f (t).sin(nωt)dt
t0

t0+T

∫

b0 =
1
T

f (t)dt
t0

t0+T

∫



Dirichlet Condition (Or convergence condition)	
!
We demonstrate that if the function f is periodic and continuously derivable excepted in a 
finite number of points (of discontinuity of first species for f and f’), then the series of 
Fourier (sum of uN (t)) associated to f(t) is convergent for all t of R and has for sum f(t) 
excepted in discontinuity points.  
 
In a Tr point of discontinuity, this series converges towards ��� 	

(which is the average of two values of discontinuity).	
!!
To conclude, if f of period 	
 we have:	
!
��� 	
!!
If f is even, f(t)=f(-t), and so, an = 0 for all n.  
If f is odd, f(t)=-f(-t), and so, bn = 0 for all n.	

!
Other form: introducing dephasing   we can write f(t) under the form: 	


��� 	

��� 	

	
 !!

with  and ��� ��� 	
!!
As the series converges, (an) and (bn) and (fn) tend to zero if n tends infinity (Riemann-
Lebesgue Theorem). 	
!
Physical interpretation	
!
We consider a periodic signal modeled by a function x.  
��� 	
!
At every harmonic of the basic pulsation ω corresponds a 
line.	

 
The set of these lines represent the spectral or harmonic content of the periodic signal x(t).  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1
2
[ f (tk + 0)+ f (tk − 0)]

T = 2π
ω

f (t) = b0 + an sin(nωt)+
n=1

∞

∑ bn cos(nωt)
n=1

∞

∑

ϕn

f (t) = b0 + fn sin(nωt)+ϕn
n=1

∞

∑

fn = an
2 + bn

2 tanϕn =
bn
an

nω = 2πn
T

fn = an
2 + bn

2



III. Isometric Transformations and Homothetic 
Transformations	


!
I.1. Introduction of isometric transformations	
!
« Isometric » means « which respects distances ». There exists three isometric 

transformations in the plan, which have their equivalence in the music field :  
Translation, Reflexion and Rotation.	
!!

!!!
2. Translation	
!
A translation is a geometric transformation which’s application induced a movement of the 
figure in a direction with no modification of shape nor rotation. In our case, we will consider 
only horizontal and vertical translations	
!
a) Horizontal Translation: repetition and canon	
!
A horizontal translation is a movement, in time, which will give two musical effects:	
!
— Repetition: A melody or a fragment are played several times, one after the other one:	
!
��� 	
!
— Canon: It is a musical structure where voices sing the same musical pattern, but with a 
time shift. 	
!

Transformation 
Géométrique

Transformation 
Musicale

Horizontal Vertical Horizontal + Vertical

Translation 1. Repetition!
2. Canon

Transposition 1. Ostinato!
2. Second Canon, 

Fourth Canon

Reflexion Inversion Retrogradation

Rotation (180°) Inversion Rétrograde

Voice 1 —> A B C

Voice 2 —> A B
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b) Vertical Translation: Transposition	
!
An isometric translation on the vertical axis gives a transposition. We obtain the same 
melody, but the tones are more up or down. depending on the chosen direction. 	
!
Melodic transposition would justify a deeper enunciation.  
A very famous example of transposition is the Sonata op. 27, n°2 of Ludwig van Beethoven 
(1770 - 1827), who uses a repeated arp of three notes as a texture generator. 	
!
In rock music, riffs are short rhythmic melodies, usually played by the guitar, that are 
repeated continuously. 	
!
Examples of pieces including such process: 	
!
Ludwig Van Beethoven, Sonata op. 27, n°2	

Johann Pachelbel (1653 - 1706), Canon in D	

Rolling Stones, (I Can’t Get No) Satisfaction	
!
…Among so many others.	


An example of transposition from Koch  
« The shifting of a melody, a harmonic progression or an entire musical piece to another 
key, while maintaining the same tone structure, i.e. the same succession of whole tones and 
semitones and remaining melodic intervals. »	
!!!!
3. Reflexions	
!
Reflexion is a transformation that changes an image by inverting it, like a mirror reflexion. 
It gives a chiral copy of the original figure, which is to say, a simple rotation is not enough 
to get it back. 	

We can get the original chirality when we do a double-reflexion, like reflection the reflexion 
in a second mirror. We are going to examine two types of reflexions, considering a 
horizontal axis and considering a vertical axis. The combinations of both give a 180° 
rotation.  	
!
Applying those notions to musical themes, we can get « inverted » or « retrograde » 
compared to the original themes. 	
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a) Reflexion considering a vertical axis: Retrograde Movement	
!
A retrograde movement corresponds to the rewriting of a melody… from the end ! 	
!
If we play two melodies, the original and the retrograde, one after the other, we are in the 
case of a « melodic symmetry », and as it is horizontal, we could call it « melodic 
palindrome ».	
!
Some famous retrogradations: 	

Georg Friedrich Haendel, Alleluia	

George Gershwin, I’ve Got Rhythm	


!!
b) Reflexion considering a horizontal axis: Inversion	
!
It is a symmetry based on the notes of the piano. 	
!!
3. Rotation	
!
I will remind that a 180° rotation is equivalent to a retrograde inversion. It is the only one 
that is quite relevant musically, since we can actually observe a certain correlation between 
the geometrical concept and what we perceive of the musical exercise. However, a simple 
90° rotation doesn’t have any… musical meaning. It would imply having the score at a 90° 
angle.  
 
	
 The pure genius of Wolfgang Amadeus Mozart (1756 - 1791) created a reversible 
piece, a written piece for two violins, and their melodies are deducted one from the other 
one by a rotation of 180°. If we conceive rotation as a double reflexion, Mozart had fun to 
create a horizontal reflexion considering the line of B. The score is written in a unique 
scope, with only one melodic line and with G keys inverted at each side of the scope, which 
means that, in order to play it, the interpreters must be face to face, the scope between them. 
It also means that  a G for one, is a D for the other. A becomes a C, the only invariant is the 
B. 	
!
4. Combinations	
!
Of course, all principles above can be the object of a more or less effective combinations. 	

For example, one could do a vertical transposition, then, a horizontal reflexion = Inverted 
transposition, and so on, I won’t get into the very details of these processes.  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II.1. Introduction of homothetic transformations  !
The three symmetries we previously encountered were « isometric », which means that the 
distances between musical elements and lengths of these musical elements were respected. 	
!
Homothetic Transformation is not isometric. This transformation increases or decreases the 
size of a figure, in one of its dimension. 	
!
2. Homothety on a horizontal axis	
!
The most obvious examples are the ones that only apply homothety on this axis of time. 
One of the methods consists in changing directly the metronomic indication (ie. The speed 
of execution of the musical work.	
!
It is interesting to modify the speed of execution while keeping the same pulsation (without 
changing the metronomic indication). In this case, we will change the notes to obtain more 
or less long durations. 	
!
The German Requiem by Johannes Brahms.	

The romantic German composer Johannes Brahms (1833 - 1897) used this process in a 
passage of his German Requiem. 	
!
3. Homothety on a vertical axis	
!
This one is the « weirdest » of all transformations. Indeed, this homothety increases all the 
intervals in the same proportion. Thirds become Fifth…	
!
In certain cases, we can increase the intervals of the original melody, but the transformed 
melody only becomes a certain parody of the original…	
!
III. Golden Number in Music	
!
	
 In any musical piece (even literary or cinematographic) in which a climax appears 
the question of the location of this climax. One of the choices is to dispose of it at the end, 
making the climax the culmination of the piece. Another possibility is to place this point in 
the middle, or rather towards the middle of the musical piece, thus forming a	

of symmetry around the climax.	

In this case, the question is refined by asking what proportion ratios should be	

the piece that precedes the climax and the one that succeeds it. It seems natural not to place 
the climax exactly in the middle of the piece, simply because the part that would succeed it 
would be too long.	
!
The golden section, having the value approximately 0.618. . . is a ratio of proportions 
repeatedly used in the plastic arts for aesthetic reasons. The music for strings, percussions 
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and celesta of Bartòk is an example of using this number in music. In the first movement of 
this piece, the climax is positioned at 0.618 of the musical piece.	

	


	
 Bartòk goes much further: the movement is, at a surprising level of detail, built with 
the Golden section. We will begin by presenting briefly the golden number.	

	


Construction of the first measures of Bartok’s piece.  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IV. Dodecaphonism	

!!

1. Introduction of dodecaphonic model	
!
In the beginning of the XXth century, tonal music was going through a whole crisis. In their 
research of maximal expressivity, composers like Liszt and above all, Richard Wagner and 
Richard Strauss pushed the harmonic principles of chromaticism and of the harmonic 
ambiguity nearly to the limits of dissolution of tonality. During this process, atonal music 
appeared, which means, that did not have any tonal center. Arnold Schönberg (1874 - 1951) 
was one of the first composers to follow this path. Later, in the early 20’s, the Austrian 
composer and musician elaborated a technic of composition called « dodecaphonism », and 
several composers from the group called « Second Vienne School » followed it, like Alban 
Berg, Anton von Webern. 	
!
Dodecaphonism, or « twelve sounds », refers to the twelve sounds that exist in the western 
musical system (dodeca means twelve in greek). These sounds correspond to the seven 
white notes and the five black notes of the piano. 	

The use of these twelve sounds must answer to two very important considerations: 	
!
a) The dodecaphonic system unifies, once for all, the sounds that were until then, considered 
as different, like F# and G♭ for example, and use one or the other, indifferently, as if they 

were equivalent. 	
!
b) When we speak of one of the twelve sounds, we consider all the sounds of the same class: 	

talking of a C is not referring to any C in particular, but to all of the C of the different 
octaves. One of them can be the representative of any of other C. Therefore, we speak of 
« only » twelve sounds.  
 
The dodecaphonic technic preserves the idea of the tonal music: to be free of the heavy 
weight of the tonal hierarchy of a note, the tonic, compared to others. Dodecaphonism 
established a technic that allowed to avoid the preponderance of any note on others, by 
assigning the same relative value to each note and by organizing music so that they appear 
approximately the same number of times in the composition. 	
!
2. Series	

In order to successfully apply this concept, the method implies a series of rules of 
composition. For example, to avoid that the memory of the listener stays focused on 
peculiar notes, composers must present complete cycles composed of the 12 possible notes 
available. Once a note is used, it cannot be repeated as long as the other notes of the cycle of 
12 notes are not played also. Every composition is then structured from a « series », which 
means a precisely organized sequence of all twelve notes possible. 	
!
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But the series is not only a simple organization using statistics, it is also the object of a 
traditional treatment. On this last aspect, dodecaphonism claims to follow the straight line of 
the western musical tradition. One of the first pieces to use the 12-sounds system is  
Suite, op. 25 of Schönberg. The composer can use different derivations such as inversions or 
transpositions, retrogradations or inverse retrogradations studied previously. 	
!
Even though dodecaphonism seems to be a very rigid concept, with the use of series; 
composers managed to make it their own and adapted it considering their needs and 
potential uses. 	
!
The first note of the series can be any of the twelve notes. The following can be any of the 
eleven remaining, which means so far 12 x 11 possibilities; etc… Continuing this reasoning, 
we get a result of 12 x 11 x 10 x 9 x…x 3 x 2 x 1 = 479 001 600 distinct series. This number 
is called 12 factorial and is written 12!. 	
!
In the case of dodecaphonic series, it is a little bit more complicated because we need to 
remove the series that are « not essentially » distinct (which means transposition, rotation 
etc…). After a precise counting, we arrive at 9 985 920. 	
!
3.Numerical forms	

Written scores on traditional musical scopes follow the logic of the diatonic music. The 
distance between the lines and the consecutive interlines do not always represent the same 
musical distance: it sometimes corresponds to a semitone, from E to F for example, and 
sometimes, to two semitones, from D to E for example. 	
!
A series can also be represented on a numeric form, which simplifies the preparatory work 
of the writing from series and their related series. When we want to numerically represent a 
series, we choose an initial reference note. In the following example, the reference note is an 
E,  and we assign to it the value « 0 ». The notes above will be noted successively and by 
semitones: F: 1, F#: 2 etc… Each note of the series receives a number indicating the class to 
which they belong. 	
!
Representing a series of notes under the numerical form allows to use arithmetical tools in 
order to calculate the related series. For example, in order to transpose it, we need to add the 
same k value to each of the elements of the series:  
 
���  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Tk (s1, s2,..., s12 )→ (s1 + k, s2 + k,..., s12 + k)
TO (0,1,3,9,2,11,4,10,7,8,5,6)→ (0,1,3,9,2,11,4,10,7,8,5,6)
T1(0,1,3,9,2,11,4,10,7,8,5,6)→ (1,2,4,10,3,0,5,11,8,9,6,7)
...
T11(0,1,3,9,2,11,4,10,7,8,5,6)→ (11,0,2,8,1,10,3,9,6,7,4,5)



Representing a series of notes under the numerical form allows to use arithmetical tools in 
order to calculate the related series. For example, in order to transpose it, we need to add the 
same k value to each of the elements of the series:	
!
In Mathematics, this type of operations on reduced sets of numbers is called « modular 
arithmetic ». In the case of dodecaphonic series, the set is constituted of 12 numbers 
between 0 and 11. We call Module, the number of elements of the set, here, 12. Therefore, 
in 12 modular arithmetic, 13 is equivalent to 1 et we write: ��� 	
!!!
And so, every number of the form 12k + 1, with k an integer, is therefore equal to one.	
!
Dodecaphonism doesn’t show any distinction between identical notes belonging to different 
octaves, as seen earlier. 12 modular arithmetic respects this rule since a note whose value 
would be 1, is still the same if its value is 13, or 25.  
 
Retrogradation is obtained by « turning » the series from right to left. 	

	

��� 	
!!
The original series, its inverse form, its retrograde form, the inverse of its retrograde form, 
and the 12 possible transpositions possible offer to the composer 4 x 12 = 49 possible 
permutations available. (If we also consider rotations, we arrive to 576…)	
!
These 48 forms can be reunited in a 12 x 12 matrix, by following the following rules: 	

- On the first T0 line, we note the original series.  
- In the first column I0, the inverse of the series.  
- In each of other cases, we take the 12 modulo sum of the numbers that are at the beginning 
of the line and of the column. The number will be the modulo 12 sum.	

!
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13≡ 1

R(s1, s2,..., s12 )→ (s12, s11,..., s1)



V.  Compositions and transformations’ groups	

!!

1. Notion of groups applied to frequencies	

From logarithms to n modulo integers	

	
 	

	
 We call frequency the number of times a periodic phenomenon repeats itself 
identically in a time unit. For example, if we take the note A located at the extreme left-side 
of the piano, and that we call it x, the whole set of frequencies traditionally used by 
musicians called « chromatic scale » is:  
  !

…	
 (Octave)	
!
General expression of every possible chromatic scale:	

	
 	
 	

	
 	
 	
 	
 	
 with a, n belonging to Z and n=/= 0	

	
 	
 	
 	
 	
 	
 	
 	

Let’s consider Zn, the set of fractions of denominator n where the numerator are the 
elements of Z/n:	
!!!!
We will call Z/12 the set of the « 12 notes of the chromatic scale ».  
!
Z/12 = {0,1,2,3,4,5,6,7,8,9,10,11}	

!
2. Set of Integers modulo 12	
!
	
 « On a set, G, we say that a law of internal composition defined everywhere a group 
structure if:	

	
 a) It is associative	

	
 b) it possesses a neutral element	

	
 c) every element of G has a symmetry for this law. »  !
Bourbaki, Élements de Mathématiques	
!
Z/12 is a group for the additive law. This law is associative.  
 !!!
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x.20/12 x.21/12 x.22/12 x.211/12

G = {2a/n}

Zn = {
0
n
, 1
n
, 2
n
,..., n −1

n
}

∀a,b,c∈Z /12 : (a + b)+ c = a + (b + c)



!
For this law, it exists a neutral element named Zero:	


a + 0 = 0 + a = a	
!
Every element of Z/12 admits a symmetric element that we can call so that:	
!
  !
This is the law that musicians commonly call as an Inversion. This process is famous in J.S. 
Bach’s piece, The Well-Tempered Clavier.	

	
!
This law is defined everywhere, since we have: 	
!!!
We have named addition and noted + the law that musicians call Transposition. 	
!
Z/12 the set of the 12 rests of the integer division by 12.  
 
If we write  C = 0 = class of the integers of rest 0 in the division by 12,  
then, C# = 1 = is the class of integers of rest 1.	
!
The Z/12 the set contains subgroups.  
« We call subgroups of a G group, a non-empty part H of G, such as the inducted structure 
on H by the one of G is a group structure. » (Boubarki)	
!
We will verify that these following parts are subgroups of Z/12: 
 
Pa = {0}, Pb = {0,6}, Pc = {0,4,8}, Pd = {0,3,6,9}, Pe = {0,2,4,6,8,10}, 	

Pf = {0,1,2,3,4,5,6,7,8,9,10,11}	

	

Indeed, those parts are stable. 	
!!
and the neutral element 0 of each one of them, is the neutral element of the group. 	
!
Pa : do, 	
 Pb : triton, 	
 Pc : augmented fifth chord, 	
	
 Pd : seventh augmented 
chord, 	
 Pe : scale per sound, 	
	
 Pf : chromatic scale	
!
3. A more or less natural selection operated within 	
!
	
 The Family of parts of Z/12 generates 212 = 4096 elements.  
Among these parts, P0 = {0,2,4,5,7,9,11} Equivalent to [C, D, E, F, G, A, B].	
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a−1

a + a−1 = a−1 + a = 0

∀(x, y)⊂ Z /12ΧZ /12

x + y∈Z /12

∀x, y∈Pi : x + y∈Ps



!
P0 is isomorphic to an irregular heptagone where each rotation of kπ/6 	
!
brings at least one new summit. These rotations are isomorphic to the addition of a same 
element of Z/12 to all the elements of P0. !
We can then obtain: P8 = {0,1,3,5,7,8,10}, it is a new part of Z/12 obtained by the following 
correspondance:	
!!
	
!
We will notice: 	

	
!
Writing P0+x = Px, 	
 	
!
the parts of Z/12 obtained by the addition of one same elements x to all elements of P0, we 
get a new family of sets: 	
!
	
 !!

	
!!! !
For example: P1 = {0,1,3,5,6,8,10}	
 P1-1 = {0,2,4,6,7,9,11}	
!!
Owe can also verify that, for two symmetric elements of Z/12 like 3 and 9, we get:	

!!!!
P.S.: Differences between internal composition law, groups and monoids: 	
!
I.C.L.: Process, that associates a third element to two elements of a set S.  
Monoid: Set with an I.C.L. and a neutral element.  
Group: Monoid with the presence of a symmetric. 	
!!!
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(k ∈Z /12 )

x ∈P0 → x + 8

P0 ∩ P8 = {0,5,7}

(x ∈Z /12 )

P = {Px}

∀PxPy ∈P
Px ∩ Px ≠ ∅

x, y∈Z /12

card(Px ∩ Py ) = card(Px ∩ Py−1 )

card(P0 ∩ P3) = card(P0 ∩ P9 )
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Circular Representation of Z/12  , each element is a point of the circle. 

In Z/12 ,adding 1 is equivalent to do 
a rotation of 30°. 

In Z/12 using the inverse corresponds 
to a symmetry. For example,  
Inverse of 1 is 11, etc…



V. Stochastic Music	

!

1. Notions of Xenakis’ mind process about Music	
!
	
 Iannis Xenakis (1922-2001) is a greek music composer and architect. As a teenager 
and young adult, he studies at the Polytechnic school of Athens, in order to become an 
engineer. WWII broke, and Xenakis had to stop his scientific studies. A lot of protestations 
and strikes happened at this time, and students were in the front. As Xenakis tells, one could 
hear the protests’ songs and chants, a coordinate, rigorous and rhythmical process, that 
could be broken instantly by the sound of a gun shot. He lost an eye during the war and was 
imprisoned. Sort of a new-age polymath, he read Plato, got a very high level interest in 
mathematics, music, architecture (he was an assistant of Le Corbusier, and created the 
Pavillon Phillips for the Universal Exhibition of Brussels) and in  nature. He fled from 
prison and managed to arrive in Paris, and got his french citizenship. He then began a career 
as an architect, but above all, of musical researcher and composer. While a lot of his 
ancestors or contemporaries found some «  obvious  » formalisms for music, he tried to 
achieve the integration of probabilities as a system governing his music and sound. In his 
words, his ancestors or contemporaries, who managed to find some strong links and 
formalisms between mathematics and music, (especially the serial music composers, or neo-
serial music composers) were using some too restrictive causal principles. With the 
introduction of probabilities, the musical causality is now a larger concept, and has, as an 
example, the causality researched by the serial music composers. Iannis Xenakis claims that 
using the science that studies the law of big numbers, of rare events, of random processes is 
what allows music to be a more free vector of expression. He calls the music referred to this 
science, Stochastic Music. The first composition to truly represent that type of music is the 
revolutionary Metastasis, composed in 1955 in Donaueschingen. 	
!
	
 « Linear polyphony destroys itself because of its current complexity. What we hear is 
only a heap of notes, in varied registers. The enormous complexity prevents the ear to follow 
the tangle of lines, and has, as a macroscopic effect, an unreasonable dispersion of sounds 
on the entirety of the sonic spectrum. Therefore, there is a contradiction between the linear 
polyphonic system and the obtained result that is a surface, a mass. This contradiction will 
disappear when the total independence of sounds will be achieved. Indeed, as the linear 
combinations and their polyphonic superpositions are not effective, what will count will be 
the statistical mean value of isolated states and of components’ transformations at a given 
time. The macroscopic effect can be controlled by the mean value of the movements of the 
objects chosen by us. Result is, introduction of the notion of probabilities, that implies in 
this case, the combinatory calculus. Here is, in a few words, the possible overcome of the 
« linear category », of the musical thought. » 
 
Iannis Xenakis, The serial music crisis, Gravesaner Blätter n°1, 1954 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 As it lies one an indeterministic method, stochastic music is often seen, by non-
connaisseurs, as a very non-cohesive piece of work. But truth is that most of sounds we 
experience in our lifetime is ruled by the rules of probabilities. Natural events such as the 
chocs of rain on a hard surface, the sound of insects in the woods… are governed by the 
laws of probabilities. Taking the example of the sonic phenomenon of the war, his analysis 
consists of a first phase of sonic union: a word is said at the head of the mass of people, and 
go towards to the tail. It is ordered, rhythmical and cohesive. Then, the second phase 
consists of the total disorder induced by the contact with the enemy: riffles, bullets, chaotic 
shouts, also transmitted from the head to the tail of the mass of protesters. All the sounds are 
random, there are just probabilities of presence of such sounds. Last phase, the silence, 
composed of « death and dust ». 	

The stochastic laws are the laws of transition between perfect order to total chaos, on a  
continuous or explosive manner. 	
!
2. Formalism of stochastic music seen by a few parameters	
!
	
 A few stochastic laws.	

a) Durations: Metric time is considered as a straight line on which we mark points 
corresponding to the variations of there other components. The interval between two points, 
can be identified with the duration. Among all the possible successions of points, which one 
is to be chosen ? The question has no meaning, if it is asked that way.  
 
	
 We designate an average of points. on a given length. The question becomes: given 
this average of points, what is the number of segments equal to a pre-planned length ?	
!
	
 The formula that comes from the reasoning of continuous probabilities and that gives 
the probability for all of these possible lengths, when we know the average of points placed 
randomly on a line is:	
 	
!!
 
	
 Given OA, a segment of straight line of length L on which we place N points, their 
linear density is:	
!!
	
 Let’s suppose the length L of the OA segment and N increase infinitely, the linear 
density, remaining constant. Let’s also suppose that these points are numerated and are  
A1 , Ap , Aq …, These points, distributed from left to right from the origin O, let’s pose:	

!
x1 = A1 Ap ,!! x2 = Ap Aq ,!! x3 = Aq Ar ,! ! xi = As At ,…!
!
The probability that, for the i-eth segment to have a length xi between x and x + dx is:	


���  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Px = δe
−δ xdx

δ = N / L

Px = δe
−δ xdx



This probability is composed of the probability ��� so that there is no point on the 	
!
x segment and of probability ��� so that there is one point in dx.  !
The probability pn  so there is n points on a x segment is given by the recurrent formula: 	

!
��� 	

	

	
!
but 	
 and ��� 	
 	
+…	
!!
If x is vert small and if we designate it by dx, we have ��� but 
the power of dx are infinitely small of superior order, 	
!

and 	
��� 	
!
We could approach the same  probability with hand calculus. 	
!
If now, we do the choice of the points and that we compare it to a theoretical distribution 
obeying the previous law, we can deduct the quantity of random included in our choice or 
the adaptation more or less rigorous of our choice to a distribution law that can be 
absolutely functional. 	
!!
b) Cloud of Sound: Let’s suppose a given duration, and a set of punctual sounds defined in 
the intensity-height space realized by this duration. The average superficial density of this 
cloud of sound being known, what are the probabilities to get that density or that density in 
a determined region of the intensity-height space ? Poisson Law answers this question: 	
!
��� 	

	
 !

 is  the average density, is a any density, and e, the basis of logarithms.	
	
!!
Like for lengths, comparisons with other distributions of punctual sounds can shape the law 
to which we want our cloud to obey. 	
!
As Spiel, I often use this law in order to create some mega-structures of sounds being able 
to accept punctual electronic sounds.	
 !
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p1 = δ .dx
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pn

= δ x
n +1
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δ x
1
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−δ x e−δ x = 1− δ x

1!
+ (δ x)

2

2!
+ (δ x)

3

3!

p0 = 1−δdx +
δ 2.(dx)2

2!
− ...

p0 = 1−δdx p1 = δ .dx.p0 = δ .dx

Pµ =
µ0

µ − µ0
µ!

e

µ0 µ



c) Intensity, tones and intervals:  !
For this variables, the simplest law is: 	

���  !!!!
This law gives the probability for a segment (interval, intensity, melodic…) s, inside another 
segment of length a, so that: 	


	

for ��� 	
!

Demonstration of 	
 (Here, ) ��� 	
!!
Every variable (frequency, intensity, density, etc…) forms with its predecessor an interval 
(distance). Every interval is identified to as x segment taken on the axis of the variable. Let’s 
take two points A and B of this axis, corresponding to the inferior and superior borns of the 
variable. The goal is to randomly take a segment of length s inside AB, and between ��� 	
!

for 	
!
The probability of this event is given by this equation (1): 	
!
	
 	
 	
 	
 	
 	

	
 	
 	
 	
 	
 for a = AB	
!!
Approached definition of this probability for the hand calculus	
!
Supposing      and discontinuous, we put: 	

	


	
 	

with     	
 for i=0,1,2,…,m	
!!

(1) becomes, ��� But, (2):	
!!
��� ��� 	
!!
Therefore: ��� 	
!
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Θ(γ )dγ = 2
a
(1− γ

a
)dγ

γ ≤ s ≤ γ + dγ 0 ≤ γ ≤ a

Θ(γ )dγ = 2
a
(1− γ

a
)dγ

γ ≤ s ≤ γ + dγ 0 ≤ γ ≤ a

Θ(γ )dγ = 2
a
(1− γ

a
)dγ

dγ γ

dγ = c γ = iv v = a
m

Pγ =
2
a
(1− iv

a
)c

c = δ

Pγ
i=0

i=m

∑ = 2c
a
(m +1)− 2cv

a2
i = 2c(m +1)

a
− 2cvm(m +1)

2a2i=0

i=m

∑ = 1

dγ = c = a
m +1



On another way, P must be taken depending on the decimal approximation that we want to:	
!
��� 	
 	
 	
 	
 	
 	

	
 	
 	
 	
 with n, an integer. 	

	
!
P is maximum when i = m, therefore     	
so, for 	

��� 	

we will have: ���  ��� 	
!!!
	
 	

and the (1) equation becomes:	
!!!!!!!!
These different  processes are only a few, out of a lot more, that can control the sound, in a 
probabilistic way. For example, we can think of the speed of continuous glissandi, using the 
parallel with the mathematical expression of speed. 	
!
Iannis Xenakis, at a time of a musical series domination, managed to eradicate the whole 
causal system of the series. The probabilities of his whole composition opened the door for 
a music that was quite new at the time, and also, very complex to interpret. 	
!
Stochastic Music is, to me, a very important mental process. Thanks to the rigorous use of 
mathematics, one can escape the low streams of trends of expression, and access a music 
that takes the total control of the spirit, mind, and intellectual abilities of the listener. Of 
course, there is a wish of effectiveness, and a lot of pieces can claim to be stochastic pieces. 
It is the goal of the creator to create an art with the mathematical tool, that can be efficient.  

�35

Pγ =
2
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m
) ≤10−n
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2
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(1− i
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)



VI. Modern developments with the example of 
Antescofo	


 
 
	
 Antescofo is a coupling of a real-time listening machine with a reactive and timed 
synchronous language. The language is used for authoring of music pieces involving live 
musicians and computer processes, and the real-time system assures its correct performance 
and synchronization despite listening or performance errors.	
!
Antescofo scores can be edited using Sublime or Atom editors, with a dedicated mode, 
making possible to interact in real-time with a runing Antescofo object via OSC messages. 
The score following can be monitored using a Bach.roll object in Max. The dedicated 
Ascograph editor and visualizer is no longer maintened and is restricted to the handling of a 
very restricted subset of the language.	
!
Pierre Donat Bouillud from IRCAM, INRIA presented me this new technological device. 	

In Antescofo, P. D-B mainly works on the reactive engine, especially the audio processing 
part. Antescofo scores are highly dynamic programs, with several temporal rates, physical 
times in seconds, musical times in beats, which depend on the tempi. Some actions can also 
be triggered by events resulting on some human behaviours. He tries to deal with this 
dynamicity in several ways:	
!
— Adaptative scheduling. I currently explore approximate computing	

— Static analysis of the scores, to find some bounds (on the tempo for instance) so that a 
score is playable or to extract a graphical representation, as a score on a timeline	

He also tries to compile Antescofo scores, where the challenge is also that scores are very 
dynamic.	
!
He also worked on rhythm quantization using rewriting rules on rhythm trees.  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For the past 50 years, there has been a considerable increase and development into 
technology. For music, the most important progresses were the introduction of the computer, 
and DAW, which permitted the expansion of possibilities, in a very accessible way. These 
DAW can host synthesizers of all sorts, which generate electronic sounds. Sine waves, 
square waves,  until the very complex audio processes one can do, at his place, in front of 
his computers.  
 
One of the main breakthrough of these recent years is the introduction and development in 
AI. In music, Antescofo, Flow Machines and other, are on this field of research. The main 
important points of current development are to use a very big amount of tracks, and present 
it to the machine. The machine, after refinement and selective internal processes, can 
compose « in the style of »; but a main goal is to create an AI able to invent its music, and 
compose it. This would imply more research into the functioning and the recreation of 
consciousness.  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Epilogue	

!

	
 Before concluding and potentially addressing some personal visions on this 
generalist interdisciplinary study and little selected examples of mathematical models into  
music, it would be interesting to sum up and recap the different points evoked previously.	
!
	
 First of all, it was a very interesting project for me to work on. As a passionate in 
both fields, being able to condense what I believe to be the most important and fundamental 
principles, before the computer, in one short paper was also a very interesting mental 
process of selection. This work also nourished certain interrogations I have on the place of 
emotions, beauty and causality in music; and especially for composers like Pierre Barbaud 
or Iannis Xenakis, who gave a very important place to technological, mathematical, 
algorithmic research in their art. While serial music composers used to be very focused on 
the causality of their music, Xenakis, for example, broke with this vision of composition, 
and introduced, thanks to probabilities, a wider vision of causality.	
!
If these last considerations are mainly related to the link between acoustics and 
mathematics, this paper addresses other topics. In particular, a great place is made to the 
mathematical aspects, to say the least fascinating, of the musical composition. This might 
appeal to curious music lovers like math lovers.	
!
To the reader, therefore, to immerse oneself in harmony from all angles, and finally to 
determine if he shares the widely held belief that mathematics and music are intimately 
connected, or if he thinks, as some people do, that they are separated by an irreducible 
difference which would be « the emotion »…	
! !
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Relation impossible pour certains, évidente mais mystique pour d’autres, quels liens existe-
t-il réellement entre deux disciplines que tout semble opposer: Musique et Mathématiques ?	

De l’Harmonie des Sphères pythagoricienne à la recherche en Intelligence Artificielle 
contemporaine, 2500 ans d’une histoire interdisciplinaire et d’une volonté de comprendre et 
de créer le Beau. 	
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